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nepeAHE cnoao. 

BiA qae eBoix BtrnJiaAiB y IleAarorntJHOMY IHeTHTYTi .R 

noAiJIHB oeHOBHHH Hype aHaJiiT1Jtrnoi reoMeTpii Ha TPH qaeTHHH, 

a eaMe: 1) OeHOBH aHa.niT1Prnoi reoMeTJ>ii Ha nJio~i (np.RMOBi 

JWOPAHHaTH; oeHOBHi BJI&eTMBOeTH reoMeTpIItlHHX oeepeAHiB); 
2) reoMeTJ>i.R B npoeTopi (BH3HatieHH.R- ·noJIOil\eHH.R TOtJRH, IlJIO~H, 

nJioeR:nx cJ>iryp i npoeToi B npoeTopi; reoMeTJ>lltIHi oeepeAIDI 
B npoeTopi Ta o6opoToBi Ti.rra; 3) 3ara.rrhHa aHa.rriaa «f>y1un~iit 

nepmoro i ]JJ>yroro eryneH.R BiA ABOX a6o 3-x aMiHHitx; oRpeMi 
Birna,nKH HpllBHX Ha ITJIOI.l\i Ta B npoeTopi. 

'ra:KHM IlOAIBOM MaB .R Ha MeTi AOeHrHyTH HaeaMnepeA 
1..\iJinOBHTOrO it Bee6i1JHhOro aaeB06HH.R eJiyxatJaMH OeHOB AHel.Ul
n.:iimr, a TaKom HaiiHOHHpeTHirnoro y.RBJieHirn HllMH aHaJiiTHtJ

:n11x o6paaiB. ,D;o Qhoro enoHy:naJIO MeHe 1.1\e fi Te, ~o qepea 

BiiiHy Ta peBOJIIOQiro HaM npuna.nas Tenep MaTII ay.niTopiro a 
mo,neii, ~o Ha npoT1rni 1dJih1mx p01dB ni.n qae peBOJIIOQitiHoi 
6opHi He Ma.rrn enpaBH 3 HayKoro. IJ;i JIJOAe 3Ae6iJILmoro noaa.6y
Ba.m1 HaBiTb eJieMeHTH MaTeMaTJUHI, a, roJIOBHa piq, OABHKJIH 

MaTeMaTHllHO MHeJIHTH. 0Tme, B8.RBllill ni.n yBary eKaaaHe, H 
eTapaBC.R Blll\JiaCTH rrpe,nMeT HaiieJieMeHTapHiIIHIM enoco6oM 
i ;1;aT11 .Rn Haii6iJihme BnpaB. ,11;JI.R QLoro Bi-rnopHeTaB yci aa
,naqmnrn, ~o Ix MaB aMory ,no6yTH. BJiacm1x aaAatJ MHOIO 

e:nJiaAeHo ,nyme MaJio. 
l\piM Toro, po6JJ10q11 Tam1ii no,niJI :nypey, MaB .R Ha 

,nyMu,i, ~o Heaa6apoM, cJii,noM aa aaxiAHO-eBponeiiehRHMH m:no
~ar.ur' i B Hae Ha y npaiHi OCHOBll aHaJiiTH"IHOi reOl\le'rpll 

6y,nyTb npeAMeTOM JIJUIIe cepe,nHiX nmiJI (Bcix, HpiM ByahKO
HJiaClllJHnx), i qepea Te neprna qacTm1a 1.1_Loro Hypey aMome 

aaeTynHTU niAPYtJHHH eJiertteHTiB aHaJiiTHtIHoi reoMeTpii AJIH 
cepeAHix m:niJI. OcTaHHi m ABi qacTnHn, 6yBmn aBiJibHeHi Bii:l 6a
;1acTy - eJieMeHTiB reoMeTpii, - eHJiaAyTh OnpeMy QiJiieTh .RKO 

n i,npylJHlln ]l . .TU1 BlUI\Oi lliKOJIH. 
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Bama1011H BAOCKOHaJIHTH Qett nLrlpytIHllK, JiacKaeo npomy 
Roner no «f»axy noAaTH cBoi aayeameHH.R npo XH611, IQO ix 
aycrrpmyrh y Kypci. 

JliTepaTypa: 
I. B qechKitt Moei: 1) Ilpo«f». ~p K. Zahradnik: Analy

ticka geometrie. 2) Tipo«f». ~p F. Studnicka: Uvod do analy
ticke geometrie. 3) ~P· I. Vojtech: Analyticka geometrie. 4) 
F. Mocnik: Analyticka geometrie. 

II. B HiMeQhKiii MOBi: 5) Ilpo«f». ~p M:. Simon: Analy
tische Geometrie. 6) Tipocf>. G. Salmon (HiM. nepeKJiaA): Ana
lytische Geometrie. 7) Esenborn: Analytische Geometrie. 

III. B MOCKOBChKili MOBi: 8) Tipocf>. fl. BoJih: Bhlcma.R 
MaTeMarnKa. 9) fl pocf>. EpMaKOB: AHa.rrHTHtiecKa.R reoMerrpiH. 
10) Ilpo«f». rpaee: JI0KQllI ITO aHaJUITH1I0CKOH reOMeTpiH (JIHTOrp. 
Hype). 11) Ilpocf>. AHA}leeB: Kypc aaaJIHTHtiecKoii reoMerrpm. 

IV. 3 eJieMeHTapHHx KypciB: 12) flpocf>. 0. J1106eK: AHa
JIHTHtJecKa.R reoMerrpm (MOC. nepeKJiaA). 13) M. rp1u~aK: ¥11e6-
HHK reOMeTpii. 14) ~p e. CaBHQbKHH - reoMerrpm. 

V. 3aAatJi BH6pauo BAe6i.rrhmoro: 1) Ia aa~atJHIIKa I. KpaHQa 
(Zbi6r zadan matematycznych), 2) 3 reoMeTpil E. CaBMQhKoro, 
3) ~-pa Vojtecha i T. A· 

Ilpotl». 6. IBAHEHRO. 



BcrynHi poJyMiHHR. 

§ 1. BuMip ei.MaJieHL ua npocTiit. 

BiahMeMo 6eaMearny npocTy AB 1 na Hii1 AOBiJihHY 

TOqKy 0 (pHC. 1). 

A N. ~!. o M N 8 

P,.,c..1. 

IlotnrnaIOtm a TOqKlf 0' Mll MOil\0MO nocyBaTHCH B8A0Bil\ 

npocToi JIHme y ABOX HanpaMax OB i OA. KoJIH OAHH a HHX 

BBamaTH aa AOAaTHiH, HK ~e MH Bil\e po6HJUI B aJire6pi, poa

rJIHAaJOqu BiA'6MHi tfHCJia, TO Apyr:uit, npOTHJ10il\HHH, 1'pe6a 

BBail\aTH aa BiA'6MHHH. 

3a AOAaTHiii Hanp.RM YMOBHJJHCH eeamaTH Tott, ~o 6yAe 

a npaBoi PYKH, ROJIH AHBHTHCH Ha npocTy AB nonepeK 11 

HanpHMY. 3BiAIUI npoMiHh npocToi OB Mas HaaBy AOAaTHhoro 

npoMiHH, a npoMiHh OA - BiA'6MHoro. 

TaK caMo KOil\Ha To11Ka M, mo ii B3.RTO Ha AOJ:taTHhOMY 

npoMiHi, Mas HaaBy J:tOAaTHhoi T01lKH, a Toq1:m M 1 , 1.1\0 ii BBHTO 

Ha BiA'6MHOMY npoMiHi - BiA'6MHOi TOtfKH. 

KomHHil BiATHHOK, 1.1\0 Mas no11aTKOM To11uy 0, KOJIH eiH 

o6Memy6ThCH AOAaTHhOIO TOtJKOIO, s AOAaTHiii, a KOJIH BiA'6M

HOIO ToqKoIO, s BiA'6MHHH. [OM, ON- 6 AOJ:taTHi BiATHHKH, 

a OM1 , ON17 - s BiA'6MHi BiATHHKH, ce6To BOHM MaIOTh BiA'6M

HY BapTicTh]. 

3 Kypcy reoMe1'pii HaM BiAOMO, 1.1\0 KOil\HHil BiATHHOK 

npOCTOi MOil\HO BHMipHTH flKHM He6yAh ApyruM, HanepeA aara

AaHHM BiATHHKOM, HK OAHHIU_\eIO Mipn. TaKHM 1lHHOM, KOil\HHit 

BiATHHOK 0 M MomHo BiAaHatJHTH 1lUCJZO.M, 11.\0 noKaays, cKiJihKH 

paaiB B8flTa HaMH OAHHHl..\H MipH BMil.l\Y6ThCH B AaHiM BiA

THHKY OM. 
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0Tme, KOil\HOMY BiATHHKOai 0 A1 amnoBiAa6 OAHO ii mnue 

OAHO qHCJIO (OAHHHI.\h Mipn:), i aaanaKH KOiKHOMY tUICJIY BiA

IIOBiAa6 OAHH i JIHille OAHH neBHO BH3HaqeHHit BiATHHOii. 

HanpHKJiaA: xaii BiATHHKoai OA1 BiA11oema6 tIHcJio + a, 
TOAi HaBnaKH, KOiRHOMY BiAAaJieHHIO + a OAHHIID;b Mipn BiA 

TOllKH 0 amnoBiAa6 ToqKa M (a paaoM i BiATHHOK 0 M) . 
3 AJ>yroro 6oKy TOllRH 0 BiATHHKoai OM aaBffiAH BiAnoama6 

OAMH i JIHille OAHH B.iATHHOl\ 0JJtl1 piBHl·di 6eaarJIHAHOIO BeJIH

trn:HOIO _ /a/ a BIATHHHOM OM. Qen: BIATHHOK Ma6 BHMip 

OM1 =-a. 

TBICHM 11HHOM Mic~e HKOi HefiyAL TO'IKH Ha npocTitt ( oci) 

38WKAH BH3Ha'laeTLCH OJJ;HIDI 11HCJIOM. 

§ 2. IloJiomeHHH Tff'IKB na nJio~i. 
B Kypc1 Tp1troH0Me1J>ii eme aaaHat1anocH npo Te, HK 

BH3HalfilTH IIOJIOiReHHH TOqK11 Ha IIJIOII\l . 

.. , ,r(JIH l\hOro nepeAiJII06MO IlJIOll.\Y 
f-'=--------- ____ r-_____ .~t. Ha 4 qacTHHH aa AOnoMoro10 ,r(e-

~ :, ::, impToaoro xpecTa. 

-x 0 ~ BiahMiM Ha IIJiow;i ABi aaa6MHO 

M:-·--·-···--·----- , 11pHMOBi npocTi XX i YY, w;o 
1h.£. --------~M'f nepexpew;y10ThCH B TOql\i 0. By-. . 

AeMO Haan:BaTH l\l rrpoCTl OCHMU 
.y 

KoopA1t1HaT: XX - aicc10 iKcia, a 

YY - aicc10 irpeKiB. BiA Toq:n:n 0, noqaTKY ROOPAHHaT, Ha KOiK

HiH a ocell: BH3Hat1a10ThCH ABa HanpHMH. HR w;o Ha oci X - ie 

BH6epeMo aa AOAaTHiH: HanpHM OX (ariAHO a yMoeo10 none

peAHhoro §)' TO o6epTalOtfH aich xx npOTH CTpiJIKII rOAHH

HHKa am AO caMOi'. oci yy' THM caMHM BII3Haq11MO AOAaTHiH 

HanpHM Ha oci yy BiA TOllKH 0 eropy. 

BiahMiM AOBiJihHY 1·ot1Ky nJiow;i M i a uei cnycTnMo np.RMH 

Ha o61f ABi OCH l\OOpAHHaT. 

ToAi :nomHiii TOlll\i nJiow;i BiAIIOBiAa6 ABa BiATHHRn: OAHH Ha 

oci X, Apymii Ha oci Y. RomHoMy a l\HX BiATHHRiB ariAHO 

a § 1 BiAIIOBiAa6 OAHO if JIHille OAHO qncJIO (Mipn). 

TaKHM 1111HOM, soaceiii T011~i m1om;i BiJJ;IIOB~ae Ti.1LKn o):Ula 

rrapa 'IHCeJI' m;o BH3H8'18IOTL IIOJIOaceHHH ~iei T011KH" 

Qio napy llHCeJI HaairnaeMo aHaqHnKaMn AaHo'i ToqKn. 

3HaqHHK Ha oci X.- Ha3HBa6MO a 6CQHCOIO, a6o BiATIHll:WBOIO AaHoi 

Toqmf, a aHatffiHn Ha oci Y-op;:(1rnaT010 a6o pHAHOIO, AaHoi Toqm1. 
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3Hatimurn TOtIKn Jltl YMOBHJUICH aammyaaTn Tan: M (a, b). 

HaBnamc Ro.nu HaM BIAOMI 3Hat1H.t1:nn HKOtCh TOtIKH 

IlOCTa-M (a, b), TO ai;a;1maBIIIH ix Ha ocHx ai;a; TOtIKH 0 i 

BHBIIIH Ha IX 1dH1 . .lHX npHMH ;a;o oce:ti' o;a;epiKHMO TOtIKY ]Jf Ha 

nepexpecTi u;11x · npHMiB. ~Bi npocTi " 
•u nepexpell(yIOThC.R JIHille B O;rJ;HlH TOtil\I, ~l!-_______ -------.Ji· 

' I 

a TOMY ;a;aHiii napi 3HatIHHKiB Bi;a;no- l t:i l 
I I 

BiAas o;a;Ha it .rrmne o;a;Ha TOtIKa n.rroll(i. -x ---· ----i0 -.:.-C\.-:--
' 

x 
OT me, ;a;.rrH BH3HaqeHHX oceii 1mop;a;n- -"b : Re. 3. 

HaT KOil\Ha napa 3HatIHHKIB IJ;IJIKOM BH- M~------- -------1M., 

8Hatia6 no.rromeHHH TOtfl-\H Ha n TIOIT(l. 1'. 

~eHapTiB xpecT IlO;D;IJIH6 IIJIOIT(Y Ha 4 tIBepTKH (a6o Ima 

]q>aHTH). 

¥ KOiKHiii tIBepTI.\i 3aBif\;rJ;H MOiKHa 3HaiiTII TOtIIHI ( 1ll 1 ' 

M2 , M 3 , MJ, ~o MalOTh o;a;HaKoao1 6eaar.rrH;a;Ho1 aemttmHn aHatI

HHRH, aJie cnpaemHH ae.rrwurna ix 6 pimHa. 

Hanp., TOtIKa .. M1 Ma6 3HatIH11KH +a I +b; JJtli(a, b) 
» 1'vl2 » » -a I +b; lJfd-a, b) 
» Ma » » -a I -b· 

' 
A13{-a,-b) 

» Al 4 » » +a I -b· 
' 

1Jf4(a,-- b) 

MueMOHH1111a cxeMa 

auasiu, ~o ix MBIOTL aua11uusu To11os mrn~i, nepe~i.11euoi 
Aesap~OBHM xpecT01'1 • 

... y 

II I 
-+ ++ PHc.4. 

-x 0 ..-x. 
m Bl 

+-

JliuuA anaH ua.iJeil\HTh anatmmmai .r, a npaan ii - y. h:oJIH nocy
uaTHCR B uanpHMHOCTIJ npOTlf CTpi.mm rO}J;llHHHl·\a, TO niA •rnc nepexo~y 
a o,u;uiel t1BepT1u1 AO Apyrol aMimoeThCR no t1epai aua1-t mnne o;a;uoro 
3Hat1mrna, a ;a;pyrntt nnwaeTbCR TOit caMntt. Ilepwni1 MiuRe auan aaam,u;n 
aHat1mrn x. 



§ 3. lloJiomeHHH Bi):J;TBHKY Ba IIJIOIIJ;i. 

KoJIH Ma6MO BIATHHOK npocToi Ha nJI011d, TO nepeA HaMH 

CTa6 aaBAaHHH: 

1) BHaHalJHTJI MeT QbOro BiATHHKY Ha oci' 

2) BmmalfllTH AOBiKHHY BiATIIHKY (BiAAaJieHHH Mim iioro 

KpattHiMH TOlJKaMJI)' 

3) BHaHatJHTH HanpHMHiCTh BmTHHKY 

i 4) aHaiiTH cnoci6 IlOAiJIHTH BmTHHOK B AaHiH nponop

~iHHOCTII' KOJIJI HaM Bi]loMi JIHIIIe aHatJHHHII KiHQiB Bi;llTHHKY. 

Pxc.tt. 
y 

Bu au a 1l e u u R. 

a) ByAeMo BBamaTH, mo KOiKHHH AOBiJihHO Ba.RTHii BiA

THHOK Ma6 BJiaCHHH neBHO BHaHatJeHHH HanpHMOK, mo BBa

ma6MO aa AOAaTHiii. Tam1M tiHHOM, :nomHHii Bi]lTHHOH MOil\Ha 

aaBiRAR BBamaTH aa AOAaTHIO B0JIHlJHHY' HeaaJieil\HO BiA Ha

Dp.RMY 1mopAHHaTHHX oceii. 

6) 3a MeT BiATHHKY Ha BiCh BBamaTHM0MO BiAAaJI0HH.R 

Mim MeTaMH Ha TY caMy Bich :niHQiB BiATHHKY. 

B) 3a Hanp.RM QhOrO MeTy 6yAeMO npniiMaTH HanpHM BIA 

MeTy not:JaTKY BiATHHKY AO MeTy iioro HiHQH. 
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r) HoJin HanpHM MeTy OAHaROBHii a HarrpHMOM oci - TO BiH Mae 

AOAaTHlO eapTiCTb' a B npoTHBHOMY BHDaARY - Bi;I:.l'6MHY BapTicTb. 

[Ha puc. 4 (a) - MeT A Bx - Mae AOAaTHIO sapTicTb, 

a Ha pHc. 4 (b) MeT ABx Mae BiA'6MHY eapTicTb]. 

lleT BiATHHKY ea OABY a soopAHHBTBHX oceit e piamu~ero 
Miz auaqnuKaMH sie~H u noqaTKy BiATHBKa-

ABx = ± Px = X 2 -· X 1 - - - - (1) 

Ha pHc. 4 (a) MeT BiATHHRY AB a AOAaTHiii: 

ABx = Px = Ob - Oa = X2 - X1 

Ha pHc. 4 (b) MeT BiATHHKY AB a ei.A'aMHHit, a ToMy: 

ABx = -Px = - (Oa-Ob) = -(x1 -xJ = X2 -X1 

PoarJIHHeMo BHIIa):.loR, HOJIH BiATHHOH JieiKJITb y pnRHHX 

t1eepTHax. 

Ha pnc. 5 (a) MeT BiATHHRY AB a AOAaTHiii: 

A&=+~=~+m=-~+~=~-~ 

y 

Ct) 

P~c. 5. 

y 

b) 

Ha pHc. 5 (b) MeT BiATHHRY AB a BiA'6MHHif: 

ABx = -px = - (Ob+ Oa) = - (-x2 + xJ = x2 -x1 

AHaJiorHqHi MipnyBaHH.R AOBOAHTh, II(O if: 

ABy = ± Py = Y2 - Y1 - - - - (2) 
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KeaApaT eiATHHKY e pieuuii i3 cyJ1010 KBaApaTiB iioro 1'teTiB 
ea oci. 

Po3rJIHHeMo Tpi-rnyrmni AB JJf (pnc. 6). 

y 
B(~'P·) 

b •••------I 

-~i I 

__________ :M 

P111c.6. 

Roro npoT11npHMiia s AB = d, a npHMKII: 

B1l1 = Y2-Y1 

a AJJtl - pisHa MeTy ABx = ab, a ToMy: 

3 TeopeMH fliTaropa MH Ma6MO: 

AB2 = AM2 + BA12 = ABx2 + ABy2
; 

a6o: 

a 3Bl,I:(QH: 

[ 3HaK rrepe.I:( pa.I:(1umJioM + TOMY, IQO ssamam\to BI,I:(THHOK 

AB aaBiK,I:(H aa JJ:O,I:(aTHiii] . 

HanpmmicTL Bi~THHKY. 

3a BH3HalJeHH.H HanpHMHOCTH Bi,I:(THHKY BBail\aIOTb KY'f' ~o 
yTsop106 ,I:(O)l;aTHiH: Hanp.HM Bi~THHKY 3 JJ:O)l;aTHiM HanpHMOM 

oci x - iB. Qei1: RYT Ma6 Ha3BY "liyma cnaay npocToi, a6o 
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rrpocTo cnafJy npocmoi. l(eii KYT ei,IqlaxoeysTLCH B aarrpaM

HOCTi rrpOTH CTpiJIKH rOAlIHHHKa. 

P11c. 7 (a), (6), ( 8): (HYT crraAy a) 

a) 

y 

I 

'{ 
B 

A,k------"/.J ~ 
I 

I 

I 

B 

\ i' ,\ ----------,.x. n' 
' ' \ 

' ,· ~ 
o----------~~ 0-------------------~~ 

y 

- - - - - - - - - + ~i 

i>) 

B 

Taureuc KyTa cna~y oi~TBHKY e pieuuii a ei~eoweHHH~ l\teTy 
iioro Ha eici, Y-ie ~o MM'Y na oicL X-ie. 

PoarJIHHeMo npHMOKYTHiii TJ>HKYTHHK BJJf A. (Puc. 8). 

BJJ!l 
B HhoMy: tg ( 1800 - a) = A JJf' aJie: 

BM= y2 - y1 (Hn MeT AB ua eich YJ. AAf = - {x2 - x1) 

y 

OTiKe: tg (180° - a) = -t,ga = _ Y2 -Yi 
X2-X1 
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Y2 - Y1 4 tga = - ---( ) 
X2 -.X1 

TaureHc RyTa cnaAy Mas HaaBy 1'ymoeoeo a.Mutnu1'a npo

cmoi, 60 BiA ROiRHOi aMiHH UhOro TaHreHca 3MiHI06ThC.R :ii Ha

np.RM npocToi arJI.RAHO 1mopAI1HaTHRX oce:H. 

3HaiiTH aHatJHHKH T01IKH, ~o nepeAiJIIOS BH8Ha1IeHHii BiA

THHOK B AaHHOMY BiAHOIIIeH10 m : n = A ? 

1-u eunaoo~: 

To11Ka JitmcHTL ua BiATHBKY. 

IlpHnycTiMo, ~o BiATHHOK BH8Ha1Ia6ThC.R aHa1IHHKaMH itoro 

KiHnie: 

OauatJHMO aHatIHHKH T01IKH nepeAIJIY P qepea x 1 y 
ce6To P (x, y). 

'{ 
1, _______________ B 

/ 

Pvic. 9. 

TotIKa P noeHHHa nepeAIJIHTH ~iATHHOH AB TaK, ~06: 

AP 
-=A 
PB 

3 reoMeTpii BiAOMO, ~o piBHOOiiRHi nepeTHHaIOTb BIA

THHKH HepiBH06iiRHHX Ha qacTHHH nponopuiiiHi, ce6To: 

AP 

PB -
ap 

pb 

AP 
1 -

PB 



aJie: 

Ta1mm: 

a p = X-X1 

a1P1 = Y-Y1 

AP x -x1 -- -i 
PB- X2-X -

pb = X2-X 

P1b1 = Y2-Y 

AP y - Yi 
-=--=l. 
PB Y2-Y 

x-x1 = x2l-xA, a6o x(l +A)= Xi+ x2l. 

X1+~ X=---
J +A. 

y-y1 = y2l-yA, a6o y (1 + l) = y1 + y2l 

Y1 + AY2 
y = 1 +T. 

TaKHM tJHHOM aHatIHHKaMH ToqKu P 6y~yr&: 

X-
Xi+ Ax2 
1+ l 

Y1 + AY2 
y = 1 +A 

- - - - (5) 
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BHCBOBOK. KoJIH TOtraa p nepenOJIOBHHI06 emTHHOK AB' TO 

eiAHOIIIeHHH ~~ = A = 1. ToAi ana11nuKu cepeiJunu BiiJmun1>a 

6yf}ymb: 

X= 
X1 + X2 

l 2 
- - - - (6) 

Y1 + Y2 

J 
y= ----

2 

2-u Bunaao~. 

To11Ka P Jie3CHTL ea npo~oWKeHHIO BiATHBKa AB. 
y 

p 

~ -~-----;;r~-
7 

P .. uo. 

\~, - -- - : 
'{: 
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Tof);i (Pn:c. 10): 
PA 

A.1=-PB 

a6o: 

3 . TlfX caMHX Bif);HOIIIeHh MaTMMeMO: 

x -X1 y - Y1 
A.1 = ----- ; A.1 = ----

x -X2 Y -Y2 

x - X1 = A1X - A1X2 
Y - Y1 = A1Y - A1Y2 

X1-A1X2 
X= -----·--

l-A1 

Y1 - A1Y2 
-----
1- .A1 

y= 

BiA nnx aaopIB Mn l\WJKeMo nepeiiTM AO nonepe;llHIX: 

6epy1IH 

X= 
Xi+ A X2 

1 +A. 

A.1 =-A.. 

; y = 
Y1 +A. Y2 
1 +A.. 

I.le ~iJIKOM MOiKJIHBO, 00 B nepWOMY ii y ~pyroMy BJmaAKax, RH 

BiATHHOK PB, TaH i :Horo MeT pe 6epyTLCR B uanpRMax eaaeMRO npo

THJJemnux. (P11c. 11). 

I 
I 

). 
b 

a TOMY A.1 = - A.. 

B n pa Bu. 

11-1. H ax:pec.ttumu e npR.MOli-ymniu cucme.M,i x:oop8unam mottx=u: 
A (0,5); B(+ 2, + 3); C(-6, + 2); D(-3,-5); E(-2, + 6); 

F(+ 3, -5); K(5,0); L(- 2,0) 
6e pyttu aa o8unuzpo Mtpu 1/ 2 canmuMempa. 
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q-2. Tpu1i:y1nmtn, .Kae a1w1uu111.a.J1u 6cpm1w1: A(3,-2), 
8(7,-1) i C'(l0,2), (JUJ;,pec..riumu uo20, (J.J.flG1.llll Ja o8Ultlllfl0 .Mipu 

0 ,5 Cl-tin. 

q _3_ TcJIC (Jll n,pec .. wmu 1wnw pun.ynuw 11·' JW./Ul 31-tll'll-tUli,U 

aepun.·ia 1fo20: A(-3,-2); B(2,6); C(5,3) i D(3,-4).· 

q _4. 3uaiimu 8oeJ-1cuHy 6i8munn.y, tt{O i'loc;o 11,i1uf i .Ata10mb 

.JIUJ.llllUh,U." A(2,:)) i B(6,1). 

q-0. 31-tailmU cna8 ai8mUJtH.'} lf-4. 

q-6. 31-taiimu aoeJICUlt!J il cnaa <Ji8111111-t1~y: A (0,0) l, 

B(.'2,-5 ). 

q_7. TeJrc, h:Oo1tu a1ta1l1-tu 1w lilllljW: A (- 4, - 5) i 

8(2,-1). 

q-8. Te:>1c, lt'V.Ul A(0,5) i B(-3,0). 

11-9. 31-tailmu aiiJaaJzenu.cr. 11101th'.ll · A (6,5) eia no·11am}i,y 

Hoo pauuam. 

q-10. 06 1wc.llWlU 6oh'.n Ill /Jllli'YlnHUh'((, U(-0 .lta6 Jltll1ll-tll

JW .. M aepiu.,.ia: A(-3,-5); B(2,3J~· C( 1,8).· 

11-11. 0611,uc.:iumu 601-iu u 1,·ocuHu 1wmupu,..·ym1wn,a, UfO 

.Ata6 arta.1mun,a.-un acpmn.ia: A(O,O); B(4,0), C(0,6) D(-1,2). 

11-12. T1'.J1.C, h~O.W. A (0' :2)' B ('i', .J), (,1 (0' - 6) l, 

D(-4,-1). 

11-13. 3uailmu li,ljlnll cnaay aJt .. ci n.pocmux, 11(0 nepexo

aJlTllb 11.epea 1W 1Wl1l0h'. HOop8u11a111 i mo·1r1£_U: 

1) (.5 ,.J); 2) (- 3 ,J:); 3) ( 3 ,-5); 4) (- 2 ,- .J) • 

q-14. 3natwm J1w 1uuu.:n nw1t1i.u, UfO nepc8i.lf,J06 eiamuuoii 

A(2,-4), B(-2,5) y uiduowcmuo: 

1) A= 2/ 3; :2) l=-2/ 6; 3) l=- 1/ 4; 4) .A=2, 

q-15. Y JtJi.o.'rty ci81to1ueu.u10 mo 1tHa P( 1,0) ncpeai.uo6 

ei8munon, A (2,0), B(6,0 )? 

q-16. Y Jth'.o.uy eiauoiuemuo mortn,a P(- 7 ,9) nepe8iJZ106 

ei8mnnon, A(-· 3,5), B(5,-3)? 

11-17. J/ ,q.11.0.My eianowemuo 1110 111w P( 4,3) nepcai.t1106 

eiam.u1-t01; A(6,,j), B(-2,-3)? 

11-18. 8uatinm JlW"lllilh~n cepeaww 6io111t1Nli'ie: 

1) A (--2,3) B(6,-1); 
:2) _.j (0,0), fl(J,-6). 
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q-19. /f,oBecmu, uro cy.Aw .Atemw 601.·£0 . .'lliOW Gy8b ·mpu-
. . 

JCymnun,a 11,a at.Cb e ptBna a ny.fle.At. 
11- 20. Te;>1c-8~'l . .Ct h~OJtc1w20 .AtHOWh~lJUU-tUJW. 

3&Aa11a 2. 

3uaATH a&&'IHBKH ~eHTpa earn (nepexpe~eilHR ocepe;urix) 

TPBKYTJIHK&, ~o Mae BH&'IHllKH BepnIRiB: A(x1,yJ, B(x2,y1), 

C(x8 ,y3 ). (P110. 12). 

y 

0 

P""'c.12.. 

Mu auaeMo, ino ~eHTep Barn JiemHT& ua ooepeAHii Tp11Ry-

11H1ia Ha 1/ 3 ii 11;0BmHHII ein ocHoBn. Ce6-To n;enrep BarH rrepe]'(iJuos 
.. A01 

Komny ocepe~uro TPHRYTHHRa y BIW10mean10 ).= 
0 

= 2. 
iD 

Ilonepe,u;y BHaRa11HMO BHaqHHRH IdH~iB HROiCh ocepe]'(HhOi, 

uanp. AD. 3Ha111111KH noqaTKY ii A{x1 ~y1); TOllRa-m D (RiHCHh 

ocepeW1Doi) nepenOJIOBHHI06 Bi~HHOR CB, a TOMY analfHHHH 

ii 6yPJ"T!.: 

a = X2 + Xa ; b = Yz + Y3 
2 2 

0Til\e JIHllia6TLCfl p03BHBaTH aanaqy: nepel(iJIHTit Bl]l;THHOK 

( 
X2 + X3 Y2 + Ya ) . A (x1 ,y1),D 

2 
, 

2 
y BI]l;Homeumo: A= 2. 

Toni aaaqmmH ~eurrpa Bara 0 1 6yJzyTh: 

x1 + 2. 
X2 + X3 I 

2 X1 + X9 + X3 I Xo = -
3 1+2 

. . . . (7) 
+ 2 Y2 + Ys 

Y1 • 2 Y1 + Ys +Ya I 
Yo= -

J 1+2 3 
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3ua11HHRB ~eHTPY oaru TpHRYTHHRa e cepe~He apHTMe
TH'IHe 3H311HHRiB ycix TpLOX oepmsiB IJ;LOro TpHRYTHBICa. 

§ 4. KyT Mim npocTHMB. 

KoJIH Ma6MO ;a;ei rrpocTHX £ 1 i L2, ll.lO rrepexpell.lyIOThCH, 

TO YMOBHMOCH HaaueaTH RYTOM MDR QHMH rrpocTHMH TOH KYT, 
ll(O ei;a;Jiitcy6TbCH ei;a; rrpocToi £ 2 ;a;o rrpocToi L1 e aanpHMHOCTH 

npoTH cTpIJIRH ro;a;ttHHHRa. (P11c. 13). 

L. Lt 

c 

Y rrepmoMy enna;a;Ry (Pnc. 13a) KYT a1 HK aoeHimHiH y 
TpHKYTHHKa ABC 6y;a;e: a1 = ~ + <p. 

(;a;e a1 i ~ 6 KYTH cna;a;y npocT11x). 

3ni;a;n;:n: 

y ;a;pyroMy BHIIa;ri;ny (Puc. 13b) 30BHimHiM IiYTOM 6 °'2 
it TOMY 

a6o: 

~ = a1 + (180° - <p) 
<p = 180° + (a1 - °'2). 

tga1 - tu°'2 
tg <p = tg (a1 - ~) = ----

1 + tga1 tg°'2 

tga1 - tg~ 
tg<p = tg[180° + (a1 - ~)] = tg(a1 -'4!) = 

1 
, + tga1 tg°'2 

a TOMY o;a;epmysMo TOH caMHii eaip. Arre m1 3Ha6MO, ll.lO 

tgal =ml i tg°'2 = m2 6 Kyroei 3MIBHHKH ;ri;aHHX npoCTHX, TOMy, 

ni;a;cTaBHBil.Ilf ix' MaTHMeMO: 

tg <p = mi - m2 - - - - (8) 
1 +m1m2 

Hype aeaniTH'IHOI reoMeTpiL IeaueeKo. 2 
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Baip (8) ;r:ta6 HaM MOiRJIHBICTh 06tJJ,1cm1T11 :nyr <p MiiR 

AaHHMH npocTHMH. 
RoJin:-6 npocTi L 1 1 L 2 6ym11 piaHo6imtti, TO ix HYTH crra):ly 

6yJIH-6 piBHi, a TOMy: 
m1 -m2 = 0 

i tg <p = 0, ce6To <p = 0. 

3ai;r:t~M Ma6MO yMoay piatto6imttocTn ABOX npocTHX: 

m1 = m2 - - - - (9) 

~Bi npocTi pieuo6imei, so;11u ix KYTOBi aMiBBBKH (paaoM 
i KYTB cna~y) e pieni. 

1Uo6 npocTi L 1 i L 2 6ym.1 aaa6MHO npnMoe1 Tpe6a, 

Il\06 <p = 90°, ce6To tg <p = oo . Qe 6 Mommrne, HOJIH m 1 * m2 

1 HOJIM aHaMeHaTeJih 6 HYJih, ce6To 

y .. uoea npR~waocmu npocnmx: 

1 
m,1 =------- (10) 

~Bi npOCTi B3ae~IBO npHMi' KOJIB ix KYTOBi uliBBHKB 
BaaeMHO 3BOpOTni i npOTB~emni anaKaMH. 

§ 5. IloJie TpBKYTHllRa ii MHOrOKYTHBRa. 

y 

B(~·'°jz) 

P ..... c.i.4. 

-x .......--~-~--1---'~~ x 
A~'°'j:). 

. ' 

K 

3HaIOtIH aHatJHH:KH aeprnHiB TpHHYTHllHa (p11c. 14) Jier:Ko 

o6tIHCJIMTII iioro noJie. n pnnyCTiM' Il\O MH Ma6MO TPHHYTHHH 
ABC a aeprn1mMH: A (x1,y1), B(x2,y2) i C(x3,y3). 
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Il pOBOAllMO qepea HaHmtiK'IlIH BepIIIOn 1'pHRYTIDIKa ( qepea Bep

IIIOR, I.QO Mas aHalJHHROM HaiiMeHmy pHAHY) npocTy KO, piBH0-

6imHy AO oci X-ie. 

ToAi noJie TpHKYTHHKa ABC 6yAe cyMoIO noJiiB Tpaneay 

KABL i TJlHHYTHHKa CLB 6ea noJIH T}lHKYTHHKa ARC, ce6To: 

SAnc = SKABL + ScLB - SAKC 

a6o: 

SABO = 
KA +LB KL LC.LB 

2 + 2 
KA.KC 

2 

a6o: 2SABc.= (KA+ LB). KL+ LC. LB-KA.KC 

'YMOBHMOCH HaAaJii, 1.QO HOil\HllM MHOrOKYTHHK Mas BH3Ha

tieHJIM HanpHM AJIH n - 1 CBOIX 6oKiB' a OCTaHHiH 6iK 

MaTHMe aaBiKAH HanpHM' npoTJIBHHM nocJii)l;OBHOCTi HanpHMiB 

HHIIIHX 6oKiB. Qeti 6iK HOCHTb HaaBy 3UM1i,HeHJt.R, .M1t080Ji,ymuu'/£a. 

B )l;aHoMy paai npnnycTiM, I.QO 6om1 AB i BC MaIOTb 

AOAaTHiii HanpHM BiA A AO B i BiA B AO C, a 6iK AC Mas 
npoTHBHHH IM HanpHM BIA A )l;O C ( s aaMI·rneHHHM). 

ToAi MJI 6atIHMo, I.QO BiATHHHH KA, LC, KL i T. A· s 
BiAnoBiAHHMH MeTaMH 6oKiB ~ - :na Ha oci, a caMe: KA = 

ACy = y3 -y1 ; BL= BCy = y3 - y2 ; KL= ABx = x2 - x1 

LC= BCx = x3 -x2 ; KC= ACx = X3-X1. 

ToMy 2SABC = [ (Ya-YJ + (ya-Y2)] (x2--X1) + 
+ (Ya-YJ (xa-xJ - (Ya -y1J (xa - xJ, 

a6o 2 s ABC = 2X2Ya - X'l1J1 - 2X1Ya + X1Y2 - 3.,'3!J2 - X2Ys + 
+ XaJJ1 + X1Ya· 

IlicJIH ynopHAKyBaHHH u;eii eaip Mas BHrJIHA: 

S.rnc = 1/2 [ (X1Y2-X2YJ + (X2Ys-XaYJ + (XaY1-X1Ya)] - - - (11a). 

I.I;eii eaip JierKo namrnaTH aa ]l;onoMormo Ta:n aBaHol 

:noJioeol ni)l;cTaBKH no ABa: 1. 2~3.1, a6o I (1.2); (2.3); (3.1) I - -
fl O/le '11,0JICUOZO .Jt1t020n.ymuun,a MOil\eMO poarJIH)l;aTH HK 

cyMy TpimyTmrnie, I.QO Ha HHX Apo6.HTbCH AaHHii MHorm~yTHHK 
IWCHHaMH a HHOrOCb O)l;HOro eeprnna. 
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Hanp.: IloJie IIHTHKYTHHKa (PHc. 15). 

y 

A(=r,,;, 1) fl::""--+---~ D(~ 'Y~) 

---r--~---1--~x 

28 ABODE= [(X1Y2 - Y1X2) + (X2Ys - XsY2) + (XsY1 - X1Ya)] + 
+ [(X1Ya-Y1Xa) + (x3y4-y3 xJ + (x4 Yi - Xi yJ] + 
+ ( (x1y4-y1xJ + (x4y5-y4X5} + (XsYi-X1Ys) ], 

a6o 28 = ( X1Y2 - X2YJ + ( X21)3 - XsY2) + ( XsY4 - X4y3) + 
+ ( X41f 5 - xr:yJ + ( X4JJ1 - X1Ys) . 

IH~eKcH npn: ~maqHn:Rax QHX cyM CKJia~aIOThCH 110 rrpa

B:UJIY ~OJIOBHX rrepecTaBOK' a caMe: 

:3~4~1; a6o: I (1.2); (2.3); (3.4); (4.5); (5.1) · I 
0Tme' ROJIH M:U YMOBHMOCH CHM60JIOM: 

TO Baip IIOJIH TpHRYTHHRa a6o MHOrOK)TTH:UKa MOiKHO aanHCaTn: 

BHCHOBOR: k = 1 ••• n, 1 

KoJIH-6 yci ~aHi T011KH JiemaJIH aa o~Hiii npocTiil:, TO noJie 

MHoroRyTHHKa 6yJio-6 HYJih. 



21 

ToMy piBHaHHH: 

k = 1 ••• n, 1 

6 yMoBoro, m;o meper A&HHX Toqon JiemBTb aa OAHi.tt npocTm. *) 

B np a BB. 

q - 21. 06t1,ucJtumu n.oJte mpu1'1Jmnux:a, x:oAu: 

1) A(3,-2), B(-4,1), C(-8,5); 
2) A(3,0), B(0,2), C(4,5). 

q-22. l{oeecmu, UIO mo'lx:u: A (0, -4), B(2,2), C(-1, - 7) 
./l~amb na ooniit npocmiil. 

q - 23. 061tuc.1tumu no.lle 11,omupux:ymnux:a: ( - 4,0), 
(1,-3), (5,1), (0,6). 

*) 3ayoaaceeea. 

I. 3na~ eapmocmu JWJlJi .«1-to2o~ym1-tu~a. 

061111cmrnmu no.rre l\moroHyTmma (TaHom i TPHHYTHnHa), l\IO>HeMo 
OAepmaTn eapTiCTb DOJIR ein'e~my. Ilpn1UIHOIO I.\bOMY e HanpRM, 11.\0 Aoro 
aanael\10 601rnM ~moroHyTmma ar.rrR~Ho nOOp):(HHaTHHX oceit. HoJIH, Hanp., 
0611ncmo10q11 no.:rie Tp11nyTH11na, eiabMeMo aa HanpRM 601de itoro AB, 
BC i AC i OAepmnMo eapTiCTb noJIR S = + a, TO aMimrnmu HanpRM 601de 
I.\bOro TpHHyTmrna, cc6To eanewtt, Hanp., HanpRM AC, CB i AB, nic.TJR 06qn
~1eHHR :noro no.111, OAepiKHMO eapTiCTb s =-a. 

3 or.~RAY Ha ne, YMOBllMOCR eapTiCTL DOJIR 1\0iKHOl <J>irypu BBamal'H 
aa AOAaTHIO, a TOMY 6y~eMo aaem,LJ;n 6paTn .:inwe a6co.:110THY napTiCTL 
BlICJiiAY o6qucJieHHR. 

11. fl paKmU'l.1tuu cnoci6 8.AJi 06ttuc.ae1t1-tR no.llJJ .At1-toeo~mnuM. 

Ho.rrn Hal\f ninol\li aHaqmrnu nepwHiB mwrocb MHoroHyTHHHa (a6o 
TpHHyTmma), Hanp.: A(x1 ,y1); B(x2,y2); C(x3 ,y3); D(x4 ,y4), TO e11n11cyeMo 
Ix y weper e HanpaMi ix 601du i nonncyeMo Hanp1miuni aHaqmrnu nep
moro Repw1rn; Hanp.: (x1,y1); (x2,y 2); (x3 ,y 3); (x4,y 4); (x1,y 1). 

1Uo6 06q11c.TillTH nonniitHy napTiCTb DuJIH l\IHOrOHYTHHHa, cyMyeMO 
pimmm;i ano6yTHin HpailHix i cepe;u.Hix auaqmmin I\OiHHOi nap11 ):(aHHX 
nepm1de. 

Hanp.: 

2SABo = (X1Y2 - Y1X2) + (x2Ya-Y2Xa) + (x3y4-Y3X4) + (X4Y1-Y4X1)· 
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11-24. /1,ano 8Bi mo'lKU A (0,5), B(3,0). 

3naumu mpem10 mo'l"lqf C, UfO .Mae pR8no10 2 i Jle:>1cumb 
na npocmiii AB. 

11-25. /1,oBecmu, UfO 8ani mpu mO'lKU: 

1) A(7,7), B{l,4), C(-3,2); 
2) H(3,-4), M(0,5), N(-1,8) . 

.1te:»eamb na npocmiii. 

11-26. 061lUC./tumu no.rte: 

1) 11omupu.Kymnu~a a Bepiu~a.Mu: 

A(l,1), B(2,3), C{3,3), D{4,1); 

A{2,3), B(-5,8), C(ll,-4), D{9,12), E(14,7). 

11 - 27. /I, 08ecmu, UfO KO.rtU 1lOmllpUh1JmHU~ 3 Beput~a.Atll: 

A {x1,yJ, B(x2,yJ, C{x3,y3), D{x4,yJ 
e piBno6i:Hcnu~, mo: 

X1 + X3 = X2 + X4; Y1 + Ya = Y2 + Y4· 
11-28. /1,oBecmu, UfO 'lomupu~ymnu~u: 

1) (1,6), (-5,-4), (0, -7), (6,3); 
2) (4,1), (6,7), (0,5), (-2,-1); 
3) (3,5), (-5,1), (-1,-2), (7,2); 
4) (4,0), (1,7), (-6,4), (-3,-3) 

e piBno6l,;>1enuhu ( o61lzic.rtumu, R~i ca.,1te}. 

11-29. /1,oBecmu: 

1) Dl,o mpu~ymuu,;: (8,8), (5,3), (4,7) e piBnopa.Aiennuu, a 

2) mpu,;ymnu~: (2,11), (-1,6), (-2,10) e npRo1uo~ym11,iii. 



P03Aln I. 
npocTa • • J1 I H I SI. 

§ 6. PienaHHH oceii. 

MH poarJI.RAamt AOCi rro.rroamHH.R Toq1n1 Ha rrpocTiit 1 yMo

BHJillC.R BH8HatJaTH Qe IIOJIOil\eHH.R BiAAaJieHHHM 11 BiA Apyroi 

HarrepeA aaraAaHoi'. Toq1rn, rrp1diHHToi aa rro11aTOK paxyHKY (§ 1). 

PoarJI.RHeMo Tenep Tott e:urraAOK, 1m.rrH TOtJKa JieiRHTb Ha 

OAHiii a oceii KoopAHHaT. (Harrp.: Ha eici X-ie) H: oaHa11uMo 

ii BiAAaJieHHH BiA rroqaTHY l\OOPAHHaT' BHMipHHe AaHOIO JiiHiit-

HOIO Miporo, qepea x. Rom1 MH YHBHMO y 

QIO ToqKy M nonepeAy B no11aTKY ocef1 

( ce6To rrpH x = 0) ' a IIOTIM npMMYCHMO 

ii rrocyeaTHCH llll B OAHH, llll y A}lyrnii 

6iK BiA TOqKH 0' TO x 6yAe Ha6ipaTU eci 

MOiRJIMBi eapTOCTi ei.a - ex:> AO + 00 ' aJie 

~N 
I 
I 
I 

rri)J; qac Q&oro cJiiA To111rn M 6yAe oqe1myeaTH npocTy, I.QO 6 

eiccro X-ie. 

IlocTapaGMOCH aHai1TH Tany BJiaCTIIBICTb pyxy Toqm1, 

.RKa6 CTaJia rrpMKMeTOIO Toro, 11(0 TOtma y CBOJM pyci YTBOpI06 

AaHy npocTy. 

Mn eme ;3HasMo, I.QO no.rromeHHH KOmHOI To111m ill mt 
IlJIOIQi BH8Haqa6TbCH ABOMa 3HatJHill\aMH x i y (Ae x 6 BiA

AaJieHHH no oci X-i6 pHAHOi To11Kn H Al 1 BiA notJaTHY 1wop

AHHaT 0, a y- BiAAaJieHHH Totnm Jl/1 BiA oci X-i6). 

RoJiu-6 ~H TOl!Ka Jlf 1 Jieam.rra Ha oci X-ie, To ei,nAa

JieHHH ii BiA oci X-ie 6yJio-6 HYJlh i ToMy l1 atta11H11K y = o. 

,Il;e 6 Totnm 1ll He JJeammt Ha oci X-iB, aaBmAII eoHa 

6y)J;e MaTI1 aHal!mm y = o, ce6To Al ( x ,o) . 
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0Tace piBHBHHH: y = 0 e IlpHKMCTOIO Toro' :m;o ~OBiJILHa 
To11sa M JiemnTL ua oci X-ie. 

Ilepe6ir Bcix MOmJUIBHX BapTocTeif sHalJHHKa x ToqKH M 
;a;acTh HaM cJii;a; Bi;a; pyxy TOllKH M aa;a;oem oci X-iB, ce6To 
npocTy, mo 6 BJiacHe Biccro X-ie, a TOMY p1eHaHHH: 

y = 0 • • . . . . (12) 

6 pieHaHHHM oci X-ie. 
Alia.."TJOrHq}fHMH MlpKyBaHHHMH ;a;oit;a;eMO )..\0 Toro, J.I\O 

piBHaHH.fl: 

X=O. (13) 

6 piBHaHHHM oci Y-ie 
(i T011Ra, mo Ma6 BH&tJHHKaMH Ji ( o.y) aaBIB;D;H JIC1KHTh Ha 
oci JT-ie). 

§ 7. PiBnanna npocTnx, piBuooiarnux ~o oceii. 

v Bia1>MiM HKyc1> Totrny l'rl(x,y) 
Ha IIJIOI~i ii 6y;a;eMO CJlOCTepiraTH 

M r~~,J Pta.lJ H X1 '4• M x ~ ii pyx B HanpHMi, piBH06imHiM, 

Hanp., ;a;o oci X-ie. QH TOtJKa 
'I:!~ b 'li 'b "j/ b 

H1C.17.g, yreopHTh npocTy, pieHo6imHy ;a;o 

--L-~;,.....-:...:.........;:L--~..._--7~- x ~i6i oci X-ie. 
B m:mMy-6 ia ceoix rroJiomeHb 

M1,M2,M3 WI TOtJKa He 6yJia, BOHa aaem;a;u M&THMe cTa.rry 
sapTiCTh CB06i'. pH;D;HOi'. y = b (60 piBHo6iil{Ha 6 reoM~Htnndi 

ocepe;a;oK ToqoK' piBHOBi;a;;a;aJteHHX Bi;a; ;a;aHOi rrpocToi)' THM qacoM 
HK aHaqHHK x ;D;JIH KOiRHoro rroJJomeHHH Toqm1 M Ha rrpo

cTi:tt L MaTHMe ph1rni eapToCTH, BJJacTHBi JIHIIIe ;a;aHoMy Ii noJJo
meHHIO. (QHx BapTOCTef1 6eaJiiti). 

Bi;a;;a;aJieHHH npocToi L ei;a; oci X-ie, y = b, MOiRHO aa
cTynHTH Bi;a;THHKOM OP (TaKom pieHRM b). 

Bi;a;THHOK OP Ma6 Haaey ei;a;THHKY oci Y-ie, ce6To ai;a;

THHKY, mo yTeop106 Ha oci Y-ie ;a;aHa npocTa L ceoi'.M rrepe
xpecTHM P ( o ,b) a He10. KoJIH L 6 pieHo6imHa ;a;o oci X-ie, 
TO Bi;a;THHOI{ oci Y-ie 6 pieHIIH a Bi;D;THHKaMH pR;a;HHx (aHaq
HHKaMH y) ecix ToqoK, mo JJemaTh Ha npocTiii L. 

ROJIH Mii eianMeMO 1-IKYCb ;a;oBiJihHY TOtJHY N 1 tJH N 2, mo He 
JiemaTb Ha npocTiii L, TO Ix pR;a;Hi y' = rnN 1 , a6o y" = mN 2 



25 

6yAYTh aaBiHAH tfil MeHrni lJJI 6iJihmi BiA y = b ( ce6To: y' < b < y") . 
0Tme, piBHaHHH y = b 6 nOHel!HOIO ii BHCTaptia.rrbHOIO rrpHK

MeTOIO Toro, ~o ):(aHa TOtrna npn BCHKHX BapTOCTHX SHatJ

HJil\a x He CXOAHTh ia rrpocToi L, piBHo6iamoi AO oci X-iB, 
a TOMY p1eHaHHR: 

y = b . . . . . . (14) 

(Ae b - 6 BiATHHOn oci Y- iB) MOZH8 BB&ZBTH 38 piBH&HHJI 
npocToi, piBuooiamoi AO oci X-iB • 

.A1m.rrorHtJHHMH MipKYIJaHHHMH AOBeAeMo Y 

(puc. 176), ~o piBHaHHH: x = a 6 KOHetJHOIO 

l,, 

1-----i M (X.".11) 
X4<=0. 

it BHCTapqaJibHOIO rrpHnMeTOIO Toro, ~o ):(aHa 

TOtJHa rrpn BCRKMX eapTOCTRX SHalJHllKa y' X:. 0. 

He CXO):(HTb 3 rrpocToi L, piBH06iamoi AO o.__ __ .......,,__ __ . "}{ 
x.;a "ftO•lj) 

oci Y-iB. 

ToMy pieHaHHR: 

x=a .... .. (15) 

(Ae a-6 BiATHHOK oci X-iB) e pinnaeeJIM npocToi, pieuo-
6iamoi AO oci Y- ie. 

Ho."ln B piaaaHHIO y = b {tm x =a) 
oy~el\IO H3,II_UBaTll CTa.'lHi BeJUltlll:i b µ;oeiJibHi 
BapTOCTlf bl, b2 i ·r. A· ( a1,a2 .. . ) ' TO HOiH
uin 3 QHX aapTOCTefi BiADOBiµ;aTHMe OnpeMa 
npocTa L1,L2 ... , pieao6imaa ]J;O oci X-io 
(tm oci J!- ie), 11.\0 BiATHHaTHl\f e ain oci 
J1 - ie ( X- ie) niATHHHH, BiAnoBiAHO pieHi 
b1,b2 i T. A· 

y 

1------1----L· 

1---~---'--~-Lz 

Ui npocTi, RH piaHo6imui ;i;o OAeoi'. A ca~roi'. npocTOI - oci X - i6, 

6Y.rtYTb rraHom pinuo6i:arni 11i1im co6mo. 

0Tace' K03CB8 aMiHa BapTOCTH BiJILBOrO 1l:Jieea piBB8HHH 
npocToi, piBuooiamoi ~o oci KOOPABHBT, yTeop10e eoey npocTy, 
piBHOoiacHy AO nepmoi. B OKpeMOMY BHil~KY' KOJIH ~eit BiJILmdi 
11:.ileB npuitMae BapTiCTL HYJIL' npocTa CTae Bi;r{llOBiABOIO BicCIO' 
IqO it IlOKaaye C&Me piBBaJlllJI. 

Cnpae):(i, ROJIH B piBHaHHIO y = b eiaLMeMo b = o, TO 

pieHaHHH y = o BHSHatJa6 eicb X- ie; Te caMe it AJIH pie

HaHHH x =a. 
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B 11paB11. 

q-30. HKUU o6paa ymeop10e mo11,;a A(x,a), ae x .MOJICe 
vfJep;»eyaamu BCi .MO:HC/tUBi Bapmocmu BiO - 00 00 + ()) . 

Buana11umu 3a2aJtbHY npu,;.Memy lfUX mo11,0Ji,, a maKo:»c 
nooamu 2pa<fm11no o6paa cyn,ynnocmu mo1l0Ji, A' UfO .MalOmb lflO 
aa2aJtbHY npu,;.1ttemy. 

q-30a. Te:HC O/tR mo11on,: B(-2,5,y); C( o,y); D(x, -3). 

q - 31. H an,pec.11,umu npocnii, UfO euana11,a10mbcR pienan
HR.Mu: y = 6; x = -0, 5; y = o; x = 3; y = - 3,5. 

q - 32. PienannR npocnwi y = 3. 

H anucamu pienannR pieno6i:Hcnux oo 11.ei npocmux, eiooaJtenux 
eio oanoi na 5;2;8 (poae.11,Rnymu BiooMennR no o6u8Ba 60,;u npocmoi). 

q - 33. 3naiiniu mott,;y nepexpecmR npocmux: x = a, y == 6; 
x = 2,5, y = - 4. 

§ 8. PiuHaHHH npocToi , ~o nepexo~TL 11epea 11011aTOK 

KOOp~HaTHBX oceti. 

ByAel\rn asaTH TotJRy, ~o H cJiiA YTBopros npocTy, TBop
qoro TOlJROIO AaHoi npocToi'.. 

L 

Xaii HKaCb Tsopqa To tum M ( x ,y) , 
rrocyeamtnICb OA noqaTKY 0 1-mopAHHaT 
(e Tof1 qn HHmnii 6i.n), yTeopros HKYCh 

npocTy L. Ilo.rromeHHH u;rn1 npocToi'. 

arJIHAHO oceii XY aaJieil\JITb OA BeJIH

tm:Hn KyTa cnaAy a, 11\0 YTBopros ~H 

npocTa a eicc10 X- iB; pimHHM nyTa:M cnaAy: a, a1, a2 ... 

BiAnoeiAaIOTb pimHi IIOJIOiKeHHH npocToi'. L, L 1 , L 2 •..• 

BiahMiM meper oKpeMHX noJiomeHL 
1 

TBop~101 Toqm1 JJf Ha npocTiif L. Hanp.: ' 

1Vli(x1,yJ, lJ12(x2,yJ i T. A· (Pnc 18b). 
l\iu 6atJIIMO, ~o aHa'll:HHKH KOiKHOi a u;n:x 

Toqo:n aaBmAH YTBOpIOIOTb npHMoKyrHiif 

Tp11:nyr1n1K a rocTpHM HJTOM a, a TOMY 

, 
~ 

1-~·c ~~ 
·;)_ 

A.ITH :nomnoro a rroJiomeHb Toq:nn JJ1 Ha npocTiii L. aaamAn 

y 
icHyBaTJIMe piBHiCTb: - = f{Ja, 

x 
Tpe6a, aayaamuTH 11\0 AJIH ~anoi npocToI L: tga = const 
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111 Y1 (TaK A.JUI TOllKH irll : - = tga = m; ~Jlfl TOtIKH 
X1 

= tga = rn i T. ~.) . 

0Tme, B KOiKHOMY OKpeMOMY IIOJIOil\eHHIO TBOpttol TOtfnH ill 
Ha npocTiii L BiAHOllieHHH pHAHOi ii AO BiAnoBiAHOi BI_r:t

THHKOBOi'. 6 BeJIHqJIHa CTa.rra, piana 3 TaHreHCOM KYTa cnaAy 

rrpocToi'. Ha aich X - iB. 

~JI CT8JI8 BeJIB'IBea (Taereec syTa CllBAY npOCTOi ea BiCL 

x - iB)' Mae eaaey syrroeoro BMieeusa Aaeoi npOCTOi. 

KoJIH Mn afahMeMo HKich TOtIKH N 1 ( x' ,y') 
i N 2( x", y"), ~o He JiemaTh Ha rrpocTiii L 
(p11c. 19), To tiepea rrotiaToK KoopA1·rnaT 

i BiAIIOBiAHi TOt{KH N 1 i N 2 MOil\Ha no

aecTn npocTi L 1 i L 2 , ~o -yTBOpHTh caoi nyTH 

CIIaAy al i ~ He piBHi 3 K)'TOM a, a6o 

6iJihllli' a6o MeH111i BiA HhOro. 

ToMy, a eiArroamHnx TpHKYTH11Ria: 1) 6. N 10P i 2) 6. N 20P 
l\taTHMeMO: 

y' y'' 
- = tga1 ; -,-, = tg~ 
x' x 

AJie a1 =/=. a; ~ ~ a (a1 i ~ TaKOiK He piani 180° + a, 60 
TOAi-6 TOllnH N 1 i N 2 JJemacJ"Ill Ha rrpocTiil L, arracTirno Ha 

npoMiHi 11, cnpHMOBaHOMY y BiA'6MHHH 6iK BiA TOllIHI 0). 
ToMy: 

y' y . y" -I y 
.. -1-,-, --:==--

x' x x x 

Tam1M l.JllHOM pianicTh .!!__ = m ( const) He s BJiaCTHBOIO 
x 

AJIH 3Hattnn1-da TOllOn, ll\O ne JieamTh Ha AaHiH npocTifI L. 

y 
A TOMY pieeauua - = m, a6o y = mx e soee-11uo10 it 

x 
BBCTap11a~LHOIO IIpHK~IeTOIO Toro' m;o npu ecix MOZJIBBBX eap
TOCTHX ceoix aua11uusie x i y ABHa TO"'IKa Al lle&HTL ea npocTiii, 

~o nepeXOAHTL 11epea no11aTOK KOOPAHHaT i yTeoproe KYT a, cnSJcy 
na eicL X -· ie (Taareuc ~Loro KYTY IUae CTaJiy eeJiu11uey m) . 
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KoJIH-m, nepe6iroM Bcix MOIRJIHBnx BapTocTeii cBoix aHatI
HHKiB x i y, TBopqa TOtJHa M yTsop106 ;a;aHy npoccy L, To 
piBHaHHH: 

y = mx . ..... (16) 

(;a;e m = t,ga) e piBH&HHHM Qi61 npocToi, iqo nepexo~BTL 11epea 
ll0118TOB BB8H&11eHHX oceii. 

~a10tIH KYTOBOMY aMiHHHKOBi m ;a;oBiJihHi BapToCTH 

Bi;a; - "'° ;a;o + oo , o;a;epmHMO mMyToH'. npocTHX, ~o nepexo;a;RTh 
qepea (MalOTb CBOIM syaJIOM) IlOtiaTOK Koop;a;HHaT (PHc. 18a). 

RomHiU: oHpeMiiI BapTOCTM aMiHHHRa m 6y;a;e Bi;a;noBi;a;aTH 
o;a;Ha iI Jimne o;a;Ha npocTa Qhoro mMyT:na. 

1) RoJIH m Mas ;a;o;a;aTHIO BapTicTh, TO HYT cna;a;y npocTol 
6 rocTpHU: (PHc. 18a, npocTi L i L1); KOJIH-m m si;a;'6MHe, TO 

.KYT cna;a;y 6 TynHU: (Pwc. 20). 

y 

L 

2) KoJIH m = o (To;a;i f,ga = o; a= o), TO 
piBHaHHH npHHMa6 BHrJIH)l; y = o.x, a6o y = 0 

A r~e 6 piBHaIIBH oci X - i8 ( cnpas)l;i npH 
P .. r.20. a = o npocTa L npHcTa6 )l;O oci X - i8) . 

-x ___..-""'--~-----+~ 3) KoJIH m == oo (f,ga = oo ; a = 900), TO 
BllaHatJHBIIIH a piBHaHHH . y = mx HeBi)l;OMe x, 

y y 
MaTHMeMo x = -- , a np11 m = oo, 6y;a;e x = -- - o; Ta-

m oo 

RUM 'IHHOM o;a;epmy6MO piBHaHHH oci y - 1,8 ( i cnpaB;a;I 

npH a= 9~ npocTa L npHcTa6 )l;O oci Y- i8). 

B_npaeu. 

q - 34. H anucamu pi8nannR npocmoi, UfO nepexo8umb 

ttepea no11,amoK Koop8unam i Mae 'ltgmu cna8y: 

1) a=45° 2) a=60° 3) a=300. 

11-35. 3naiimu Kym cnaay na 81,Cb X-i8 npocmoi, 'll{O .Mae 

pl8HllHHR: 
3 

1) y = - -x 
5 

y 
2) - = -1 

x 
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q - ~6. H x;e piBnannR .Mae npocma, Uf-0 nepexooumb ttepea 
no'tamo,,; ~oopounam i ymBop10e a Bicc10 X-iB x;ym (cnafJy): 
1) 1200' 2) 1500' 3) 135°' 4) 1800 ? 

q_37. 1) /l,oBecmu, UfO mo11,"1£u: A{l,3), B(-5,-15), 
C(O,O) Jl,e:HCamb na npocmiu: y = 3x. 

2) Hx;i a mo'to~ (4,2), (1, -5), (3,3), (-2,10) .rie:»camb 
na npocmiu: y = -5x.? 

q - 38. H a~pecJ1,umu npocmi: 

y=2x; y=-Jx; 2y=-x. 

11 - 39. T e:>1e na~pecJ1,umu npocmi: 

y-x=o; x+y=o; y=V3x; 2y=x. 

3aµ;a11a 3. 

HamrnaTH pieaaHHH rrpocToi, ~o rrepexo~HTb qepea rroqa
TOK Koop~HHaT i Totmy A ( a,b) . 

PiaHaHHR 1wmaoi npocToi'., ~o npoxo~nTh 

qepea notJaTo:n 1wop.rurnaT, e 

y=mx ...... (I) 

aJie TOlfHa A (a yMOBHj .Tieil\HTh Ha r~Ht npocTitt, 
a TOMY i'.i'. aaalfmmu MYCRTb o6epTaTn Qe pie
aaaaR (I) B TOTOilrniCTb, ce6TO: 

b =ma (II) 

Ue MOiHHa OAepmaTH 6r.anocepe;n;uho a ~ HAO (puc. 21): b = atga; 
b =ma. Ilo;n;imrnum nolf.TJenno pieaiCTb (I) na (II), ManrneMo: 

y x b - = -, aoo y = - x. 
b a · a 

11 - 40. H anucamu piBnanns npocmm, U¥J nepexooumb ttepe3 
notf.amox; ~oopounam i mott'lt!}: 1) A (-8,12); 2) B(5,4); 3) C(3,3); 
4) D(2,0); 5) E(-4,8). 

q -41. I( oBecmu, UfO prnnannR: 

2xy- y 

2xy-1 
_ __ 2x_ i 2x+ 6y-5 = 1 

2x +1 9y-5 
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e pienanHR.Aiu npocmux, UfO nepexo8.flmb 'lepea nottamo~ ~oop8u

nam i na"Kpec.n,umu ix. 

§ 9. 3araJILHe piBHaHH.H KOZHOi npOCTOi. 

IlpHnycTiM, ~o HaM AaHo HKYCL npocTy L, ~o Mas HYT 
cnaAy Ba BiCh x - ie ~ a I TBOpHTh Ha oci Y- ie BiATHHOK n. 

... 

lJepes TotJ:ny A nepexpecTH 

npocToi L a Bicc10 Y- ie 
noBe,Ilel\fO npocTy AX1 If OX. 
ToAi yTBopnTLCH KyT: 

LAX1 = ~B=a (6 KYTOM 
cn<iAY npocToi: L Ha BicL 
X- ie) . 

,I(e6 MM He 6pa.rrn TOtJny }JtJ Ha npocTiti L, TO saBil\AH 

sHalJHHRII H YTBop1010Th np.RMOHYTHHii Tp1rnyTHMK A1 AN 3 

rocTpJIM HYTOM a. 

~"tlN 
0Tme: AN = tg a= ni (const); 

aJie AJ.N = JlJP-NP = y-n; AN= x 

TOMY 
y-n 
---= tg a= m (const) 

x 

Y1-n 
[AJI.R HKO!Ch Toqm1 1l11 Ha npocTiti: L 6yAe: = tga = m]. 

X1 

O;ri;uo c.11ouo, npu K04RH01'IY oKpeMOl\IY noJ:omeuu10 Tnop11oi 
T011KB M ea npocTiii L ui;ri;uomeuen piamuuJ Mim pHWf OIO ii 
Bi)l;TBHKOM oci Y- ie ;ri;o Bi;ri;nooi;ri;uoi Bi;r\THHKOBoi e BeJIH-

11uea CTaJia' piBHa 3 TaHreHC01'1 RyTa CIIa;r\y IIpOCTOi Ha BicL 
X- ie (ce6To 3 KYTOBHM aMiHHHnOM Qi61 npocTol). 

l\omHiti TOqQi N ( x', y'), ~o He JiearnTh Ha npocTitt L, 
BiAnoBiAa6 HHlllnii nyr cnaAy a1 =t= a, a TOMY ti BIAHOIIJeHH.R 

y'-n 
----=t= tga. 

x' 
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y-n 
Tam1M qimoM, prnHICTb = m (con.st) He 6 BJiacTn-

x 
BOJO AJIH sHatJmrniB Toqm~, mo He JiemaTh Ha AaHHi npocTiii L. 

A TOMY piBHaHHH: 

y-n 

x 
= m, a6o y = mx + n 

e KOHe'IHOIO ii BHCTBp'laJILHOIO npHKMeTOIO Toro' IqO' npu ecix 
1'IOZJIHBHX eapTOCTax cnoix aua11eusie x i y, ;ri;aea TO'IKa M 
;ieacHTL na npocTiii, m.o 1'1ae KYT cna;ri;y ea eicL X- iB: a= 
= arct,gm i Bi;IJ;THHae ui;ri; oci Y- iB Bi;IJ;THHOK y = n. 

KoJin-m nepe6iroM Bcix MOmJnrn:ux BapTocTe:ti CBoix aHalJ

HIInIB x, y TBopqa TOlJHa 1ll YTBop106 AaHy npocTy L, TO 

prnHaHHH: 

y=mx+n ...... (17) 

(Ae m = tga) 6yAe prnHaHHHM npocToi B AOBiJihHOMY noJiomeHHIO 

srJIRAHO KoopAHHaTHHX oceii. 

Qe aaraJihHe piBHRHHH npocToi Ma6 Ha3BY OCHOBHOro' 
a6o Ka.HOHH'IHOrO piBHRHHH npoCTOi Ha m10m;i. 

1 I p n M i T :n r-l: B ]J.CRlmx n11na,JJ.1iax ~warn a aycTpittyTH piBHaHHfl 

npocTol n11r.1n]J.y: .r, = m 1y + n1 . 

011enn~110, mo Ta1;e pinHanHR m1:maqac npocTy, mo Mae, HYT cna,;y 
Ha uicb Y-iB, f3 = arc tgm1 i ni]J.Tm-rnc Bi]J. oci X- iB Bi;rrrnHOH n1. 

Aua.lJiaa piBHSHHH : y = xm + n. 

I. Poa2.llR1tb.lrt0, Rn,y po.1t10 8 pi81tll1t1t10 Bi802pae n,ymoBuz'l a.JH1t1tU~m. 

HoJiu notJHeMo AOBiJihHO aMi

HJOBaTn BapTocTn HYTOBoro 3MIH

HI·ma m, TO pa30M 6yAYTb 3Mi

HJOBaTHCH I BapTOCTH HyTiB 

CIJaAY npocToi L (60 m = tga) 
B QhOMY paai npocTa L 6yAe. 

o6epTaTncH HaB:noJio Toq1n1 P( o,n), 60 MH aamu11a6MO BapTICTb 

BiATHHKY oci Y- iB CTaJioIO = n. IliA qac Qhoro KomHiti 

ORpeMiii BapTOCTH 3MiHHHna mk Bi)."lTIOBiJ:(aTHMe O]{Ha ii JllUIIe 

O]{Ha npocTa Lk. 
KoJin-m npocTa L B HnoMycb ai cBoix oKpeMHX noJiomeHh, 

Hanp.: L3 , cTaHe np.Rl\fOIO AO nepBicHoro noJiomeHHH L, TOAi 
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MaTHMeMo ~ aa = 90° +a, a qepea Te: m 3 = tga3 = t,g (90° +a); 

aJie 

A TOMY 

1 
f,g (90° +a)= -ctga = --

f,ga 

1 

tga 

1 

m 

Mn o;L(epmam1 yMoBy npHMOBOCTH npocTnx, Bme rroAaHy B § 4, B3ip ( 10). 

I I. Po.Mi Bi.ttbnoeo 11.llena piBnannR npocmoi. 

RoJIH MH npH cTa.rriH BapTOCTH 

aMiHHHHa m, 6yAeMo AOBiJihHO aMi

HIOBaTu BapTOCTH BiJibHOro qJieHa n 
(Pnc. 24), TO OAepmHMO pHA npo

CTHX, piBHo6imHHX OAHa AO O;L(HOi, 

60 HYT crraAy ix Ha Bich X- iB 

6yAe O;L(HaKOBHH (TOMY ~o m =con.st). 

0Tme, ABi npocTi e piuuo6iami, KOJIB ix piBHBHHSI (eu:
rm1;ur 17) BiApiZHHIOTLCH JIBme BiJILHHMB 'IJieBaMH. 

TaKHM tnIHOM, meper rrpocTHX, ~o MaIOTh pieHaHHH: 

y=mx +n1 

y=mx+n2 

y=mx+n3 

6 CHOIIOM piBH06iiKHHX. 

lf UC/l08UU npU1'JZafJ: 

PieHaHHH: 

y = 4x + 2 
y = 4x + 7 
y = 4:r- 3 
I T. A· 

.... (17a) 

6 piBHaHHH CHO

na piBH06imHHX. 

.IJ:oBe;L(eHe aapaa TBep;L(meHHH ~iJIKOBHTO BmrroBiAa6 yMoBi 

piBH06imHOCTH, ~o ii BHBe;L(eHO B § 4 (Baip 9), a caMe: 

/(Bi npocmi, UIO Ma10mb ofJHa1wBi ~ymoBi aMinnuJCu ( m1 = m), 
e p iBno6 i:Hcni. 



§ 10. OcHOBHi aa~aqi Ha npocTy. 
3~8118 4. 

33 

HanHcaTH piBHaHHH npocToi, m;o npoxoi(HTh qepea aara

i:taHy T01J'.KY A ( a,b) . 

PiBHSHHH KOiKHOi npocToi 6: y =mx + n 

(Ae m = tga, KYTa cnai(y rrpocToi Ha Bich 
X- iB, a n - 6 Bi.1(THHOK oci Jl - iB YTBO
peHHH nepexpecTHM ii 3 1(8.HOIO npocTOIO.) 

.HK ~o rrpocTa nepexoi(HTh qepea Toqny A , 
TO 8H31J'.HHKH 1..\161 TOllKH6y1(YTh p03BH3KaMH 
piBHaHHH i(aHoi npocToi, 60 HHamne Totraa A 
Ha Hiii:), a TOMy: 

y=mx+n (1) 

o6epTa6TbCH B TOTOif\HlCTb: 

b=ma+n (2). 

He .rremajJa-6 

BiAJiiqyrotJH piBHiCTh (2) BiA piBHOCTH (1) MaTnMeMo: 

y-b=m(x-a) 

II pi Mi T Ka: B aara.rrhHOMY BHnaAKY yMoBHJIHCh oaHa1J'.aTH 
aHat{HHKH T011KH A qepea x 1 ,y1 , a TOMY pieHaHHH 6y1(e MSTH 
BHrJIHi(: 

. (18) 

I'eo.Mempu"lnuu ooBio. 

BiaLMi&1 BHanaqai oci XJT i 111<ycL ToqKy A(a, b) (PHc. 26). 

l.Jepea J..\IO Totmy none,D;el\IO AOBiJILHY 
npocTy L i ua uin nia1>MeMo 11Kyc1> TOtt
KY M a neoauaqeuHMH auatIHHKa\m x i y. 
IloRiBWH pR,D;Hi n npocTy AK II OX, 
MaTHMeMo TpHHYTHHH Jl!IAK, Ae AK = 
=AMx = x-a;1llK =A.illy= y-b.03-
ualrnCi\IO HYT cn~y npocTo'i L ua eich 
x-ia ttepea a, i TOAi a TpHKYTHHHa AMK, 
MaE!MO: 

y-b = (x-a} tga. 

Rypc aaaniTntinoI reor.ieTpi'i. IaaaeaKo 3 
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AJie tga c HYTOBHit 3.Mimnrn npocTOi L : tga = m, 
TOMY: y-b = m (x-a). 

Ue i e piauauuH npocTol L, ~o nepeXOAllTL qepeJ TOtmy A, 60 
BOHO BCTaHOBJIIOe aaJiemuicTL Mim 3H3'lHHKal\fH }l;OBiJibHOl T0'1HH Ha I~iA 

npocTiR i HYTOM cnap;y H Ha eich X-io. 

AnMiaa. 

QqeBH;D;HO, II(O qepea 

A ( a,b) MOiRHO noBecrn 

npOCTHX. 
Mu MomeMo nyToBoMy aMiH

HHKOBi m ;u;aBaTH 6eaJiiq ;D;OBiJih

HMX BapTOCTeii i THM C&MHM o;u;ep
maTH 6eaJiiq npocTHX, II(O nepe-

xo;o;HTHMYTh qepea T011KY A . 

Ha11ucaTB piBHBHHa: 11pocToi, m;o 11epexoABTL 11:epea 2 aa
raAani T011:KB: A ( a,b) i B( c,8). 

HaIIllnrnMo norrepe;u;y piBHaHHH rrpocToi, IQO rrepexo;o;HTh 
qepea TOtJKY A ( a,b). Ha rri;u;cTaBi rrorrepeAHhoi aa)laq1 Ma6MO: 

y-b = m(x-- a) (I). 

AJie ~H m rrpocTa rrepexo;o;MTh i qepea ToqKy B ( c,8), a TOMY 

aHatJHHRll ii MYCHTh o6epTaTH piBHaHHH (I) B TOTOiRHicTh: 

8-b = m(c-a). 

3Bi):(J.JJI KY'fOBHii 3MIHHMn: 

8-b 
m---

c-a 

BcTaBHBillII BapTICTh m y prnHaHHH (I), OAepmy6MO: 

8-b 
y-b= (x-a) 

c-a 

B aaraJihHOMY BHIIa):tKOBi, KOJIH A(x1yJ, B(x211J, MaTH
MeMo piBHaHHH rrpocToi, II(O nepexo;o;HTh qepea 2 aara;u;aHi TOtJKH 

Ta1wro BHrJrn;u;y: 
Y2- Y1 

y - Y1 - ---- (X-X1) .... (19) 
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I..lbOMY pinuaHHIO Momua AaTH m.e it HHIIJHit BHrJUIA, ;u.yme .JICl'l\HA 

AnR naM'nTH, a caMe: 
uanm~an1IJH pinuauun (19) TaK : 

y-yl _x-x1 
' Y2-Y1 X2-X1 

c1rnaAaCMO noxiAHY nponopniio : 

(Y-Y1}- (y2-Y1) 

y-yl 

(x-x1)- (x2 -x1) 

' 

a6o: y-y2 x-x2. 
- ' y-yl X-X1 

3aip;nu : 
x-x1 x-x2 (19 a) -
y-yl y-y2 

I'e0Mempu11,nuu ooBio. 

BiaLMiM oci HOOPAHHaT XJ7 i Aani TOllHH A (x1 y 2) i B(x2 y2). 

IloBe;l:{eMo tiepea ni p;ei TOttHH npocTy L i eiaLMCMO ua uia p;o

eiJILHY TO''IHY M(x, y) 
CnycTHB1IJ11 a ycix rrottoH pnAni i no-

nin1IJH npocTy AX 1 II OX~ MaTHM~Mo 3i 

cxomocTH Tp1myT11u1<ie AKM i ALB, ~o: 
K.l'J AK BL 
BL = AL ; a6o KM= AL · AK 

A.rie: KM={= AM y) = y-y1 ; 
BL(= MB11) = y2-y1 ; 

AK(= AMz) = x-x1; 

AL(= ABz) = x2-x1 • 

To My, niACTaBHBIIJH napTOCTH : KM, 
BL ... ' PttaTUl\fCMO : 

Y2-Y1 
y-yl = (x-x1)· 

X2-X1 

L 
y 

[(e piBHaHH.R BCTaHOBJll06 aaJiemHicTh Mim aHatJHHKaMH 
KomHoi TOqJiH Ha npocTili: L i TOMY s ii piBHaHH.RM. B nhoMy 

Y2-Y1 
piBHaHHIO HJTOBHii SMIBHHH m = G BCJJH11HHa CTaJia, 

X2 - :i;l 

w;o ii MYCHTh 6yTH, 60 ABi TOlJKH ~iJIHOBHTO 

npocTy, To6-To Ta Ka rrpocTa s OAHa. 

BBCHOBOK. 

Tpu T011KR JieacaTL Ba npocTiii' _KOJIB BOBB ofiepT&IOTJ, 

y TOTOamiCTL piBIUUllUI (19)' (ce6TO piBHaHH.R npocToi, ~o 

nepexo;rutTh 11epea ABi, aaraAaHi a THX TPhox, TOtJKH). 
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Cnpa.s):(i, KOJIH J:(aHo T}lH TOtmH: A ( x1 ,yJ, B ( x2,yJ i 

c ( XaYs)' TO piBH3HHH npoCTOi' IQO nepeXOJ:(HTb qepea T011RH 
A i B 6yAe: 

y-yl = X-X1 .... (19) 
y-y2 X-X2 

RK IQO-m i Totma C neiKHTb Ha ~i:u caMiif npocTiit, To 

ii BH&11HHKH MYCHTb aa):(OBOJibHHTH piBHaHHH (19) (ce6To 6YTJI 

loro poaBH3K3MH) a TOMy: 

y3-Y1 Ya-Y2 
--- - --- .... (20) 

X3-X1 

6 TOTOiKHiCTb. *) 

3BJJ:&'la 6. 

A&110 npocTy y = 1'X + l (µ;e " i l e µ;&11i CT&Jii sean'lllllll); 
nposecTB 11:epea TO'IRY A ( a,b) pieuofiimuy µ;o ~iei npocToi. 

MH Bme aHasMo, ~o :nomHa npocTa L, ~o npoxoAUT& 

11epea TO''IKY A ( a,b) , Mas piBHaHHR: 

y-b = m(x-a). 

*) l(R yMona npocTononomHOCTH TpLox ToqoK He e Rona. BoHa e 

BiAMiHHOIO <I>opMOIO 3araJibHOi YMOBlt (11), HOJIH o6Me>HHTHCR Jmme TpbOMa 

TO'IK3MH, a caMe : 

.2 L1 XiJJk + 1 = 0 
1 ••• n,1 

IlORCIIHl\10 l\e : 

IlpHBOAHMO 11.0 cniJibHOl'O 3HaMeHTeJIR piBHaHHH {20) : 

X~3-X'l1J3-X~1 + X21J1 = X~3-X1Y3-X~2+ X1Y2 

aoo: X2Ya + X~1 - X21J1 - X1Ya X~2 + X1Y2 = 0 

Ue MOifrna uam1caT11 TaK : 

(X1Y2- X21J1) + (~r2y3- XaY2) + {X:JY1- X1Y3) = 0 ; 
ane pimHHl\IO (XJJJ1.; + 1 -xk + 1 Yk) MH yl\IOBHJIHCb oaHR'lllTH qepea 

L1 XTJJ k + 1 , a TOMY Haw a pi BHiCTL MaTJrt\te DH I' JIRA : 

.2 L1X!JJk+1 = 0 
k-1,2,3,l 

RK saip (11). 
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TaKHX npocTHX 6y1(e 6eaJiiq, B saJieiKHOCTi BiA aMiH ea.p
TOCTeit Kyroeoro sMiHHHKa m (p11c. 27), TOMY TPe6a Ai6paTH 
TaKy eapTicTb aMiHHHKa m, ~06 ~H npocTa L 6yJia pieHo-
6imHa AO 1(aHoi. 3 yMoBH pieHo6imHOCTH 1(Box rrpocTHX (eaip 9), 
8HR6MO, ~o Tald rrpocTi IlOBHHHi Mam O~HaROBi KY'fOBi BMiH
HHRH, a TOMY m = x:. 

0Tme, piBHRHHH npocToi, ~o nepeXOAHTb qepea TOq:KY 
A ( a,b) pieuo6imuo AO rrpocToi y = ~ + l, 6y1(e: 

y-b = ~rx- a) .... (21) 

a6o enaHaqa10tJH y, MaTHMeMo: 

y = ~ + (b-a1') (21a). 

Jito6 uanecaTB piuuauu.11 npocToi, iqo nepeXOAJITL 11epee 
aar~auy TO'IKY A ( a,b) piuuo6iacuo AO AaHOi npocToi y = ~ + l, 
AOCBTL SMiBBTB B piBBBBBIO ~iei IIpOCTOi BiJILRBit 'IJJeB ea 
piacHH~IO pa~oi ABBoi TO'IKB fiea BAOOYTKY ii BBATBRKOBoi ea 
KfTOBBH SMiBBBK. 

llpU1'./l,a0." 

Han11caT11 pieHaHHH rrpocToi, ~o nepexoJ~ll1'L qepea TO'IKY 
A ( 4,5) pieHo6i»mo AO npocToi: y = 3x + 2. 

Hoenit Bi.iJbHHii 1.1.Tieu 6yl{e: b- a~= 5-4.3 = - 7, a TOMY pieuaeeR 
npocToi L 6yAe: 

y = 3:r-7. 

Han&caTu piuuauua npocToi, IQO nepexoABTL 11epea TO'IBY 
A ( a,b) npID10Bo AO AaHOi npocToi y = ~ + l. 

[ HoaH TOtJHa A (a .b) ~emHTb Ha AaniR npocTiR, 1·0 emHeaeMo Ta
uoro BHCJIOBY: HanHCaTll pieuannn npRMY' DOCTa.JlJleuoro AO npOCTOi 
y = kx + l B TOlJ~i A (a,b); HOJIH-m T01rna JleiKHTb no-aa npOCTOJO, TO 
HameMo: nanHCaTH pinna nun npHMY, cny~euoro ua npocTy y = k:e + l 
a TOtJJmA(a,b)]. 

PiBHaHHH KomHoi npocToi L, ~o nepexo1(HTb qepea Toq:Ky 
A ( a,b}. 6yAe: 

y-b = m(x-a}, 
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TaKHX npocTHX 6y]le 6eaJiiq, a aaJiemHocTi Bill aMiH aap

TOCTH KJTOBoro aMiHHHKa m. Har.i, oTme, T}le6a ]li6paTH TaKy 

BapTicTb n;1>oro aMiHHHKa, Ill06 npocTa L 6yJia np.aMa ]lo ;r(aHOL 

3 -yMOBH npHMOBOCTH npoCTHX aHa.6MO, ~o KY'fOBHtt aMiH

HHK npoCTOi' IIpHMOi ]lO ;r(&HOi' 6 piBHHH 8 06epneno10 BeAU
'lUH010 RyroBoro aMiHHHKa ;r(RHOi rrpocToi' B8HTOIO 3 npomUBHll.M 
anaJW.M (aaip. 10) ce6To: 

1 
m=-

ToMy piBHRHHH npocToi L, IllO nepexo;r(HTb qepea ToqKy 

A ( a,b) npsi.Moeo ;r(o }J;aHoi rrpocToi y = ~x + l, 6y]le: 

1 
y -b = - - (x-a) .... (22), 

~ 

a6o, BH8Haqal01IH y, MaTHMeMO iwyr.uit BHrJIH;r( ~boro piBHaHHH: 

y = - ~ x + ( b + ~) (22a) .,., .,., 

~oo OAepacaTH piuHaHHJI npocToi, IllO nepexoAHTL 11epea 
TO'IRY A (a ,b) i e npmta AO A&Hoi npocToi y = .,.,x + l, Tpefia 
B piuuauuro ABHoi npocToi: 

1) B}'TOBHit SMiHHHR 3MiHHTH Ha ofiepHeHy BeJll111HHY 
loro, uaBTy a npoTHJimKHHM anasoM; 

2) siJILBHit 11Jiee aMiHBTH ua cyMy PHAHOi A&Hoi T011KR 
B ll B~HKOBOIO' DOAiJieHOIO Ha KYTOBOro aMiHHHK8 piBB8HB& 
ABHOi IlpOCTOi. 

llpu1hlta8. 

,Uaao npocTy: y = 3x + 2. 

HanHcaTu no uei pinuanuR npR"Y, cny~eaoro a TOttHH A(6,5) . 

1 
3MiHHHH 6yne:--

3 
a 6 

BiJILHHA tt.ilen : b + - = 5 + - = 7. 
k 3 

'foMy piBHaHHR npRMY : 
x 

y=--+1. 
3 
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§ 11. AJire6pH1111e piBHaHHH npocToi. 

Koame aJirefip1111ne piBnanna rrepmoro cTyrrena a ABOMa 
neBiAOMHMH BH8H8118e rreBHY npocTy JiiHiro. 

(11Hamne: KOmHe aJire6pHtiHe piBHaHHH nepmoro cTyneHH 

B ABOMa HeBiAOMHMH MOmHa aamKAH rpaq>H'IHO a'iHTepnpeTy

BaTH' HK II0BHO BHBHatieHy npocry JiiHilO Ha IlJIOIQi). 
BiabMiM aaraJihHY .popey Ta1mro pIBHaHHH: 

Ax + By + C = o . . . . (23) 

B11aHatn1Mo a Hhoro y: 

A C 
y=--x-- = 0 

. B B 

<l>yHm:~iH TaHreHC Mome MaTH BCI BapTOCTM BiA- 00 

A 
AO + co , a TOMY Api6 - B aaBmAH Mome 6yTH tg .RKoroch 

Kyra a, ce6To: 

A 
--=tga=m 

B 

c 
BiAHOmeHHH collHHHHKIB - B aaBmAH 6 HKech "IHCJIO. 

Qe lfiICJIO aaBm):(H MOH\e oaHatiaTH BIATHHOK Ha oci y' BHMi

p.RHHit B flKHXOCb neBHH~ OAHHHQ.RX Mipn. 
c 

ToMy, Api6 - B MomeMo BBamaTH aa piBHHii a n, ce6To: 

c 
--=n 

B 

TaKHM tIHHOM, piaHaHHH: 

Ax+By+C= 0 

nepeTBOp106TbC.R B: 

y=mx+n. 

Qe e aHaiioMe piaHaHH.R (17). 
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1) RyT cnany l.li6i npocToi .ner1w BHBHaqaeTLCR a piBHOCTH: 

A 
tga = - B , a 

2) BiATHHOK oci Y- iB TaKom JierKo BHaHaqa6ThCR B 
piBHOCTH: 

c 
n=--

B 

fl p H M i T H a : Y npaHTHUi Tane nepeTBOpeHHff a.nre6pHqnoro piB· 
HaHIIR npOCTOi B H3HOHll'IHe nepeBO)J;llThCJI lllaflXOM BH8Ha1JeHHR a aJI
re6pH11noro pienaHHR y. 

Hanp. 

3Bi)J;QH: 

0TiHe 

2x + 3y-6 = 0. 

2 
3y=-2x+6 aoo y=--x+ 2 

3 

2 
tga=--;n=2. 

3 

Ae&11iaa a.11re6pu11eoro piaeaeea npocToi. 

V pieHaHHIO Ax + By + C = 0 cotn1HHHKH A i B He Mo
iR'YTh onHoqacHo o6epTaTHCH B HYJih, 60 B TaKoMy paai caMo 
piBHaHHH ary61mo-6 pa1dro. IlpoaHaJiiayitMO OKpeMi BHDaAKH: 

1) RoJIH colfllHHHK C = 0 (A =I= O; B =t= 0). 

Toni piBHaHHH Ax+ By= o o6epTa6ThCR e TaKe: 

y = - ~ x,a6o y =mx (:iw m = - ~) : 
TanHM tmHOM pIBHaHHH: 

Ax+By=O 

e piBH&HHJIM npOCTOi' ~o nepeXOAHTL 11epes DO'l&TOK KOOpAH· 
H8THHX oceii. 

2) Ron11 A = 0 ( B =r- 0). 
c 

Toni pieHaHHH Mas BitrJIRA: By+ C = 0 a6o, y = - B . 

3BiA~ y = n ( Ae n = - ~) . 
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B Ubo~y paai Mome 6yT11 ABa B1111aARH: 

a) ROJIH COtIHHHHK c =I= 0, T06-To n * o, I npocma, ~o 

Mae piBHaHHH: 

e piB1to6i:Hcna oo oci X-iB; 

6) KOJIH COtJHHHHR c = 0, T06-TO n = o, I npocTa, ~o 

Ma6 piBHaHHH: 

By= 0 (a6o y = o) 

6 eicmo iKciB. 

AHa.rromtiHi a nonepeAHiMH MipKyeaHHR AOBOARTb, ~o: 

3) HOJIH B = 0 (A =I= 0) 
TO plBHaHHR BHrJIHAY= 

Ax+C=O 

e piBnann!lM npocmoi, piBno6i:Hcnoi oo oci Y- iB. 

Ta1mM 'llfHOM, a.rrre6p11tme piBHaHHR: 

1) Ax+ By+ C = 0 (noBHe) 

6 piBHaHHHM IIpOCTOi B AOBiJibHOMY IIOJIOiReHHIO arJIRAHO ROOp
AHHaTHHX oceii; 

2) Ax+By=O 

e piBHaHHHM npocToi, ~o nepexoAHTh tiepea notiaToR oceii; 

3) Ax+ C=O 

6 piBHaHHHM npocToi, pieHo6iHmoi 
4) By+C=O 

6 piBH8.HHHM npocToi, piBH06imHoi 
5) Ax=O 

e piBHaHHHM caMoi oci Y- iB; 
i 6) Bx= 0 

6 pieHaHHHM caMoi oci X- i6. 

]lO OCI Y-iB · 
' 

AO OCI X-iB· 
' 

§ 12. AJireopu1111a cflopMa piuuauL npaMy Ta piuuofiiac
uoi AO AaHoi npocroi. 

BHBeAiM AJIH BHII&AKY, KOJIH piBHaHHR npocToi BiAaHa
tieHo aaraJibHHM aJire6pHtIHHM piBHaHHHM: 

Ax+By+C=O 
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I) PiBHBHHH npocTo i, ~o nepexoµ:&TL 11epea aaraµ:auy 
TO'IKY ]Jt/ ( x1yJ. 

MH eme aHaGMO, m;o piBHaHHR Taimi rrpocToi a y-y1 = 
A A 

= m(x-xJ; aJie m = - B ; TOMy: y-y1 = - B (x-xJ, 

a6o: 

a6o: 

B(y-·. yJ = - A(X-X1), 

A(x-x1) + B(y-y1) = 0. 

I I) To ii caMHtt BHrJIRA Mae piBHaHBH npocToi , IQO nepe
XOµ:HTL 11epea HKYCL TO'IKY M ( x1 ,y1) piBuo6iamo µ:o µ:auoi npocToi. 

PimHHQfl JIHme B TiM, m;o B rrepmoMy BHrraARY eapTocTi 
. A 

A i B a AOBLnbHi (a 11epea Te ii RYTOBHit aMiHHHK m = - B 

Mome Mam piHrni BapTocTi), a B ApyroMy A i B a BeJIH
lfl-tHH CTaJii, piBHi a HarrepeA aaraAaHHMH CO'!HHHHKaMH piB

HaHHH Ax+ By+ C = 0 AaHoi rrpocToi. 

II pu1'JiafJ. 

,[J;aHo npocTy : 15x + 5y + 9 = 0 ; pinuo6iama AO uel, ~o nepexo
AHTh tiepea Toqny M (3,4), 6yne: 

15 (x-3) + 5 (y-4) = 0 

auo: 3x +y-13 = 0 

III) PiBH&HHJI npocToi, iqo nepeXOAHTL 11epea TO'IRY M (x1 ,y 1 

npHMOBO ~o npocroi Ax+ By+ C = 0 6yAe: (eaip 22) 

a6o: 

B 
y-y1 = + A(x-xJ, a.60 

B(x-x1)-A(y-y1) = o 

IlpuuaiJ. 

,Z:(auo npocTy: 15.x + 5y + 9 = 0. 

PilmauHJI npaMa no Rel, ~o nepexoJJ;HTb t1epea To1rny M(3,4), 6yAe: 

5(x-3)-. 15(y-4) = 0 

x+3y+9=0. 
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§ 13. Ilpo nepBHi, lllO Momyn. BHBHaqaTJi IlOJJ03'eHHll 
npocTOi Ha IlJIO~i BrJIJIAHO BHBH8'11111X oceit. 

lllo6 BHaHalIHTH noJiomeHHR npocrol na 
IlJIOI.l.(i, 8I'JIRAHO BH3Ha•nrnx oceR, BHCTa.pqae ABOX 
nepauie. B QhOM~" MH nepenoHaeMOCR npn poa
rJIRAi oHpeMHX cnoco6iE ammallCHHR noJiomenHR 
n fJOCTOi Ha IlJIOI.l.(i. 

1-u cnoci6. no.ilomeHHR npocTOI Ha m1omi 1\i JI• 
HOM BH3Hallaf!ThCR, HOJIH BiAOMi HYT cnaAy npo -
CTOI Ha OAHY a ocen. i BiATHHOK Apyrol oci Bin 

notiaTHY ocett AO TOlfHH nepexpeCTH npocTol a aiccio (BiAOMi La i b}. 
CnpaBAi, KOJUI MaeMo JIUUJe HYT cnaAy npocTol, Hanp., Ha eicb X-ie, ro 
MOil\eMO "•laTH 6ea.~i·1 npOCTHX, piBH06imHlfX OAHa AO OAHOI, i.qo MaTHMYTL 
OAHa1<onun HYT cna;::r;y (puc. :V.1). 

TaK caMo, KOJIH !tlae!\10 JIHUJe OAHH BiATHHOK b, oci Jl-ie 11\0 itoro 
yl'Bopioe nepexpeCTR npOCTOI a niCCIO' TO MOilWMO MaTH 6eaJiilI npOCTHX, 
~o BiATHHaTHMYTh OAHaKoeutt BiATHHOH oci Y-iB (pnc. 31). 

\ l., L, L. L.Y l, l, L, L, 

PLllc 30. 

AJie B nepmoMy mmaAHY (puc. 30) HOilma 3 pieHo6iarnnx npocrux 
BiJJ;THHQJia piarni, .• TJHllle Ht OAHitt BJiaCTHBi, Bi]:(THHHH oci Jl-iB (y = b ) , 
a B Apyro~1y BHnaAHY HOiKH:l 3 npOCTHX iKMYTna M (pHC. 31) MaJia CBil 
OHpeMHtt, BJI3CH1dl HYT CllaAY a1:, BiAMiirnutt OA KyTiD CilaAY HHlllHX npoCTHX . 

l\oJIH-m MaeMo HYT cnaAy, 11\0 TBOpHTb npocra L a Biccio X-iu, 
a aapaaol\I i BiATHHOK, 11\0 YTROpioe BO Ha CBOiM nepexpeCTJIM ua oci .V-iB, 
TO (pHc. 29) THM caMHM MaeMo npRMOHYTHHA rpHKY'fHBK AOB, ia cranoio 
npRMHOIO OB= b i cTanH!\l rocrpHM .HyToM LOAB = 180° -cz. 

13 reoMeTpii'. ei.AoMo, ~o ~i nepeHi ~iJIHOBHTO BHaHaqaioTL rpHKYTHHH, 
a To My npocra L (nporHnpRMKa rpHKYTHHKa) 6yAe eAHHOJO. Orme, nono
meHuH npocroi' Ha nnoud 11\0AO BH3Ha'IHHX ocett 6yAe QiJIHODHTO BH3Ha'leHe. 

BHBOAR'IH KaHORH'IHe pieaaHHR npocroi, MH tt HopucryeanHCJI QllM 
cnoco6oM BBaHa'leHHH nonomeHHH npocTOi'. na nno~i arnHAHO oceit. CaMo KaHo
HHllHe pinHaHHJI : y = :rm + n ycTaHOBJIIOe QJO aanemuiCTL BHa'IHHKiB TBOp'IO I 
BiA poarnRHeuux nepaHie ( m = tga - e cpyHHQiH HyTa cnaizy, a n -
e eeJIHtIHHa BiATHHliY ua oci' JT-ie, YTBopeHoro nepexpecTHM opocrol a nir.cio). 
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2-u cnoci6. 

BiATBHBOBe unaHa11eRB.11 nm1oaceHH.11 npocToi Ha mio~i arJUIA&O 
BB3Ha'IHBX oceit. 

hOJIH MaeMO JIUme BiATHHOK Ha O,IJ;Hiit 3 OCeA HOOp,IJ;HH3T (Hanp.: Ha 

oci J1-ie: y = b pHC. 31), TO MaTHMeMO Qi;mtt ilntYTOH npOCTHX, ~o BiA
DOBiAaJOTb 11awiA yMoei nepexoAmeun ix 11epea Totrny M(o,b). TaH caMo, 

HOJIH Maer.m BiATHHOH :mwe Ha oci X-in 

(x =a, p11c. 32)' TO M3THMeMO Qi.md1: 
arnyTOH npOCTHX, ~o BiADOBiAaJOTb Hami"it 
yMoBi nepexoAmeHHR ix 11epea Totrny N (a ,o) . 

Ane, HOJIH MaeMo paaoM o6HARa 
nepeHi: BiATHHOH ua oci X-ie i eiwu
HOH Ha oci Y-io (x =a; y = b), TO B 
Ta1:<0My paai npocTa L (pnc. 29) npoxo
AHT& 11epea 2 uanepeA aaraAani To111m A i B, 

a TOMY, e cuny ancior.m npo npocTy, e eABHa. 

0Tme, ueJIB111111B B~TBHKiB, iqo yruopioe npocTa Ha ocu, 
~iJIKOM BBCTap11ae, IqOfi BBaH81IBTll 0 IlOJIOZeHH.H H8 IlJIOIIJ;i 

arm1A110 oceit. 
3-u cnoci6. 

IlpmlOBe (HOpMSJILHe) BH3Ha11eHHJI llO~oaceuea npOCTOi HB 
DJIOiqi arJI.HA&O BHaHB'IHHX oceii. 

IlpunycTiM, ~o uaM ei,u;oMi a6o AOBimrna <5 npnMy, cny~ettoro Ha 
npocTy L a nottaTKY 1mopAHHaT, a6o HYT <p, ~o TBOJmTh l\eR npRM a 

'{ OAHOIO 3 oce.n. (3 RHOIO ca~te, ~e 

RCe OAJIO' Go cyMa ooox nyTiD 3 OCBMll 

c 90°, ce6To: 'P + p 1 = 90. ToMy, 
H0."111 BiAOMllit O)J;HH a KyTiB. TO ei
AOMHfi i ,u;pyrnH). 

·1) Ho.iJH einoMa .rimm~ OAHa AOB
;mma ~ npRMY, cny~eHoro 3 no11aTKY 
1wopAJrnaT Ha npocTy L, TO Tam1x 
npOCTHX 6yne 6e3~llilJ; nci BOHH 6y

AYTb AOTHllHH Mii AO KOJia nyqa d 
(3 ~eHpOltl 0) n KOilrniR: a TOllOH 
ouaony Q&oro KO.Tia (pnc 33a). 

2) HoJiu BiAOMHfi mtme HYT 'P, mo Teop11T& 
3 RHOIOCb ia ocett, Hanp. a BiCCIO X-ie, npRM,cny

meHHit a IlO"laTHY HOOpAHHaT Ha npocTy L, TO TaHHX 
npocTux L TaKom 6yAe 6eaniq. Bci eoeu (puc L. 

336) CHJJ3AYTb cnin pieno6iiRHHX' RHO npRMH AO 
cnin&uoi npocTOi B 1:<omuitt aTo"lo1:<: M1 , M 2 , M3 ... 

AJie, HOJJH ,u;aHo i AOBiKHHY d aaaHatteHoro 
np.R~Y i 1:<yr, ~o yTBOpJOe oiu a eiccJO X-ie 
a6o Y-in), . TO nonomenHR npocTOi L arJIRAHO 
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ocett lliJIROM BH3Ha'-ICHC' 60 (pnc. 29) TO}J;i MaCMO npRMOHYTHHi TpHKYTHHI\ 
AOC, i3 cTaJiolO npRMKOIO ~ i rocTpHM KYTOPtf <p. .Rn yme cKaaauo, 

BeJill'IHHa Ta1wro TpHnYTHHKa e uiJIKOM BH3HRllena, a TOMY UiJinOI\l BH
auaqeue i no.TJomeHirn npocToi'. L, RHO p;pyroi'. npRMnH TpHHYTHHK3 AOC. 

0Tme' AOBZHH8 npmiy' c:nyiqeHoro 3 IIO'ISTKY KOOPAHHBT 
HS npocTy' i KYT' ~o fTBOpIOe ~eit IIpHM 3 OC.JIMH KOOpAHH8T' 
~iJIKOM BH3H8'18IOTL IIOJIOZeHHJI ABHOi IIpOCTOi Ha DJIO~i arJIJIAHO 
uuaaa'IHllX oceit. 

Tiepundi cnoci6 Bll3HalleHHH OOJIOiReHHR npoCTOl Ha OJIOl.lli 6ye, RI\ 

MH Bme aaana'-IHJIH, BHKOpHCTanutt ]J;.TIH CKJia)J;3HHR KaHOHH'IHOro piRHaHHR 

npocTOi'.... Tenep nepettp;eMo AO CKJia.AaHHR Ille npyrnx «f>opM :µieuanh npo
CToi'., l.llO rpyHTYIOTbCH Ha npyroMy i TpeTbOMY cnocooax BH3H3lleffH>{ no

JIOiKeHHH npOCTO i ua IlJIOl.lli. 

§ 14. B~THHKOBe piuuaHHa npocroi. 

RR cBi)lqHTh caMa HaaBa, B ocHoey piuHaHHH rroJiomeHo 

Apymii crroci6 BH3HatieHHH rrpocTOi Ha IIJIOil\i. 

RK 11\0 aMomeMo ecTaHOBHTH aaJiemHicTh MI>R si,rtTHH

KaMH Ha OCHX i aHatffiHKaMH AOBiJihHOi TBOptioi TOllKH, IllO 

JI0iKHTh Ha rrpocTiH, TO MaTHM0MO piBHaHHH Qi6i IIpOCTOi. 

IlpnnycTiM, ~o HaM ~aHo BH3HatIHi oci XY i rrpocTy L, 
11\0 BiATJIHa6 Ha OCHX BiATHHKH x = a i y = b. ~e-6 MH He 

B8flJIH Ha rrpocTiii: L AOBiJihHY TOtIKY ]J;/ (x,y) (pHC. 34), TO 

aaemAH ~ma1rnmm: ii x i y yTeopmioTh TpHnYTHHK, Harrp.: KMB, 
cxomHii Ha TPHKYTHHK AOB, yreopeHHii npocTOIO L a BH3Hatf

HHMII OCHMH. THM TO aaem;r:u1 icHyBaTHMe ei,rtuomeHHH BHrJIH~Y: 

RM KB L 

OA OB 

BcTaBJIHIOlfil eapTOCTH ei,rtTHHKiB 

KM, OA, RB, OB OAepmy6Mo: 

y a-x 
-=----
b a 

y x 
-=1--
b a 

3BiAQH Ma6MO: 
x y 
-+-=1 
a b 

(26) 

Qe i 6 npHKMeToIO Toro, I.QO TOtJKa JieiKHTh Ha rrpocTiit L, 
ce6To piBHaHHH (26) 6 piBHSHllHM Qi6i npocToi. 

~e piBHaHHJI HOCBTL H83BY: BiATBHKOBOro piBHBBBB IIpOCTOi. 
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x y 
11 p H M i T H a . IUo6 p;osecT11, ~o piBHaHHR - + - = 1 e it 

a b 
BRCTap11anLH010 npmrneTOIO Toro, ll\O p;osinLna TOtJHa M, RKOi aHa'IHHHR 
a~OBOJILHRIOTL Qe piBHaHHR. MOme nemaTH JllUlle Ha npOCTiD, ~o Bip;
THHae BiA ocett BiJJ;THHl\H x =a, y = b, p031'JIRHeMO (pHC. 34) RHy-He6yAL 
T0111<y N ( x' ,y') , I.QO He .-;iemHTL Ha npocTiit L: 

t::. PQ B (J) b,. AOB. 
QP QB 
OA =oB 

a.11e QP=y'-PN; OA=b; QB=a-x'; OB= a 

y'-PN a-x' 
a6o: 

b a 
y' PN x' 
---= 1-- a6o 
b a a 
x' y' PN 
-;-+-,;-=1 + -;;-· 

'famtM q1rnoM, u,oG :ma1rn11KH x' i y' TOlJnH N aaAODOJILim.r1H pianaHnR: 
x y PN - +- =1, Tpeoa, ll\06- = O; ane, b =/= co a TOMY Tpe6a, II.\06 PN = 0. 
a b b 

P N - e si,:maneoua TO'IHll N Rip; TO'IHR P (p;e pap;ua TOlJKH N nepe.Tll
uac npocTy L), a T01\1y niMaJieHHR PN Mome 6yTH piaue a HyneM JIHllle TOAi, 
HO."!JH TOlJHa N JiemuTL Ha npoc.TiD L. TaKHM 'llHH0~1, aHa11nHHH HOmHol 

"H L . x -t y 1 TOlll\ff ~ ll\O He Jieil(UTL Ha npO~Tln ' ue 3a,I(OBOJILHRIOTb prnnaHHH; - b = : 
0Tme piBHaHHR (26) e BHCTapt.Ja.iJbHOIO npHHMeTOIO Toro, ll\O }:\aHa TOlJHa 
.nC'iHHTL Ha npocTin L i MOiHe BnamaTHCR aa pinuamrn ni<!i npocTOi L 

§ 15. IlpHMOBe (aoo HOpMaJILHe) piBHSHHH npocTOi. 

3 caMoi Ha3BH BHAKO, lllO Qe piBHaHHH rpYHTYGThCH Ha 

ToMy, 11\0 noJrnmeHHH npocToi Ha nJIOil\i arJrn)J;Ho BHaHatJHHX 

oceit QiJIKOM Bll8Haqa6TbCH AOBii\MHOIO npHMY' cn~eHoro a 

no11aTKY BliBHaqHJIX oce:H Ha AaHy npocry (BiJJ;AaJieHHH npo

CTOi BiA noqaTKY BHSHatJHHX oceii) i KYTOM ~horo DpHMY a 

OAHOIO B BHSHatJHHX ocett. 0Tme, Qe pieHaHHH BCTaHOBJII06 

saJiemHicTh Mim aHalJHHKaMH AOBiJihHOi TBopqoi TOlJRH Ha Qiit 

npocTitt Ta poarJIHHeHHMH BHlll0 nepBHHMH: BiAARJieHHHM npo

CTOi Bm noqaTKY KoopwiaaT Ta RY'fOM ~horo npHMJ a OJJ;HOJO 

a BHaHallHHx ocea. 
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1 cnoci6. 

IlpHnycTiM, ~o HaM AaHo BH8Ha11Hi oci XY i npocTy L. 
XaD BiAAaJieHHJI uJsi npocToi L BiA notJaTKY oceA 6yAe d, a 

KYT ~boro npHMY a Biccio X - ie 6yAe ~ <p. 

Bia1>MiM Ha npocTiit L HHY - He- y 
6yA1> TO"IHY M(x,y), ~o Mas aHatJ- , 
HHHH: x=ON, a y=NM. ·,, 

' 06tJHCJIHMO AOBiKHHY npHey ·,, ~ . 
'\."- I 

OK= d. '. ~i 'l . 
,I(JIH ~boro a TOlffill K crrycHasMo ·~i:t 

npHM RP Ha Biel> X - ie i Be- ~\, 
~eMo npocTy NB II L. P N 

ToAi: OR= d = OR +RR. P"'c.3,. 

x 

Ane: 1) a npHMORJTHLoro TJ>HHYTHHHa ORN Ma6MO 

OR= ONcs<p = xcos<p. 

2) a npHMORYTH1>oro TpHHYTHHHa RKS Ma6MO RH = RSB?up = 
= ysn<p (60 ~ RSK = <p, .mm CHJiaAeHHtt a ~ RON eaa6MHO 

npHMOBHMH paMeHaMH). 

ToMy: 

XC8<p + yan<p = d • . . • .(27) 

2-u cnoci6. 

a npJIMOHYTHiX TpHHYTHHHiB (puc. 36) bi. AKO i bi. BKO BlliJHatJaeMo 
qepea p;aui BeJIH'IHHH: JJ;OBilmny npnMa d i HYT ttoro cp a nicc10 X-in, 
DiATHHHll, ~o TBOpHTb npOCTa L Ha OCHX. 

1) 3 ~ OKA uaeMo: 

2) 3 ~ BKO MaeMo: 

y 
L 

~ 
b=

snp 

d 
a==--. 

cs<p 

ToAi, B:JHDIUH ni,n:T11u1<oae pimrnHHR 

npocTol L: 
:i; y 
~+b=l, 

BCTaR."lRCMO B llbOrO nnaii]J;CHi napTOCTi 

a i b it O~epmu MO: 

x 

esp 

+-y- =1, 
d 

.'lll(p 
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a6o: 
:l'CS'/) ysn<p 
-d-+-<5- = 1; 

xcsp + ysn<p = t}. . .. (27) 

§ 16. IlepeTeopeHHa OAUiei f}lopMB pieuaHHa: npocToi 
y Jq)yry. 

I. IlepemBopennR 1'anonu1lnoeo piBnannR 6 unuti <flop.Mu. 

a) KaHOHHtIHe piBHaHHH cpopMH y = mx + n nepeTao

p106TbCH B a.rrre6p1PIHC JIPOCTHM 8BiJibHeHHHM itoro Bm 8HaMe

HaTeJIH (KOJIH TaKHit 6) i nepeHeCeHHHM ycix qJieHiB y JiiBy 

qacTHHy. 

IlpHKJia;:t;: 
3 

y=---x+2 
5 

5y+3x-10= 0 

6) nepeTBOpHMO KaHOHJiqHe piBHaHHH y Bl)l;THHKOBe. 

,[(aHO piBHaHHH: y = mx + n. 

mo6 rrepeirBOpHTH HOrO y emTHHKOBe, Tpe6a JIHme KJTO

BHH 8MIHHHK m B tl8HatIHTH qepea BmTHHKH Ha BicHx, 60 n 
6 Bme Ta'KHM BmTHHKOM. 

P ... c.~7. 

3 TpHKJTHHKa AOB (PHc. 37) Ma6Mo: 

n 
tg(1800-a) = -tga = -m = -

1' 

n 
m=---

1' 

BcTaBJIH10tJH B KaHOHHlflle piBH&HHH aHaitAeHy uapTICTb 

3MiHHHKa m, MaTHMeMo: 

n n 
y = - --x + n, a6o y + - x = n 

1' 1' 

Ilo;:t;iJIHBilIU qJieHH piBHaHHH Ha n, o;:i;epiKHMO: 

y x 
-+-=1 
n 1' 

II pa1'mU1lHO Qe nepeTBopeHHH po6HTbCH Ayme npocTo: 
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1) IloAiJIHMO BCl tJJieHM pumaHHH y = mx + n Ha eiJihHHH 

m 
2) 0otIHHHHK 

n 

y m 
-=-x+l 
n n 

HeBiAOMOro x nepeHOCHMO B aHaMeHaTeJIH, 

a yeech tJJieH y npaey liaCTHHY: 

y x y 
- = - + 1, a6o: - + -- == 1 n ..!!:.. n n 

x 

m m 

n 
:Qe tt 6yAe noTpi6He pieHaHHH, 60 ·- -- == ~ ( AHB. (A)]. 

m 
llpu1W1aiJ: 

y y x 
1) y == 4.r + 2; 

2 
= 2.1· + 1; ~ + 1/ = 1 

- 2 

y x y x 
2) y=-3.r+6; (i=-2+1; 6+2=1. 

PoarJIHHeMo aapaaoM nepeTBopeHHH Koamoro aJire6pwrnoro 
piBHaHHH npocTOi y BmTHHKOBe. 

1) BiJihHHH tJJieH p1eHaHHH: Ax+ By + C == 0 BIAO
KpeMJIID6MO y npaey tfaCTHHy: 

Ax+By=-C 

2) )l;iJIHMO eci tfJieHH pianaHHH Ha Bi.ilhHHil lfJieH 3 iioro 3HaimM: 

-~x+(-~)y=l 
1 3) nepeHOCHMO COtJHHHHHH y 3HaMeHaTeJih: 

x y 
--c-· + -c = .1 

A B 

Ta.KHM lfHHOM, eiATHHKH Ha ocHx, ~o po6n:Th npocTa, 
BHBHatJeHa pieHaHHRM Ax+ By+ C = 0, s: 

c 
1) Ha oci X - ia: a = - -

A 

c 
1) ua oci .V - iB: b -

B 

l\ypc ananiTUlfHol reoMeTpi"i. Ieauen1w 4 
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llpuK.tiaa. 

1) 3x+2y-5=0; 3x + 2y = 5; 

3 2 
-.r+-y= 1 
j j' 

.r y 
aoo: 5; +s; = 1. 

3 2 

2) 4.r- 9y + 12 = O; 4x-- 9y = -12; 

J 3 .l: I .l/ 1 
- - .1; + - y = 1 a6o: -- 1 - = 

3 4 - .3 4 /3 

IlepeTBopeHI·UI KaUOHHqHoro piBHaHHH B npHMOBY <f>opMy it 
HaBnaKH poarJIRHeMO OKpeMO. 

11. n epemeopen1ui eiomUH,~08020 pi8HllH,H,JI, 8 1'llHOHU'lny ma 

unwi </Jo p.Mu pienanna, npocmoi. 

x y 
a) PiBHaHHR: - + - = 1 rrepeTBOpI06ThCR B piBHaHHH 

a b 
HaHOHHqHe: y = mx + n lliJIRXOM BHBHalJeHHR K-yTOBoro BMiHHHKa 

m, 60 n, HK BiATHHOK oci Y- ie, YTBopeH11H: rrpocT010 L, 6 piB

mdi b (n=b). 

m = tga, :nyTa cnaAy npocToI L Ha Bich X - ie. 

3 TJ>HRYTHnKa ABO Ma6Mo: (p11:c. 38). 

b 
tg(1800- a) = - , a6o: 

a 

b b 
- tga = - , aBi)J;HH m = tga = - --

a a 

ToMy 1mHOHHtIHe piBHaHHR rrpocToi 

qepea Bi)J;THHHH Ha OCHX Ma6 BHrJIH)J;: 

b 
y = - -X + b 

a 
Ha n11aKTH1.i;i Bi)J;THHKOBe piBHaHHH 

x y - + - = 1 nepeTBOpl06TbCR B RaHOHHlJHe 
a b 

PNc.~e. 3BHtJaHHHM BHBHaqeHHRM a ~horo piB

HaHHR HeBmoMoro y qepea x. 

y x b 
Crrpae;rd: - = - -- + 1 ; y = - -- x + b 

b a a 

Ta1mM 1mHoM, HYT cna,l\y npocTOi 6y,l\e: a= arc f.g (- : )· 
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llpuuafJ. 

6) 3 . . . x + y 1 . BlJlbHHBIDH BlATHHROBe pIBHaHHH --;; b = B~ aua-

MeH&TeJIH' OAepmHMO aJire6pHme pieHaHHH npocToi BHrJIHAY: 

llpu~.ttao:. 

Ax+By+C=O. 

bx + ay = ab, a6o 

bx+ ay-ab = o 

x + Y
4
- = 1 ; 4x - 5y + 20 = 0 

-5 

IlepeTBopeHH.fl BiATHHKOBOi <f>opMH piBH&HHH y npHMOBY 

poarJIHHeMO OKpeMO. 

- 11 J. .. _:-llepemeopenna, a.n,ee6pu11,noi <flop.Mu- :pieHannsi npocmoi 
y npRMoey <jjo P-"'Y. 

a) Anre6pHtJHa cf>opM~ pisHaHi::t:.f!: 

Ax+ By+ C = 0 

A C. 
y=---x--·-

B B 

KyT a, .RHO aosHimHili (pHc. 39) TJ>HRYTHHRa AOD, 
6 piBHHI: a= 900 + <p, TOMY : 

!!!:_ = tga = tg (900 + <p) = - ctg 'P· L 

3 TJ>HRYTHHKa OBD M&6Mo: 

t5 = nsn <p 

TaKHM .qHHoM: 

A A 
- ctg <p = - fl , a6o ctg <p =B . . . . (I) 
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1 A 2 A2 +B2 

naJJi: 1) 1 + ctg2 <p = csc2 <p ,· 1 + ~ sn2 <p = B2 = B2 ; 

B 
oTme: sn <p = ----==== 

±lfA2 +B2 •••• (II) 

B2 A 2 +B2 -B! 
2) cos2 <p = 1-sn2 <p = 1----

A2 + B2 A2+B2 

A 
oTme: cos <p = ---==== 

± V A 2 + B2 • • • • (I I I) 

C B -C 
3) ~ = nsn <p = - 8 . _ ----==== 

± JI A 2 + n2 ± V A 2 + B2 ... (IV) 

.BcTaBHBlllH eapTOCTH (II), (Ill) 1 (IV) y npnMoey cl>opMy 

pienaHHfl: XC8 <p + ysn <p = ~' Ma6MO: 

Ax By c 
---========== +----=======-{: J/ A.2 + n2 ±]/A2+B2 ± V A2 + B2 

a6o: 

,n;e cos <p = 

Ax+By +c =O 

± V A2 + B2 

A B 

± ]/ ..42 + B2 ' sn <p = 
± V A2 + B2 

A c 
ctg<p = - i IJ = - . 

B ± lf A2 + B2' 

' 
t·IHanme: 

c5 - YMOBHJIHC.n BBamaT11 aa AOAaTH6 1 TOMY a&aK nepei:l 

-C l1 A 2 + B2 6epeTbCR Ta1ndi, mo6 ~ = > 0 
± V A2 + B2 

llpaBU.ltO: 

Dtofi aeecTH · BJ1refipu11uy t)opMy pieuaRBa npoeToi AO 
npaMOBOi t)opMH' Tpefia nepeueCTH BCi 'IJieHH piBHBHHH B JiiBy 
'IBCTHHY; MBOrO'IJieH JiiBoi '18CTHHH piBHBHH.JI DO~JIHTH HB 
BBBAPSTOBHI KOpiHL ia CYMH KB8AP8TiB CO'IHHHHKiB npH ueei
AOMHX' Ba.HTBit ia 3H8KOM' npOTBJiea£HHM 8H8KOBi BiJILHOro 
'IJieua; OAepmauuit APifi npupieuaTR AO uym1. 
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~e it fiyAe npHMOBB t)opMa &JirefipH11HOro piBH&lllUI npo
CTOi. moo OAepmaTH npHMOBY cf>opMy_ piBHaHHH npocTOi. B 

ocTaTO'IHOMY BlfrJIHAl, Tpe6a o6tJHCJIHTH <p i tJ a piBHOCTeA: 

llpuuaau: 

A 
ctgcp=n 

c 
d = ----==== 

± V A2 + n2 

3.DeCTH AO. npm10BOI (~Op~m pinuanHJt: 

4x+3y=l2; 3y-4x=12; 3x-4y=8; x-y=O; 5.x-3=0. 

Po3BR3Ha nepworo: 

4x + 3y = 12; 4x + 3y-12 = O; 

4x+3y-12 
____ - O· aGo: +V 16 +9 - , 

4x+3y-12 . -0· 
+5 - : 

[ ctam +· !_ · 
tt T 3 ' 

lg ctg'P = lg4-lg.1=0,60206-0,47712 = 0,12494; Lp = 36°52' 11". 

(qJ- 8 1-tl tmepTI.d, 00 Sil i cos e Jl.OAaTHi; H0."'111-6 ROHif oy.TIH BiA'el\rni, 

TO - B 3-tl). 

6) n epem80 penna, umuux <flo PM pi81tll1tb npocmoi y npSl.MOBY. 
3ara.rrhHHA cnoci6 Ta1mii: neperreop106MO Bci HHmi cpopMH pie

HaHHH npoCTOi B a.rrre6pH'IHY' a rroriM Bi~ Hei nepeXOAlfMO AO 
npHMOBoi cpopMH. Hanp : 

1) Kanonu'lne piBnanna,: y = xm + n aBiJihHH6MO BiA aHa
MeHaTeJIH, ROJIH am e, i rrepenocHMO tJJieHH y JJ1ey 11acTHHY. 

MaeMo: y-mx-n = o 

To):ti, ari~Ho a ;i:toee;i:teHHM norrepeAy, rrpHMoea «t»opMa 6y;i:te: 

y-mx-n 
-----:===== 0 
± V 1 + m2 

1 --1n 
---===== , COS<p = ---===== 
± V 1 + m2 ± V 1 + rn,2 

+n 
cUJ <p = - m ; ~ = ----==== 

± V 1 + m2 

3na~ nepe8 V Baa,mo Bc108u ma1;, Uf06 c5 6y.Ao 8o8amne. 
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llpu1'.4an. 
5 

y=--:r:+4; 12y+5.r-48=0 
12 

fl}JJIMODa <f>opMa: 
5x + 12y- 48 = 

0 v 25+144 . 

5:r -i- 1211 - 48 
I • ., -0 

13 . - . 
a6o: 

-48 48 5 12 5 
l) d = - -- = - : 2) r.sx = - ; 3) sn:r = - 4) ctgrp =-

13 13 12 13 12 

(HYT y 1-fl qeepTI~i). 

lg ctg 'P =lg 5- lg 12 = 0,69897 -1,07918 = ],61979; 

<p = 67° 22' 48". 
PiBHaHHJI Mae BHrnnA: 

x cos 67° 22' 48" + y sn 670 22' 48" = 48 
. 

- . 13 

2) Bi8mun1'oee pienann1i: 

:__ + ..!!._ = 1 
a b 

3B~~: bx+ ay =ab. 

IlpHMOBe pisHaHIDI: 

bx+ ay-ab 

± V a2 + b2 
=O 

ab a b 
Ae d = ± -· ; sn <p = ; cs <p = ---==== Va2 + b2 ± Va2 + b2 ± Va2 + b2 

, b 
cUJ<p=-.. a . 

II p u,;.tiao: 
x ,,, 
- =--= ...:...._ = 1 ; 4x + 3y = 12; 
3 4 

4:c + 3y-12 4x-+- 3y-12 
---::i==== = 0; I = O· 
+V16+9 +5 , 

--12 12 3 
h = - --=- · ctgrp = - ; + 5 5 ' 4 

sm i cos O,IJ;Hal\OROro 3HaKy. a TO\ty: 'P = 36° 52' 11". 
12 

PieHaHHR: xcs 36° 52' 11" + y sn 36° 52' 11" = - . 
5 
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IV. llepemoopenna npR.Moeoi ¢op.Mu pienannsi npocmoi e 
UHWi tfio p.MU ( ce6TO CKJiaACHHH piBHaHb pimHHX cpopM' KOJIH 

uiJi;oMi Bi~~a.rreHHH IIpOCTOi Bi]l rroqaTKY BH3HatJeHHX oce:H d i. 
KyT <p ~boro Bi)::(~aJieHHH 3 Bice IO x - io) . 

IIpmiycTiM, ~o Ma6MO piBHaHHH rrpocToi B rrp.RMoeitt cpopMi: 

xcs <p + ysn <p = d 

~e <p i lJ- 6 Bl~OMl CTaJli BCJllltJHHH. 

Ilepnmti: crroci6. llepem.eopennR lfbOao pienannR 8 ~ano

HU'4He, a aBioq,u rr.Hee e unwi ¢op.Mu (oue I). MM BHBeJIH, ~o (III): 

ctg <p = -m, a aBiA~.J: m = - ctg <p . ... (A) 

d 
.lJ:aJii, d = nsn <p, a6o n = -- .... ( B) 

Qi ~Ba piaHaHH.R AaIOTb MOif\JllIBICTb o6tIHCJUITII COlffill -

mum KaHOHHqHoro piBHaHH.R i BCTaBHTH ix y aaraJibHHit 

BHrJI.R~ QbOro piBHaHH.R: y = xm + n. 

~pyruit cnoci6. fl e pemeo pennR e a.n,ae6 p uttny tfio pMy. 

3 pieHaHH.R xcs<p + ysn<p = lJ IIIJIHXOM JiorapHTMyeaHHH ii 
q}fCJiyBaHHH no Ta6JIIIQHX 3BHtiaitHHX qHceJI o61.UICJII06MO Bap

TOCTII cs<p i sncp i BCTaBJIH6MO ix B piBHaHH.R. ToAi OAepmy6Mo 

aJire6pHtJHe piBHaHHH AaHoi rrpocToi. 

llpu1utao: 

xcs <p + y s n rp 
8 

rre <p = 3230 7' 49". 5' n 

1-u cnoci6: m = - ctg <p = - ctg 3230 7' 49" = - ctg (2700 + 53o7' 49) 

m = tg 53° 7' 49" (ce6To: a= 53o 7' 49"); lg m = 0 ,12494 a aBiAQH: 
4 

m = 1,(3) = - · 
3 ' 

{J 
n=--

sn<p 

sn <p = sn 323° 51' 11" = sn (3600- 360 52' 11") = - $n 360 52' 11". 

lg sn 36° 52' 11" = ],77815. 
- 3 

Sll<p = -N J,77815 = -0,6 = -5. 

8 3 8 
n=-:--=--. 

5 5 3 
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4 8 
ToMy prnHattHn fiy):J.e: 1J == -.~:- -

. ,1 .3 

[ 1 ) A:l!'e6 pn •111c p in11a1111 H: :iuii!b1111 e1m1 n ii( 3Ha ~ie11aTea11, ~1armo: 
4x-3y- 8 = 0, a6o 4:r- 3y = 8. 2) Bi;i;Tummne: (noitimrnnrn Ha BiJihHHH 

•1:ie11) ; + s/., = 1. J 
2-i'i Clloci6. 

Sit <p = Sil 323° i' 49" == sn ( 360° - 36° .)2 11") 

- ' ?fiO 5•>' 11"· S II <p - -- .<;II •:J J ..,, . , lg Sil .1(j0 /j~' JJ" = J ,77815 

J 
Sil <p = - 0 ,6 =-~ -- --:-

•J 

('f).~ <p = cos .12.1° 7' 49" = cs (.wo0 -- 36° 52' 11") = n;s .J6°!j2' 11" . 

lg r.os <p =] ,90309 _.· 
• j 

l'US <p ==: 0 8 = -
l 4 I 

AJJe .1· cos <p + y sn <p = c)', 

4 3 8 
ToMy: - .r - - y == - : 4.r ---· ·11/ = 8 (Tt! ca Me) 

.j .j J . . 

Ta1mM ttllHOM, HOJIH HaM Bi):(oMi Bi,L\~a.n:enHH 11pocTol BIA 

rrotJaTKY BH8H&tJHHX oceii i :nyT 1\horo sim:~a.neJIHR a HKOIOCh 

BiCCIO' TO aaBiK;llH Moama CJ,JiaCTII piattamrn Ili6i npocToi B 

HOiKHiU 3 HHllJHX <f>opM. 

§ 17. ToqKa nepexpe~eHHSI ~Box npocTHX, BHanaqeuux 
piBH8HHSIMH: 

(1) ax+by+e =O 

(2) a1x + b1y + e1 = o 

Retta piq, ~o I\fl Toq1m JiemHTh OAHoqacHo i Ha rrpo

cTiii (1) i Ha II]_lOCTiii: (2), a TOMY ii attatrnnmt MycnTh aaAO

BOJihHHTH o6H):lBa piBHaHHH; HHamne Ha;KytIH' 3HatJHHRH J..\i6i 

TQq}\lf 6 cniJihHHMH poaBHaKaMH CHCTeMH piBHaHb ( 1) i (2). 

TaKBM 11HHOM, ~06 auaiiTB aua11HHKB T011KB nepexpe~eHHJI 

P-BOX npOCTHX' BB3H811eHBX piBHRHHSIMH' Tpeoa ~i piBHBHBJI 

p03BSl38TH, .HKO CBCTel\ty. 

Poaeaasu ~iei cucTeMH pisnauL 6y;IQ7TL aua11HHK8MB T011KH 

nepexpen,eHHJI DpOCTHX. 
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AH a .lt i a a: 

Po3BH8aBIIIR piBHaHHH ( 1) i (2)' HKO CHCT0MY' o~epmHMO: 

cb1 - c1b ac1 - a1c 
X1 = ; Y1 = ah1 - a1b ab1 - a1b 

1-u eunafJo~: :noJIH ah1 - a1b = o, TOAi · x 1 = oo, y1 = oo. 

IlpocTi s piaHo6imHi (60 nepexpemyioTbCH Ha 6eaMemHocTi). 

~e B ~hOMJ BHila):(KOBi ah1 =alb, a6o: 

a b 
- = - .... (28) 
a1 b1 

KoJIR .piBH&HH.R npocTHX MaIOTL nponop:a;ilHi co11RHHBKB 

npH HeBiAOMHX' TO npOCTi piBHOfiiacHi. 

11 Ha K III e: 

~Bi npocTi e piBHOfiimni' KOJIR 3AOOYTOK CO'IHHHBKa npH 
i.~ y nepmoMy piBHaHHIO Ha co11HHHBKa npu y y ApyroMy pie
uaHHIO e piBHHii ia a;n;o6yTKOM C011BHHHK8 npH y y neplllOMY 
piBH8HHIO Ha C011BHHHKa npH x - y ;n;pyrony. (PieeicTL a~ofiyTKiB 
CO'IHHHHKiB BaBxpecT). 

2-u eunafJoK; KoJIH: ah1 -ba1 * o. 

B ~iM paai Mm1m 6yTH: 

1) cb1 - c1b = o, a ca1 -ac1 =I= o, a6o x = o, y =I= o. 

To't(,Ka nepexpecnui .11,e:Jreumb Ha oci Y- iB. 

c b 
A..11e a ~hoMy paai: cb1 = c1b, a6o - = - ... (29) 

C1 bl 
Ta:n caMo, KOJIH: 

2) c1b-c1b =t= o, a ca1 -ac1 = o. To):(i x =fr= o, y = o, 

To'l(,n,a nepexpecnui .11,eJH:umb Ha oci X- ie. 

c a 
Arre B ~hoMy paai: ac1 = a1c, a6o - = - . . . . (29) 

C1 al 

0 T m e: RoJIH piBBBHHSI npocTHX MaIOTL eiJILHi 11JieHR, 
nponop:a;iiiBi C011HBBHK8M O)l;HOi B BeBi)l;OMHX' TO TO'IKa nepe

xpeCT.R IJ;RX IIpOCTHX JieacBTL Ba oci' ~o BB3Ha11aeTLCJI npupie
B3HH.RM uyJieei Apyroi Heui;n;oMoi. 
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Hanp.: 

3x + 2y = 5 } 
6x- y = 10 

ToMy TOtJKa nemHTh 

Ha oci X-iB. 

CnpaB~: 6x+ 4y = 10 
-6x- y = 10 

5y = 0 

5 
y=o; 3x=5; x= 3 . 

3) RoJIH: cb1-c1b = o; ca1-ac1 = o, 

TO MOiK0 6yT1-1 ]:(Ba BHIIa;r(KH: 

a) Qi piBHOCTH MOiKJIHBi, KOJIH c = C1 = 0 I ab1-a1b =I= o; 
TO;r(i x = o; y = o, ce6To 

npocmi nepexo8simb 1lepea 

6) RoJIH c =-i= o, TO;r(i: 

c b 
cb1 = c1b, a6o: - = -

C1 bl 

no"lamo~ Buanattnux oceii. 

c a 
ca1 = a1c, a6o:- = -

C1 al 

~Bi BeJIHllHHH, pieHi. a TJ>eThOIO, a piBHi co6i, a TOMY 
BCI CO'CJJIHHHKH pIBHaHb nponopu;Hbri.: 

a b c 
-=-=-

AJie e D;hOMY paai: 
0 

X=-
0 

0 
y = -; 

0 

Ce6To, npocmi rrepexpe~y10ThCH y KOmHHi Toqu;i, 11Ha1nne 
1mmytn1 - BOHII e npucmaiini: 

2x+ 3y= 4 

6x + 9y = 12 

2 3 4 
-=-=-
6 9 12 

Qe 6 IIpHCTaifHi rrpocTi, 60 KOJIH MH ]:(pyre piBHaHHH cim

pOTHMO Ha aMiHHHKa nponopu;iiiHOCTH n = 3' TO O;r(epilrnMO: 
2x + 3y = 4, ce6To nepme piBHaHHH. 

PoarJIHHeMo ~e yMoey DpHMOBOCTH npocrnx: 

ax+ b y + c = o (1) 

a1x + b1y + c1 = o (2) 



B R&HOHHqHiit «f»opMi ~1 pisuaHHH 6yJcyTb: 

a c 
y = - - x _. - (1) 

b b 

MH Bme aaaeMo, ~o yM0Bo10 rrpHMOBOCTH npocTHX s: 

1 
m=--

m1 
a 

B AaHoMy paai m = -b; 

3BiA~H: 

a6o: 

0Tme: 

a b1 --=+-b a1 

-aa1 = bb1 , 

aa1 + bb1 = o . . . . (30) 
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~Bi npoCTHX' BH8H&'leHHX piBH&HH.HMB B aJirefipB'IHil 
(»opMi' e eaaeMHO npmli' KOJIB CfM3 8AOOYTKiB C01111HHHRiB 
OAHaKoeux HeBiAOMHX e pieua a uyJie~1. 

§ 18. To11K11 nepexpem:eHHH npocToi a OC.HMB. 

Xaii piBHaHHH npocTo i s: 

ax+ by+ c = o (1) 

PiaHaHHH oceii: 

oci X-io: y=o (2) 
oci Y- io: x = o (3) 

J.no6 3HattTH TOqRy nepexpe~eHHH npocToi (1) a BiCCIO 
X- io, T}le6a poauHaaTn c11cTeMy (1), (2). Arre, I.\e OAHaKoBo, 
~o B piBHaHHi ( 1) IIOJIOiKMTH y = 0 i poaBHaaTn iioro arJIHAHO x 
(MH OA0PiKHMO BiATHHOK oci ..1.Y- io). 

TaK caMo, ~06 aHaiiTH TOqRy nepexpe~eHHR npocToi (1) 
a Biccro Y- io, 1'pe6a poaaHaaTH cHcTeMy (1) (3), a ~e OAHa
KOBo' ~o B piBHaHHi ( 1) IIOJIOiKHTH x = 0 i poaBRBaTH itoro 
~o ~o y. 
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0 T ii\ e: 

Dtofi BROTH Ha ocax BiATBHKH' YTBOpeui DpOCTOIO, BBBB8• 

'leBOIO 8BllM - uefiyAL piBH&lllUlll, Tpefia DO'lepsi DOBJl&CTB 

B&MiCTL x 1 y ByJii it 001DICJIBTR B piBH&HH& TY 3MiHBy' IQO 

88JIBW&eTLC8. 

Ilpuuaau: 

I. 3uaitTH BiATlfHHH ua OCRX, yrnopeni npoCTOIO: 

a) 3.-c + 6y -:--- 16. 

1) x = 0; 6y = 15; y = 3; 2) y = 0; J;r = 16; x = 6. 

To My, BiATRHHOBe pinuauun Gy:i,e: 

~+~=1. 
5 3 

6) y = 2;r-6. 

·I) J.·=0; y=-6, 2) y=O; 2x-6=0; x=3. 

ToMy, ni;u:rnm;oBe pinuamm oyne: 

I I. HapncyaaTn np 1JCTi: 

1) 2x+7y=28 2) y=-6x+12. 

1) y = O; 2.r = 28: .1· = 14; x = O; 7y = 28; y = 4. 

~ + ~ = 1. (Puc. 40) 
14 4 

y 

A 

PNC~O. 

t) y = O; --- 6x + 12 = O; x = 2; x = O; y = 12 

;C y - + - - 1 (Puc. 41) 
!! 12 -

BiATHHHOBe pienauun Aae uaiiJiermuit cnoci6 uapttcyeaTH npocT y 
BiRH.ila):{aHHflM BiATHHniB na OCRX. 
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B n pa BB. 

q--42. Hanucanw prnnannR npocmux: 

1) 'llfO ne pexofJ. 'le pea mo'l>;,y: A ( 4, - 2) i .Mae 1r,ym cnaoy: 600. 
' 

2) » » » B(-3, - 5) » » 115°. 
' 

3) )) » » C(-6,4) » » 500 11' 39". 
' 

4) » » » D( 3,8) » » 65°33'21". 

q __ 43. Hanucamn piBnan1ui npocmoi, UfO nepexooumb ttepea 

nlO'l1r,U: 

1) A(--2,2), B(5,-3); 

2) C(0,4), D(4,0); 

3) H(5,5), L(-3,-4); 

4) Jtl(-2,-3), N(6,-8). 

q _ 44. H a.nucamu piBna1t1tR 6o~iB mpu>;,ymnu~a., 'll{-O .. uae 

31tll1lHU1r,U Bepw,>;,l,8: 

1) (24,- 8)~ (2,25), (12,-5); 

2) (-4, -1)' (2,3)' (- 6,0); 

3) (0,0), (3,5), (12,-6); 

4) (-2,-5)' (0,8)' ( 10,1). 

q _ 45_ Jl,oBecmu: 

1) 11.10 mott1w ( 4,4) Jl.emttmb na 001titl npocmit1, a mo'l

-,;aMu: (3,5) i (5,3). 

2) me ca.Me: mott~a (5, - 7) -a mo1tna.Mu (3,0) i (1,7). 

3) me ca.Me: mo'l1'~ (0, - 5 )-a mo111>a.ffu (6,17) i ( J, - ! ) . 
q-46. 1) qepea mo'l~Y- (3,-6) noBecmu piBno6i:Hcny 

80 npocmoi: y = 2x + 1. 

2) 'lepea mo11,1r,y (0,4) noBecmu piBHo6i:>lcny oo npocmoi: 
3 

y=- -x+ 2. 

3) l/epea mo'l'K'g (0,0) noBecmu piBno6i:Hcny fJo npocmoi: 

6x + 4y = 15. 

4) qepea mo'l~Y (5,6) noBecmu piBno6i:Hcny oo npocmoi: 

2x-3y = 0. 
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q _ 47. Hanucamu pienamui npRMy, nocmae.1teno20: 

1) e mottqi: (3, -4) oo npocmoi: y = -5x + 11; 
2) » (2,2) 2x + 7y = 18; 

3) » 
x y 
- +-= 1' 2 3 . 

q-48. Hanucamu pieHamui npRMy, cny11.feH020: 

1) a mo11,~u: (-3,-7) Ha npocmy: 
1 

y =- 3 x+9; 

2) » (2, --- 4) » » 6x-lly= 1; 
x y 

3) » (0,0) » » ---=1. 
5 8 

q_49. /l,o npocmux, UfO euana11,eui pieuauuR.MU e aJt2e6-
pu1lniu <fiopMi, noeecmu pieuo6i:Hcui: (oue. eaip 24). 

1) 11epea mo1l1"g: (7,7) oo npocmoi: 2x + 3y = 29 
2) » » (-2,4) » 5x-7y-1=0 
3) » » (-1,-8) » 6x+y=9J 

11-- 50. ll oeecmu npsuwei ( eaip 25): 

1) 11,epea mo11,~: (8,1) oo npocnwi: 13x + lly = 44 
2) » » (2,-5) » 6x-7y+18=0 
3) » » (-4,-1) » 7x-y+12=0J 

q _ 51. Hanucamu prn11,a11,u.11, npocmux, UfO meopRm& eio
mun~u 11,a ocax: 

1 
1) x=2,y=5;2)x=-2 , y=4;3)x=-l:y=+1J 

q __ 52. H anucamu pieuauu.11 npocmux, UfO MaHJm&: 
J) eiooaJteHHR Bio ll0'lllmlt,1J oceu f5 = 14 i 1"gm cnaoy 

a= 1200; 

2) Te,;w:: a= 2,4, a J£ym cnaoy a= 126°52' 11" J 
( llpU.MimJ£a: .,;ym cnaiJy a= 900 + <p, .ruw aoeuiwniu). 

q_53. llepemeopumu pienauuR: 

2 
1) y = - 3x + 4 e M2e6pu'my i etomumwey <flop.Mu. 

2) x y -- + - = 1 6 ~llHOHU'lHY U a.aae6puttuy <fiopMU. 
- l/2 3 



q - 54. ll epemBopumu 8 npaMOBY </JopMy ptBHaHH.11: 

1) 3x-16y = 2; 

3) y=-3x-2; 

5) .!_+_Y_= l. 
2 -2 

2) 2x+3y+5= O; 
3 

4) y=--yx+5; 

6) 3x + 2x = l. 
4 3 

63 

q _ 55. IlepemBopumu 8 unmi ¢op.Mu npsAtoBe piBnanHR 
npocmoi: xcs <p + ysn <p = ~' 1W.ltu: 

1) <p = 315° ; ~ = 0; 
2) <p = 21(10 52' 11" ; ~ = 2,4; 
3) <p = 153° 7' 49" ; ~ = 2,4; 
4) <p = 143° 7' 49" ; ~ = 1,6; 
5) <p = O; · ~ = 0,6; 
6) <p = 270°; ~ = 0,75. 

11- 56. 3naumu ana1lnu~u x mo1lo~: A (x,2); B(x, -3); 
c(x, -1); D(x,O), a ma"'o:HC ana1lnu~ y motto"': M (-2,y); 
N(l,y); P(-3,y), "'oAu Bioo.Mo, 1J40 eci q,i mott"'u Ae:Heamb na 
npocmiu: 4x-3y -2 = 0. 

11 - 57. 1) 3naumu mo'l-,;y nepexpeUfeHHR npocmux: 
3x + 2y = 5 ; 3y- x - 2 = 0. 

2) 3naumu mo'l,~U nepexpeUfeHHR 1w:»cnoi a lf UX npocmux 
B OCR .. UU. 

11- 58. H anucamu piBnannR npocmoi, Uf-0 cno.rty'l,ye nepe
xpecmsi npocmux: 

1) { x + y = 5 2) { x + 3y = 8 
2x-3y=8 2x-5y=4. 

11 - 59. Buanattumu Baae.Mne 

1) 8x + 6y = 15 
3x-- 4y = 6 

3) 2x + y = 6 

~+.!L=l 
3 4 

4) x + 4y-6= 0 
3x+ 12y-18=0 

n0Jto:>1eenns npocmux: 

2) 2x + 5!/ =_ 16 
2 2 

y = ----x 
3 5 

4) 3x + 5y = 12 
2x + 5y = 12 

6) 3x-5y= 14 

~+ 5y =1 
1,5 2,5 
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q - 60. Buana11,um11, ana11,nu1'u Beput~UJ mpu~ymnu~a, -zqo 
Mae 6o~a.Mn: 

1) x+3y==3; 2) 2y==x+4; 3) 2x-y-2==0. 

q - 61. Te ca.Me, ,.0.11,u 6o~u mpu~mnu~a: y + x == 5; 
3 

y == 2 x-2,5; y--9x==5. 

q-62. IlepemBopumu Baip 8JZ.,q. BuanatteH1tR ~yma Mt:Hc 

mi-m2 ) npocmU.MU (tg <p = fJ.rt!l 6UllllfJ1'y. '1\.0./f,U pt81lllllll!f. npo-
1 +m1m2 

cmux 8a1to e a.tz2e6pu1miu if>opMi: 

ax+ by+ c = o 
a1x + b1y + c1 == o 

[B ·a .
8 

ab1-a1b 
l ll08l b: tg <p = -·- . bb 

381 + 1 

(31)] 

q-63. Ha ni8cmaBi aa8a11,i q 62 Buana11,umu. ~ymu Mt:HC 

npocmu.Atu., -zqo .. ua1ornb pl6Ha1t1t.q,: 

1) 2x + 3y - 5 == 0 i 3x - y - 2 == 0; 

2) 2x+5y==4 i 0,4y-x+3=0. 

q-64. Te:>1e, Buana'lumu ~ym mpu"'Ymnu1'a, U¥J Mae 
6oKu.: 1) y-6x = 8; 2) 3x + 2y-2 == O; 3) 4y-2x-5 = 0. 

I... 

11-60. 31tattmu 6o1'u u ~ymu mpti.,,;ymnu1'a: 

1) A(2,1), B(3,--2), C(-4,-1); 

2) A (2,3), B(4, -5), C(-3, -6). 

§ 19. BiMMeHHH T011KB ei~ npocToi. 

fa reoMeTpii emoMO, ~O Bi]U:(aJieHHR npo
CTOi Bi,n; TO'IKH it HaBna.KH -ToqKH Bi,n; npoCTOi 

MipR6ThC.fl ,Il;OBiKHHOIO IlPHMY' cny~eHoro 8 ~6i 
TO'IKH Ha npocTy. 3a HanpRM ~hOrO um,n;a.neHHfl 
6epeMO HanpRM um TO'IKH ,Il;O npOCTOi (pHC 46). 

To'IKa M Mome JiemaTH a o6ox 6oKiB npocToi L (pHc 43). 
THM-TO ui,n;,n;aJieHHR MC i M1C1 MaIOTh eaaaMHO npoTHBHi ua

npHMH' a qepea Te, KOJIH O,Il;HH a HHX YMOBHMOCR BBamaTH aa 
,n;o,n;aTHiit, TO ,n;pymii 1'pe6a 6paTH aa ei,n;'sMHHit. 
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Xoq caMo no co6i BiJu:i;aJieHHH Tot11n1 BJJJ; npocTo1 aaBmJJ;n 

BBaiKa6TbCH aa BeJIHqJIHY JJ;OJJ;aTHIO' aJie o6tfHCJIIOIOqJI iioro' MH 

MOiKeMO MBrTH BapTOCTH o6ox aHaHiB B aaJieiRHOCTi BiJJ; 'roro, 3 

HKoro 6oKy npocToi JiemaTHMe ToqKa M. 
3a JJ;OJJ;aTHiii HanpHM BiJJ;JJ;aJieHHH Toq1m BiJJ; HKOI He6yJJ;b 

npocToi yMoBHJIHCH BBamaTH TOH, KOJIH Toq:Ka i noqaTOK Itoop

JJ;HHaTHMX oceii JiemaTb a pimHHX 6oKiB npocToi. TaK.HM lJHHOM 

(p11c. 43) MC=+ d a M2C1 = -d1 • 

QfrqHCJIHMO Tenepb BiJJ;JJ;aJieHH.R flIWi'. 

He6yJJ;b Toqm1 M (x0, y0) BiJJ; npocToi'. L, 
y L 

aara;ri;aHo i piaHaHHHM: xcs <p + ysn cp = c5 
(p11c. 44). qepea · TOtIKY M BeJJ;eMo 

npocTy L 0 piBHo6imHy JJ;O JJ;aHoi L. 
PiBHaHHH n_1s1 npocToi o'lleBHJJ;HO 

6yJJ;e: xcs <p + ysn <p = c5o. 

t 

Bi;ri;;ri;aJieHHH JJtl C = N R. 

Arre NH= NO-OR, ToMy: 

d = c5o- c5 

06tnICJIHMO Terrep "o· 
.Il:JIH QhOro BBepHeMO yeary' Il.\O 

npocTa L0 noBeJJ;eHa qepea TOtII-\Y M, 
a TOMY aHaqHHKH n_rn1 ToqKJI o6epTaT.H

MYTb piBHaHHH npocToi L 0 y TOTom

---~~-~_..,x HicTh, ce6-To MaTHMeMo: 

Xo cs <p + Yo sn <p = c5o. 
BapTOCTH x0 , y0 1 <p BiJJ;oMi HaM, a qepea Te c50 6yJJ;e 

~iJIKOM BHBHaqeH.IIM. 

BcTaBJI.RIOtnl aapTiCTb c50 y pinHiCTb cl= c50 - c5, MaTHMeMo: 

d = x 0 cs <p + y0 sn <p- c5 

PoarJIHHeMo Tenep Il.\e JJ;pyrnii BMnaJJ;oK, KOJIH TOtIKa 

M ( x0, Yo) JieiKHTb ia Toro 6oKy npocToi, I.IJ;O i1: noqaToK Koop-
AMHaT (pnc 49). . 

B QbOMJ paai MC= - d. Arre MC= Llf =OR - OL, 

a6o 

MipKyioqu aHaJIOrHtIHO a nonepeJJ;HiM' MU 3 piBHaHHH npo

CTOi Lo= xcs <p + ysn <p = c5o BH3Haqasr.rn: 

c50 = x0cs <p + y0sn <p 

Hype aaaJiiTHtIHOi reoMeTpil. Ieauemw 5 
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HapenITi, BCTaBHBmH ~IO BapTicTb y 

piBHiCTb d = <50- <5, OAepmHMO: 

d = x0cs <p +Yo sn <p- <5. 

Tam1M 'IHHOM, nepecBiAtJyeMOCH, I.QO 

B o6ox B:UTiaARax BapTiCTb d Ma6 O)l;Ha-

~.i.;...._~--~-x HOBHii Baip: 

d = x0cs <p +Yo sn <p- <5 •.•• (32) 

OT me: 

BiMWieBnH TO'IKD eiµ; npocToi (~o Jtae pieuau&a e npa
Moeiii tf»opMi) e pieue a :IiBOIO 118CTDHOIO piBHRDHH n;iei npo
CTOi' KOJIH B HLOro BCTaBHTD eapTOCTH 3HR'IHHKiB µ;aeoi TO'IRB. 

IloMipHy6MO I.Qe npo BHaK eapTOCTH d. 

B nepmoMy eunaAHY, Hom1 Toq1m H notiaToK oceU: JiemHTb 

a phRHHX 601riB npocToi, cyMa x0cs <p + y0sn <p 6iJI1>ma Him <5 
(60 <50 > <5), a ToMy d nicJIH o6tJHCJieHHH Baopy (32) 6 AOJJ;aTH6. 

V ;LlpyroMy e:unaARY, ROJIH ToqKa JJemHTb a Torom 6oHy 

npocToi, 11\0 ii 11otJaToH 1mopJJ;nHaT, TO cyMa x0cscp + y0sncp MeHm 

Bi]1 <5 (60 <50 < <5), a TOMY d, nicJIH o6tJHCJieHHH eaopy (32) 6 BiJJ;' 6MHe. 

HaM Jmmas·rhcH poarJIHHYTH, 11\e OAHH BHTiaJJ;OK, HOJIM 

TO'IHa M ( x0 y0) Jieil\HTb a Torom 6oHy npocToi, I.QO it: notJaToK 

lWOpJJ;HHaT' aJie JJ;a.rri' Him BllI. (p11c. 46). 

B ~iM paai ariJJ;HO a Hamoio yMoeoio 

MC=-d 

AJie MC= OK+ OL, ce6-To-d =<50 +<5, 

a6o : d = - ( <50 + <5) • 

Arre ROJIH npocTa L 0 JieiKHTh a npo

Tlf JiemHoro 6oRy Bi)]; TIOtJaTI~Y lWOpJJ;H

HaT, nopiBH1010q11 a npocToIO L, To RYT, 

p..,c..h&. 

mo Aoro yTeopios np.RM <50 a J:lOJJ;aTHiM HanpHMOM oci X - iB, 
6yJJ;e Bme He <p, a 180° + cp. ToMy piBHaHHH npocToi L 0 Ma

THMe BllrJIHA: XC8 (180° + <p) + ysn (1800 + cp) = <50, 

a6o: - xcs <p-ysn <p = <50 • 

BepytIH Ha YJlary Te, ~o npocTa L0 nepexOWfTh qepea 

T01IBY M ( x0 ,y0), MH MaTHMeMo ]IJIH <50 BapTicTb: 

<50 = -(x0cs <p + y0sn cp). 
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TaHHM 11HHOM: d = - <50 - ~ = x0cs<p + y0sn<p- 6. 

[ 0AepmysMo TOH caMBii Baip, ~o ii nepe;Il ~HM]. 

3pycrnim, l\OJUI piBHaHHH npocToi BH8Ha11eHO B aJire6p1t11-

Hii1 cfK>pMi: ax+ by+ c = o. 

ToAi nepeBO;IlllMO tloro B npHMoey «fK>PMY: 

=0 

-c 
(Ae suaH y- npoTBBHHii aHaHoBi c, 60 = d MYCHTh 

± V a2 + b2 

a b 
ToAi: == cs <p ; 

± V a2 + b2 
-----=======; == sn <p ; 
± V a2 + b2 

-c 
c5 = ---:==== 

± V a2 + b2. 
BcTaBHBIIrn BapTOCTH y Bsip 

i:tJrn Bi;Il;IlaJieHHH TOtIHH M ( x0 ,y0) Bi;Il npocToi, a caMe y esip: 

d = x0cs <p + y0sn <p- ~' MaTHMeMo: 

d == axo byo 
-----=======~+ -----======== 
± V a2 + b2 ± V a2 + b2 

d= 
ax0 + by0 + c 

± V a2 + b2 
(33) 

-c 

± V a'I. + b2 

(ne aHaH nepe;Il y- s npoTHBHHii aaaRoBi nepeA c). 

W:ofi OO'lllCJIHTH BiM&JieHH.H TO''IKB Biµ; npOCTOi' BB3B8• 

11euoi WirefipH'IBHM piBH8HH.HM, Tpefia nepeBeCTH ~e piBH8HB& B 

DpJIMOBy «Jtopuy' B3.HTH JiiBy '18CTHHY iioro i BCTBBBTH B eei 

3H811HBKB µ;auoi TO'IRH. 
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IlpuMaa: 

06tIHCJIHTH Bi]:UJ.aJieHHn TOt{OK 1) A(0,1) 2) B(2,1) BiA 11pocToi: 

3x+ 4y= 6. 

PiaHaHHfl npocToi'. B npHMOBiit c))opMi 6yAe: 

3x + 4y-6 3x + 4y-6 __ 
0 - 0, a6u :: + v 32+ 42 r.J 

ToMy: 
3.0 + 4.1-6 2 

dl -:--= - - -
D 5 

3.2 + 4.1-6 
d2=---5---

4 +--5. 

Bi):(Knaewn Ha pucyHKY 4 7 npocTy L i noMiTnDlllH TOtmH A B, 
MH nepeHOHyeMOCH B npanAHBOCTi Hamnx BltC:IiAiB. 

L 

3ar&JibHHit Baip AJIH BiMaJieHHH TOtIKH BiA npOCTOi Ha-

1];&6ThC.fl TaKom i AO o6qi.fcJieHHH AOBiIDfHH npHMY, crryII(eHoro 

a no11aTKY oce:H Ha npocry. 

CnpaB}l;i, y Baip: 

d = ax0 + by0 + c 

± V a2 + b2 

BCT&BHMO aHa'IHHKH rrotiaTKY oce:A: 0( o,o) ii OAepmnMo: 

d= 
a.o+b.o+c 

± V a2 +bl 

c 



.A.ne MH 8H&6MO Bil\e' m;o: 

ToMy: 

flpuK,Jl,aa: 

-c 
<5= --==== 

BiahMiM pisHaHHH nonepe~Hhoro npHKJia~y: 

3x+4y-6 =O 
5 

3.0+4.0-6 6 
~=-d=- =+-

5 5 

B n pa.Bu. 

11 - 66. 0611,ucJtumu ei88aJtennR: 

1) mo1l,;,u A(2,7) ei8 npocmoi: 3x + 4y = 14 
2) » B(-2,3) » 2x + y---4 - 0. 
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11 - 67. 0611,uc;iumu ei88a.rtennR ei8 npocmoi: 5x + 12y + 
+60=0 mo1lo~:-1) A(- 9,-6); 2) B(2,4); 3) C(4,-10); 
4)D (-5,-2); 5) E(-12,0). 

11-68. Te:>1e- ei8 npocmoi: 5x + 2y + 10 = 0 mo1lOK,: 
1) A (1,-3); 2) B (-4,1); 3) C (-2,0); 4) D (-5,-2). 

11-69. 0611,uc;iumu 8ofr.HCuny eucom mpu~mnu~a, UfO Mae 
eepuuw,.Mu: 

1) A(l,2), B(2,-2), C(-3,-4); 
2) A(3,7), B(5,-1), C(-3,5). 

11 - 70. H anucamu pienannR npocmoi, UfO nepexo8umb 
11epea mo"l-,;,y A (- 4,6) i .Mae ei8 mo11,-,;,u B ( 4,5) ei88Menn.11 
p = 4. 

PoanRaoH: 

PisnannR npocTO'i, ~o ncpexOAHTh 1.1epe3 A 6yAe: 

y-6=m(x+4J ... (1) 

Tpc6a mrn11a1mT.&1 3Mimnrn m. ,ll;aMo pinnanmo ( 1) npHMony cftopMy: 

mx-y + 4m + 6 
--:-'.'.=====- = 0 

±Vm2 +1 
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a6o: 

Bi,tu:~anemrn npocTol niA Tot11m B AaHo p = 4, a TOMY: 

d = 4.m - 5 + 4m + 6 = 4 
± V m2+1 

48m2+16m-15 = 0 
3 5 

m1= -4;m2= 12· 

'fOl\IY piBH3HHR (1) 01:-(epmye BHrmT)::(: 

3 
l) y-6 = -4 (x + 4), aGo 3x + 4y-12 = O; 

6 
2) y-6= 

12 
(.rc+4J, a6o 5x-12y+92= 0 

,[(ea poaeR3KH, Go a To 1m11 (puc. 48) MOHrna noeecTH ARi AO

THllHi AO Ro.rm. l.Jepea Te OAepmttMo npocTi AK i AL, 11.\0 ei)::(noeimuoTb 

Y'-10ni aa)::(alli. 

v 

q - 71. H anucamu ptBnannR npocmux, UIO: 
1) nepexofJumb 11,epea mo1l'lcyj A(l, -1) i .Mae BifJfJa.aenn11, 

7 V 2 BiiJ mott1tu B(2, 7); 
2 

2) mBopumb na oci X- iB BifJmunol' 19/ 8 i .Mae BifJfJa.aemM 
p = -3 eifJ mo1l1'U C ( 5, 3/ 2). 

y 

§ 20. MeT TO"'IKH ua npocTY. 

HK eiJ:loMo, MeTOM ToqKH Ha 

rrpocTy BBeThCH OCHOBa rrpHMY' 
crry~eHoro a ~aHoi ToqKH Ha rrpo
cTy. 3Ha~eMo aHaqmnrn: TaKoro 
MeTy. Xatt TOqKa M(x0 ,y0} 6 Ta, 

IQO a Hei crry~eHo rrpHM Ha rrpo
cTy, a ToqKa N(x1 ,y1} 6 ocHOB& 

Qhoro IIpHMY. 



3 TpHKY'fHHKa MNK MaaMo: 

MK= x1-x0 =MN cos <p; KN= y1 -~y0 =MN sin <p, 

ane MN = - d. ToMy: 

x1-x0 =-des <p; y1 -y0 = -dsn <p. 

A aem~H: 

X1 = Xo - des <p } •••• (34) 
Yi= Yo- dsn <p 

a6o: x1 = x0 - (x0cs <p +YcrSn <p- ~)csq; } 
( 

~; . . . . (35) 
Yi = Yo --- x0es <p + y0sn <p - u sn <p 
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KoJIH pieHaHHR ~aHo B anre6ptttIHii-t .popMi, TO MH 
8HS6MO, ~o: 

a6o: 

a b 
es q; = ; sn <p = ----==== 

± V a2 + b2 ± V a2 + b2 
ToMY: 

ax0 + by0 + c 
Xi = x0 - des <p = x0 - -----::==== 

± V a2 + b2 

a2+ b2 

a 

± V a2 + b2 

aaaJiomtmo: 
. . . . (36) 

b(ax0 + by0 + c) 
Yi = Yo - a2 + b2 

llpuJ£Jiao: 

3uaiiTH MeT TOlmH A (2, - 4) ua nµocTy: 3x + 4y-15 = 0 
IlpfiMOBa cpopAra piRHaHHR npocToI Gyne: 

3x + 4y-15 = 
0 

5 

3 (3.2 - 4.4 - 15) 
Xi = 2 - = 2 + 3 = 5 

25 

4(3.2-4.4-15) + 
y2 =-4-

25 
=-4 4=0. 

,[(aMo reoMeTp1P.rny iuTpenpeTa1li10: npocTa 3x + 4y - 15 = 0 

TBO . 15 3 PHTL na OCRX BlATHHfm: x = 5; y = - = 3-. 
4 4 
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Hapncyaasnm TOlmy A (2,-4) cnycT11mu11 npRM ua npocTy L, 
Mae.Mo: 

.; 

't.J 
~-

Pvc. 50· 

".h 
's 'o 

§ 21. '1tMYTOR. npocmx. 

Xa:H ):\aHo p;si npocTnx, 1.1..\0 BttaHatJaIOTbCH piBttaHHHMH: 

x cs <p1 + ysn <p1 =~1 (LJ 
x cs <p2 + y sn <p2 = ~2 ( L2) 

Teo pe~ta. RoJin 11epea T01IRY nepexpecTJI ~Box npocTux 

IlOBeCTH TpeTIO AOBiJILIIY npocTy' TO BO Ha e re01'IeTp111111Hii ocepe

AOK TO"llOK, m;o BiMaJICHHH ix BiA ABOX AaHHX IIpOCTHX e B 

CTMOMY BiAUOllieHHIO AJIJI BCix TOlJOK ~iei npOCTOi. 

,1l;oBep;eMo ~e. BiabMiM rneper ToqoK M1 M1 M 2 • • • • Ha 
npocTiii L i c11ycT11Mo Ha ):\atti 11pocTi L 1 i L 2 11pHMH: MN, M 1N 1 
Jtf 2N2 •••• NIP, Af1P1, Af 2P2 • • • . VTBopnThCH rneper cxoiIDlx 
TpH.RYTHlU-dB (puc. 51). 

B11aHatrnMo a- Ro11rnoro a ~nx T})HRYTHUKiB sn a 1 sn {J. 
Top;i MaTHMeMo: 

sna = 
JUN 

.JfA 

N/2N 2 

A1 A 2 

== I T A· 
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MP .lJJ 1P1 M2P2 
sn f3 = 

MA 
= 1 T A· J/1A M 2A 

Il OAiJUfBI.llH nepl.lll piBHOCTH Ha Apyri MaTHMel\fO: 

sn a MN Nl1N 1 M~2 
i T. A· ( const) ---- - =· 

sn f3 MP M1P1 M2P2 

Tam1M qi-rnoM, npocTa L 6 reoMeT}lll'IHH:fi ocepeAOK ToqoR, 

Bi)-U"(aJieHHH HRHX Bi~ o6ox ]:(aHMX npoCTHX MalOTb CTaJie BlA

HOI.lleHHH, piBHe a BiAHOI.lleHHHM sinus'ie RyTiB, w;o TBopnTh L a 

~H Mlf npocTH l\UI. 

OraJiy BeJIMqJIHY (const) BiAHOllleHHH BiAAaJieHh npocToi L 
BiJ~ npocT11x L i L 2 rnrnaq11Mo qepea .A i TOAi MaTHM:el\rn AJIH 

HRO i'. He6yAh AOBiJihHOi Toq1rn M ( x,y), w;o JiemHT& ua npocTili L, 
prnHaHHH: 

MP 
-- ::..=A. 
MN 

Qe pinHamu1 6yAc npuRMeToIO Toro, w;o ToqRa M (x,y) 
1mneBHe JieiRHTh Ha npocTi:fi L. MlI :Bme aHa6Mo, w;o TaRe piB

HaHHH Mae Haasy piBHaHHH AaHoi npocToi L. BnaHaqnMo 

Tenep a piBHaHb AaHHX npocu1x L 1 i L 2 BapTOCTH .MP i MN. 

MP - s Bim~aJieHHH TfflfKII M ( x,y) BIA npocTo i L2 , 

a TOMy: 

MP = x cs <p2 + y sn <p2 - ~2 

[ ].\e x,y- 3Ha1rn1urn Toq1n1M (x,y) l· 
TaR caMo MN, HH'. Bi}:'(AaJieHHH Toq1n1 M BIA npocToi L 1 

6y;a;e: 

MN = x cs <p1 + y sn <p1 - ~1 
(ne x,y aHaqmnn1 ToqIW M). 

TamiM tIMHOM, piuuamu1 npocToi, 1qo nepexo;i;uTi, 11epea 
D epexpem;eHH.U ;D;BOX )J;aHHX IIpOCTBX e: 

x cs <p2 + y sn <p2 - ~2 -------=.A 
X C8 <fJ1 + y Sil <fJ1 - ~1 

a6o: 

(xcscp2+ysncp2-~2)-A.(xcscp1 + ysn<p1 -~J =o. (37) 
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II pH M i T Ka: MH MaJIH aMory oaHalfilTH qepea l 1 o6ep
MN 

HeHe BiAHOllleHHH' ce6To = ). 
MP 

I TOAi pieHaHHH MRJI0-6 BHrJIHA: 

(xcscp1 + ysn cp1 - b1)- )..(x cs cp2 + ysn <p2 - bJ = o 

Qe rrmmay6, ~o 11epra piBHaHh AaHHX rrpocTHX npu CKJia
AaHHIO pie:~IaHHH HOBOi rrpocToi, IllO rrepeXOAHTb qepea ix rrepe
xpecTH, He Ma6 3HatJiHHH. 

OaHal!HMo, cJiiAOM aa HIMeQhKHM reoMeTpoM IIJI10KepoM, 
JiiBi qacTHHH pIBHaHb: 

xcs cp1 + ysn cp1 - b1 = o (L1) 

x cs cp2 + y sn <p2 - b2 = o ( L2 ) 

11:epea P1 i P2 • 

ToAi MaSMO pIBHaHHH rrpocTttx: P1 = 0 i P 2 = 0. 

KoJIH B pisHaHHi rrpocToi, IllO rrepexoAHTh qepea rrepexpecTH AaH11x, 
TaKom oaHaqHMO Jiiey qacTHHY qepea P, TO pisHaHHH rrpo

cToi L 6yAe: P = 0. 

6yAe piBHaHHH rrpocToi, IllO rrepexoAHTh 11epea rrepexpe

CTH AaHHX rrpocTHX P 1 = 0 i P 2 = 0. 

)l;ocJiiAHMO Terrep, HKY pomo B piBHaHHIO (37) BiAorpaa 
BMiHHHK A. 

HK MH eme paH1m rrepeKoHaJIHCH, BIH Ma6 ea pTiCTb: 

).. = sna 
sn {J 

KoJrn AaBaTH l pimHi AOBiJihHi eapTOCTH, Harrp: l' A" .•.. 
TO OAepilmMO pimHi rrpocTi L'. L" . ... ' m;o nrrH HHX: 

, sn a1 " sn ~ . 
A = ; A = I T. A· 

sn {31 sn {32 

Bci ~i npooTi nepexOAHTh qepea TOtJKY rrepexpecTH npo

CTHX Li i L2. 

ToMy pieHaHHH: 
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Moama eeamaTH aa piBH&HHJI ZMYTKB npocTHX, m;o nepexo~HTL 
qepea nepexpeCTH ABOX ABHHX npOCTHX; OCTBHHi 6y~eMO BB&TR 

H81IpJIMllHMH 3CMYTK8. 

,I(aiotui ORpeMi BapTOCTH 3MiHHHKOBi 

mMyrKa (napaMeTpoei) A, 6yAeMo MaTH 

piBH&HHH ORpeMHX npoCTHX 3 QbOro 

iRMYTRa. 
[CaMi rrpocTi L 1 i L 2 TaKom HanemaTb 

AO Qhoro mMyTRa. x 
CnpaBAi: 

1) AaBIIIH A sapTiCTb A= o, OAepmHMO P1 = O], 

2) nepeTBOpHBIDH 

i AaBnrn eapTicTb A= oo, MaTttMeMo P2 = O]. 

PoarJIHHeMo Ille BJ·maAOK, ROJIH pieHaHHH npocTHX AaH1 
e aJire6pHtIHiii: «Pop Mi: 

P1 = A 1x + B 1y + C1 = 0 
P2 = A~+ B2Y + C2 = 0 

flepeeiBmH Qi piBHaHHH B npHMOBY cl>opMy' O]lepHmMO: 

A1x + B 1y + c1 P 1 = = 0 
± V A12 + B21 

P2 = A~+ B2Y + C2 = 0 
± V A22 + B22 

I 11epea Te pieHaHHH mMyTKa rrepeMiHHTbCH B: 

P=P1-A P2= A1x+B1y+C1_;. A2x+B2y+C2=0 
± V A12 + B12 ± V Ass+ B22 

A6o, nOMHOmHBIIIll 'IJleHH piBHaHHH ua ± V A1
2 + B1

2 

AaMo pieHaHHIO TaKHH BHrJIHA: 

A1x + B1y + C1 - l V A 12 + B 12 (A~+ B211 + C2) = 0 
V A22 + B22 

HapemTi, oaHatn1BmH: 
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MaTHMeMO OCTaTOtray «f>opMy plBHaHHH ffiMYTKa, a caMe: 

;n;e 

A 1x + B 1y + C1 -1' (A 2x + B211+CJ=0 . . . . (40) 

VA2+B2 
1' = A - 1 1 

TaKom ;a;oBiJihHa Bemi1qJIHa, 60 Mas qHH-
VA22 + B22 

HJIKOM A. 

PoarJIHHeMo Tenep, .RKoro aHaKy, 6y,n;e iRMYTKOBHii BMIH
HHK A. 

MM aHa6MO, Il\O A 6 Bi,IJ;HOIIIeHH.R npHMiB Ha ;n;aHi npocT

L1 i L 2 a .RKOi He6y~h Toqmf npocToi L (L' a6o L"), 11\0 nepe

xo;n;MTh qepea To1rny nepexpecTH ;n;aHnx (pHc. 53). 

'{ IlpocTa L Mome MaTH ;n;sa noJioi 

amHHH L' i L" arJI.RAHO npocTnx: 

L 1 i L 2 • PoarJIHHeMo nonepe;n;y ToqK11 

M1 i M2 , 11\0 JiemaTh Ha npocTiii L 1 • 

B3HBrnn na yBary eaasMHe noJio
meHHH noqaT:ny 1mop;n;1rnaT 0 i ToqoK 

Af 1, M 2 , Ma i M4 arJI.RAHO ;n;aHHX 
npocTnx L 1 i L 2 , no6aq11Mo, 11\0: 

1) ~JI R Toq1n1 M 1 aMiHHHK 6y;n;e: 

d1 
A = d' , ;a;e d'-BiA'6:MHe a d1 -Ao;n;aTH6, a TOMy: 

A, a6o x; BeJIIItnrna Bi;n;'sMna. 

2) Tem caMe JJ;JJ .R Toq1n1 M 2 : 

- d 
A= d~ ;n;e d"-,n;o;n;aTH6, a d2 -Bi;a;'sMHe, a ToMy: 

A, a6o 1'1 - BeJIH'IHHa Bi;n;'sMHa. 

0Tme AJI.R npocToi L 1 iKMYTKOBHH aMIHHIIK A 6 qlfCJIO 
ei;n;'sMHe. 

PoarJI.RHeMo Tenep ToqKJI Ma i M4 Ha npocTi:H L". 
1) ,I(JI.R ToqKJI M 3 aMiHHHK A 6y,n;e: 

d· 3 
A = -d-' ,-,- , ;a;e d3 6 BeJIHlli1Ha -)to;n;aTH.R i d''' TaKom ;n;o;n;aTH.R, 
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2) ,Il;Jrn Toq1m M4 aMIHHHH A 6yAe: 

A.= d~~ , ~e d4-BeJUJqHHa BiA'6MHa i d1
V -TaHOil\ BeJUI

q1rna Bi~'6MHa, a TOMY A.- BeJI11q1.rna AO~aTHH. 

0Tme, AJUI npocToi L" ZMYTKOBBii aMiHHBK A. e 11ucno 

JJ;OASTHe. 

TaICHM 'lllllOM, npocTa, iqo nepexOAHTL 11epea rrepexpecTJI 
µ;eox ABHBX i uuarra11aeTLCJ1 piBHaHHJIM P 1 - A.P2 = 0, iuae 
ZMYTKOBHi aMiHHHK A. AOAaTuiti, KOJIB npocTa nepeTunae KyT, 

m;o B ttoro IlOJii JI03'HTL no11aTOK oceii' i BiA' eMHHit' KOJIH 
npocTa nepeTu:uae KyT, cyirnamuit a nepmuM. 

3aAa11a 8. 

HamrnaTH prnHaHHH CHMeTpaJibHoi· HyTa, yTBopeHoro npo

CTHMH. 

1) xcs <p1 + ysn <p1 = ~1 , a6o P1 = 0 
2) xcs <p2 + ysn <p2 = ~2, a6o P2 = 0. 

PiBHaHHH HKOi'. He6yAh npocToi'., ~o Y 

rrepexoAHTh qepea nepexpecTH AaH11x 6yAe: 

HK 6H QH npocTa 6yJia CHMeTpaJ1bHOIO, o ":h. 

To a6coJlIOTHOIO BeJIHqMHOIO aMiHHHHa A. 

6yJia-6 OAHHHQH (60 CHMeTpaJibHa 6 reoMeTpnquuit ocepeAOK 

ToqoK' piBHOBim:~aJieHHX BiA paMeH HyTa). AJie 8 rrorrepeAHix Mip

KyBaHb IQO - AO a Ha Hy A., MH aHa6MO, 1qo, HOJIH rrpocTa 8 2 6 

CHMeTpaJibHOIO HyTa I IQO B iioro IIOJii Jieil\HTb rroqaTOK oceit, 

TO )., = + 1; a KOJIH npocTa 81 6 CHMeTpaJJbHOIO Kyra, cyMiiK
Horo a nepnmM, TO A.= -1. 

P1-(-) P2 = 0, a6o 

P1 + P2 = 0 . ... (39) 

a piBHS.HHH CHMeTpaJibHOi 82 6yAe: 

p 1 - p 2 = 0 . . . . ( 40) 
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BBCHOBOB: 

KoJJH niBa qacTnHa piBHaHHH cnMeTpaJibHoi BHyrpimH1>oro 

HYTY TpHHYTHHHa CHJJaAa6TbCH (e aa.rremHOCTH BiA noJiomeHHH 
arJIHAHO rroqaTKY Biceti caMoro ~ - Ka) ia cyMn (a6o pimHHrd) 
JiiBHX qacTHH piBHaHb paMeH Aoro, To :H JJiBa 11acTHHa piB

HaHHH CHMeTpaJibHOi cyMemHoro iioMy aoBHiIIIHboro HYTY TO
rom ~ - Ka 6yAe aaBiRAH pimHH~eIO -( a6o cyMOIO) Tlf X CaMHX 

"BCJIHqJIH i HaBnaKH. 

Harrp., KOJIH piBHaHHH CHMeTpaJibHoi BHyTpinmboro n.yry 
TPHHJTHHKa Mas BHrJIHA: P1 ± P 2 = 0, TO piBHaHHH CHMeTpaJib
Hoi aoBHimHhoro, cyMemHoro itoMy, HYTY Mas npoTHJiem11y
cpopMy, a caMe: P1 =F P2 = 0. 

HanpmiJTan, e AaHoMy no.JiomeHHIO TpHHYTHHRa (puc. 55) 

1) PiettaHHR cuMeTpa.%nol AD 6y)J;e: P 1-P2 = 0 

(60 CUMeTpa.JJbHa nepeTHHae HYT' IHO Mae B CBOIM DOJJi noqaTOH oceij)' 

a piBH3HHR c11MeTpaa1>Hol AK 6y]J;e: P1 + P 2 = 0 

2) PieuauuR cnMeTpanhHoi BE 6y)J;e: P1 + P 3 = 0 

a pieuaHHR cuMeTpa.TJbHOI BL: P1-P3 = 0 

B TOMY pasi, KOJIB piBnaHHH npocTBX Mae 8Jlrefipu1111y 
(»opMy' SHSB ZMYTKOBOrO 3MiRBllK8 ~ piBH8HHH: L1 - ~L2 = 0 
niAJIHrae TOMJ CaMOMY npaBBJIY' rqo ii A., 00 ii cnpBBAi : 

Va12 + b12 

V a22 + b22 

i TOMY aHan ~ s O):\HaRoBmi ai aHanoM A.. 



fl pH H JI aµ;: Ilp1mycTiM, ~O UpOCTi MaJOTb pienaHHR: 

3x + 4y-12 = 0 

5x + 12y-48 = 0 

5 
3x + 4y-12=F-(5x+12y-48) = 0 

13 

Ta1<om, nOJJH pieuauun npocT11x 6yµ;e: 

3x + 4y-12 = O 

5x + 12y + 16 = 0 

TO piauauun c1rneTpa.JILuoi HyTa Mim HHMH 6yµ;e: 

5 
3x + 4y-12 =F - (5x + 12y + 16) = 0 

-13 
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§ 22. YMoBa roro, lflO TPB ~aui npocTi nepexo~HTL 
qepea o~y cnL~LHY TOqKy. 

Mn TiJihKH ~o AOBeJIH, ~o KOJIH (pHc. 56) npocTa P1 = 0 ne

pexoAHTh 11epea nepexpecTH ABOX Apymx: P 2 = 0 i P3 = 0, TO JiiBa 
qacnrna H piBHaHHH 6yAe: 

1) P1 =P2-lP3 (=0). 

TaK caMo JiiBa qacTHHa piBHaHHH npocToi L 2 6yAe: 

2) P2 = P3 -µP1 (=0), 

a npocToi L 3 6yAe: 

3) P3 =P1-vP2 (=0). 

,Il;oAaBmH nci rd pieHOCTH OAHY AO OAHOi, MH, nicJIH 
mwpotieHHH CXOil\HX lJJiclHiB' OAepmHMO : 

3 HamHx MipKyBaHb BHAHO, ~o piB-
HiCTh (41) 6 KOHelJHHM BHCJiiAOM a Toro, 

~o TPH npocTi nepexOAHTh qepea aaraAaHy 
T01IKY. IloKameMo TYT, ~o aaaHatJeHa piB
uicTh ( 41) s TaKom i BHCTa p11aJihHOIO yMo

Boro ( a6o oaHaK010) AJIH Toro, ~06 TPH 
aaraAaHi npocTi MaJIH OAHY cniJihHY TOtJRY 
nepexpe~eHHH. 
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,D:JUI u;iei MeTII AOBeAe.Mo TaI-\e TBepAiK0HHH: 

KoJiu AnH TpLox npocTnx, aara~aJIHX piBIIaJIHHl\IH B npn • 
iuoeiii «flop1'1i: P 1 = 0, P 2 = 0, i P 3 = 0, Momua Ai6paTu TaKi, 
nepiuni a nyJieM, AOBiJILei 11IIHHHKH i, µ i v, ~oo cp1a BAOOYTKiB 
JiiBHX 11acT11H Koamoro a ~HX pieuanL eiwion~o ua i, µ i v 
piBnaJiaeH uymo, TO ~i IIpOCTi MaIOTL OWIY crriJILHY TO'IKY nepe
xpe~eHH.H. 

RoJin AJIH rrpocTHX P 1 = 0, -P 2 = 0 i P 3 = 0 ICHY6 yMoBa: 

A P 1 + µ P 2 + v P3 = 0 . . . . (a) 

TO Toq1m rrepexpecTH ABOX 3 HHX, Harrp. TOqim ( X1 yJ rrepe

xpeCT.fl rrpoCTHX p 1 = 0 i p 2 = 0' KOHtie i HaJieiKHTb 3-iii rrpo

CTiii Pa= 0, 60 3Hatimrn.n x 1 , y1 MJCHTb o6epTaTn B HYJih 

MHorolIJU'Hll P 1 i P 2 , a TOMY ii cyMa SAo6yTKiB ix Ha A i µ 
6yAe piBHa Hymo: 

iP1 +µP2 =0 .... (6) 

RoJIM MH BapTicTb A P 1 + µ P 2 a piBHOCTH ( 6) BCTaBHMo 

B p1BHlCTh (a), TO OA0piKHMO: 

vP3 = 0 

A iu;o v =I= 0, TO MYCHTb 6YTH P3 = 0, 

ce6To, aHaqmnrn: TO'IKH nepexpecTH p;Box rrepIIIBx rrpocTHX 

o6epTaTMMYTb y HYJIH MHoroqJieH Pa, a qepea Te TOlJKa (x1, yJ 
.iieiKHTh i Ha rrpocTitt P 3 = 0. 

0Tme' BCi 3 npocTi MYCHTb rrepexpeiu;y.sa THCH B I~iii 

OAHiH TOlI~i. 

3aAa11a I. 

AoeecTH, ~o CHMeTpaJILHi BHyTpiumix KyTiB TpHKYTHHKa 
nepexpe~yIOTLCH B CIIiJILHilt TO''IDJ. 

Y. 
1-u eunafJo"". 
RoJIH rroqaToK BHaHalJHHX oceit Jie

if\HTb B cepep;HHi TplIKYTHHKa. 

B u;iM paai aaaHaqeHH.it rroqaTuK 

JiemIITh y rroJii ecix Kyrie, a qepea 

Te CHl'rleTpaJibHi KYTiB MaIOTb pis

HaHH.R: 1)P1-P2 =0 2) P2-P3 =0 
3) P3 -P1 =0. 

3nip;~ cyMa ix: 

P 1-P2 + P2 -P3 + P3 -P1 =0. 
- - -- - -



81 

Ha,n;arotJH ,n;oeiJihHHM tJHHHHl\aM BapTOCTH pieHi a o,n;HHH~e10 

1 ,n;o,n;aBmH o,n;Ha ,n;o O~HOi JiiBi qacTHHII BCix TpbOX prnHaHb 

cHMeTpaJihHHX, MaTHMeMo HYJTb. 
y 

2-u BunafJox;. 

RoJIH 11011aToK BH3Ha1IHHX oceii: Jie-

iRHTb rroaa TpIIKYTHHKOM. 

B ~iM paai ara,n;amdi notJaToK Jie-

iRHTh B IIOJii o,n;Horo a nyriB TpHKyr- 0 x 
HHKa, Harrp., B, i piBHaHHH CHMeTpaJih

HHX 6y,n;yTb: 

1) P1 - P 2 = 0 2) P 2 + P3 = 0 3) P3 + P1 = 0 

IloMHOiKHBillH rrepmi ,n;ea piBHaHHH Ha ,n;oBiJibHHH lJHH

HHK + 1, a TpeT6 Ha lJHHHHK - 1, MM' ,n;o,n;aBlllH JiiBi qacTHHH 

:QHX TpbOX pIBHaHh O,IJ;HO no o,n;Horo, o,n;epmHMO: 

P1-P2 
+ P 2 +Pa 

-Pa- Pi 
0 

TaKHM tJHHOM, BCI cuMeTpaJibHi BffYTp1mH1x RY'fIB TpH

KY'fHHKa rrepexpe~yIOThCH B O~Hiii T01IQi. 

3~a11a II. 

~OBeCTH, m:o BHCOTH TpHKYTHHKS rrepexpem:yroTLC.JI B O~Hiii 
cniJILHiii TO'l~i. 

B 

A Pi.4t.S6. 

Harr11meMo piBHaHHH KOiRHOi: BHCOTH, 1mpHcTy101111ch THM, ~o 
BO Ha nepexo,n;HTb 11epea nepexpecu1 ,n;Box is 6oKiB TpIIKyrHnKa. 

PiBHaHHH BHCOTH hBo 6y,n;e: 

P2 -lP3 = 0 
Rypc aaaJiiTH11aoi reoMeTpiL IaaHemw 6 
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sna1 
06tn1cJIHMO A. MM aHasMo, mo: 1= , aJie TOMY, ~o 

sn°"'l 
h BC 6 BHCOTOIO TPlIRYTHHRa, TO al= 900-y; a2 = 900-{J, 

TOMy: A= csy 
C8 p 

0Tme: P2 -1 Pa= 0 6yAe MaTH BHrJIHA: 

1) P2 cs {J-P3cs y = 0 

AaaJiorntJHO B1rneAeMo prnHaHHH 

BHCOTH h AC: Pa- A1 P1 = 0, a6o: 

2) Pacsy-P1csa=0 

1 e11c0Tn hAB: P1-l2 P2 =0 a6o: 

3) P1 csa-P2 cs{J=0 

,I(oAaBIIDI JiiBi qacTHHH pie

3aAa'la III. 

HaHb BHCOT OAHY AO OAHoi, MaTH
MeMo: 

P2 cs {J-Pacs y 
+ Pacsy-P1 csa 

P1 cs a-P2 cs {J 

0 
0Tme' BHCOTH TJ>HKYTHHKa ne

pexpell\yIOTbCH B OAHiil TOlJ~l. 

~OBeCTH, IqO BCi TpH ocepeAHi TpBKYTHBK8 nepexpe~yIOTLCSI 
B o~iii cniJILHiii TO'ID;i. 

HK i e rrorrepeAHiit aaAatJi, HaIIJIIIIeMO piBHaHHH ocepeA-
HIX, HKO rrpocu1x, ~o rrepexoAHTL qepea rrepexpecTH ABOX HHillHX: 

ToMy: 1) pIBHaHHH M BC 6yAe P2 -1Pa= 0 
2) » MAC » P3-~P1 =0 
3) » M.4B » P1 -1aP2 =0 

BapTO<;TH aMiHHHKiB A1 , 12 , ls BHBeAeMo a Tisi BJiaCTHBOCTH 

ocepeAHboi, ~o eoHa Apo6HTL KYT Ha qacTHHH, ~o ix sinus'H 
nporrop~iitHi sinus'aM KyTiB np11 OCHOBi. 



ToMY: 
A1 = 

sna1 sny 
-

sn~ sn {J 

sn{J1 sna 
~= -

sn {32 sny 

Aa= 
sny1 sn {J 

sny2 sna 

To MY piBHaHIDI ocepeAHix 6yAYTL: 

1) M BC: P2 sn {J-P3 sn y = 0 
2) MAC: P3 sny-P1 sna=0 
3) MAB: P1 sna-P2 sn{J=0 

C1maB1IIH J1iBi 11acTHHH piBHaHL MaTHMeMo: 

3&Aa11a IV. 

P2 sn{J-P2 sny 
+P3 sny_-P1 sna 

P 1 sna-P2 snp 

0 
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~ouecm, m;o CHMeTpWILHi fioKiB Koamoro TPHKYTBHKB nepe
xpeiqyioTLCH B o~eiit cniJILeiit To~i (~eHTp RoJ1a o6BeAeHoro). 

Xali TpHRYTHHR 6yAe aaraAaHHit aHalJHHRaMH 

Rie: A(x1 , yJ,B(x2 , yJC(x3 , y3). 

CKJ1af(eMo piBHaHIDI Hanp. DR- 'l 

CHMeTpaJ1bHOi 6oRy AB. 
B(::r,~· 

itoro Bepm-

RoJIH ua ~iit CHMeTpaJibHiit BiaL

MeMo HKYCL flOBiJibHY T011Ry R ( x ,y) , 
To Ha ni;n;cTaBi Toro, ~o CHMe

TpaJibHa Bi]:frHHRY 6 reoMeTplttlHHM 
ocepef(KOM TOlJOI\ piBHOBi;n;;n;aJieHHX 

o·----------x. 
Rc.60. 

Bif( KiHI~iB Bil(TlIHKY' 6y;n;eMO MaTH piBHicTL: KA =KB. IJ;e a 

OCHOBHOIO IIplIKMeTOIO TOlJOK, ~o HaJleil\aTh ;n;o CHMeTpaJlbHOi 

6oKy AB, a TOMY s H pieHaHH.RM. 061111cJI10101111 BapTOCTH KA 
i KB 11epea aaa11HHRH ix RiH~iB, Ma6MO: 

AK= v (X-X1)2 + (Y-Y1)2 

BR= V (x-x~) 2 + (y- y2)
2

• 
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ToMy piBHaHHH cnMeTpaJihHOi 6oKy AB MaTHMe BHrJIH,I:(: 

(x-x1) 2 + (Y-Y1) 2 = (x-x2) 2 + (Y-Y2) 2 · · · · (1) 
(IJ;e 6 piBHaHHH rrpocToi, 60 .t(pyri CTerreHH x ii y 8HH-

Kal0Tb, KOJIH aHeCTH .t(YiKKH). 

AHaJiornqHJIM crroco6oM MomeMo CKJiacTH piBHaHHH: 

1) CJIMeTpaJibHOi 6oKy BC: 

(x-xJ2 + (Y-Y2)2 = (x-xa)2 + (Y-Ya)2.... (2) 

i 2) CIIMeTpaJibHOi 6oKy AC: 

(x-xa) 2 + (Y-Ya) 2 = (x-x1) 2 + (Y-Y1) 2 · · · · (3) 

3BHqaiiHHM noqJieHHHM cyMyBaHHHM piBHaHb (1), (2) i (3), 
rrepeKOffY6MOCH' 1..QO BCi r~i CHMeTpaJibHi a6iraJOTbCH B O}:{Hitt 

cniJihHili Toq:u;1. 

CrrpaB}:{i: (x-x1) 2 + (y--y1) 2 = (x-x2) 2 + (y-yJ 2 

+ (x-x2) 2 + (Y-Y2) 2 = (x-xa) 2 + (Y-Ya) 2 

(x-xa) 2 + (Y-Ya) 2 = (x-x1) 2 + (Y-Y1) 2 

0 0 

§ 23. 3a~a11i ~o poa~iJiy 1-ro ,,npocTa Jiiuia". 

q-72. 3naumu ltYm, 1'10 meopsimb npocmi: 

5 
1) 6y = - x + 11 2) 3x + 5y = 4 3) y-x = 0 

4 
a eicc10 X - ie ( me:>sc a eicc10 Jl - ie) 

[ 1) a = 11° 46' 6" 2) a = 149° 2' 1 O" 3) a = 45° ] 

q _ 73. Hanucamu pienannsi npocmux, U40: 

1) meo pumb a eicc10 X - ie ~ym 600; ei8munae ei8 oci 
Y- ie ei8muno~ b = 4,5 

2) ei8munae eia oceu ei8muu~u: a= -2, b = 5. 

3) meopum& a eicc10 Jl- ie ~ym e 45° i ei8munae eia oci 
X - ie ei8muno1' a = - 3. 

[1) y=xV-3-4,5 2) y=2,5x+5 3) y=x+3]. 

q - 74. C1'.tiacmu pienannsi npocmoi, UfO: 

1) pieno6i:>lcna ao oci X- ie i meopumb ei8muno-,. na oci 
Y-ie: b = 3 
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2) pi61lo6i:Hcna ao oci Y- ie i meopumb ei8munox: na oci 
X-ie: a=-4,5. 

3) nepexoaumb 11,epea no'lamox: oceu i .Mae x:ym cnaay na 
eicb X-ie: a= 1500 

4) nepexoaumb 'lepea mO'l>ty A (13, -4) i Mae x:ym cnaoy 
Ha BiCb x iB: a= 1500 

4) nepexooumb 'lepea mo"x:y B (- 5, - 7) i ...ttae 1a,71m cnaoy 
Ha Bicb X - ie : a = 225° 
[1) y= 3,2; 2) x =-4,5; 3) 3y +xV3 = O; 4) 3y + xV3+12-
-13V3 = O; 5) y = x-2.] 

q _ 75. Cx:Aacmu pie1w1tnR npcmoi, Uf-0 nepexooumb 'lepea mo'lx:u: 

1) A (3,5) i 8(4,-1); 2) A(!,o)iB(-3,5,0,o) 

3) JU (xvy1,) i N (-e,o). 

[ 1) y = -6x + 23 2) 22y + 3x = 2 3) y-y1 = _.!!2_(x-x1)] 
x1+e 

q _ 76. C-,;Aacmu pieltlllUtR 60,;ie mpux:ymnu,,.,a, 'llfO Mae 
cBoi.Mu Bepw1'a.Mu: 

1) A (4,5), B(2,-2) i C(-5,0); 
2) A (0,0), B (8, 6) i C (10,-4); 
3) A (3,5), B(7,-3) i C(-4,-3). 

7x 
[1) y= 2 --9; 7y+2x+10=0; 9y-5x=25. 

2) 3x = 4y; 5x + y = 46; 2x + 5y = 0. 

3) 2x+y=ll; y=-3; 8x-7y+11=0]. 

q 77. c,,.,.riacmu pienannR npocmux, Uf-0: 

1) nepexoaumb 'lepea mo'l>ty. A (3, - 1) pieno6i:Hcuo oo 
npocmoi: 2y + 4 = 3x; 

2) nepexooumb 1lepea mo11,,..,y B (-5,2) npRMOBo 80 npocmoi 
2y-x+5= 0. 

[ 1) 2y = 3x -11; 2) 2x + y + 8 = 0 ] . 

11- 78. H anucamu pienamui npocmux, UfO nepexo8Rmb 'lepes 
mOtttiy A ( 4,5 ,6) i oona a HUX piBno6i:»cna, a apyea np!IM08a 
fJo npocm.oi, UfO cnoAy'l.ye mo'lx:u: B (- 3,3) i C ( 3, - 4) 

7 
[1) y=-6x+ll,25; 2) 7x-6x=15]. 
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q - 79. 061luc.ttumu eiooa.n,enns mo'l1eu A (5, -12,2) Bio 
nfJOcmux: 

1) y= 
3 

x + 2
; 2) 3x=y-5· 3)y _:_= 1; 

4 3 , 3 4 

4) 5y+13x-4=0. 

[1) 13!!_ 2) 3,22VJO 3) 15,16 4) O] 
75 

q - 80. 061luc.ttumu 6o~u mpu,;ymnu,;a, 140 Mae eepw· 
1'aMU: A (2,3); B (1,13); C (-4,-2). 

[AB=V101; BC=V250; AC=V6TJ. 

q - 81. 061luc.ttumu ana1lHU1'U qenmpa Baau mpu1eymnu~a 

a septu1'a.MU: A (-15,-15), B (-3,15), C (15,-3). 
[xo=-1, Yo=-1]. 

q-82. 3naumu mo'l~u nepexpecrn11 npocmux: 
1) 3x=y-5; 5y+13x+3=0; 
2) y=3x-1; y-3x-7=0; 

3 
3) 4x + 2y = 1 ; 6x + 3y-

2 
= 0. 

[ 1) x1 = -1 y1 = 2; 2) npocmi pieno6i:»eni .: 3) ooua 
npocma. 

q - 83. 3naumu anattnu,;u Bepm~iB i q,enmpy eaau mpu· 
-,;ymHu1'a, UfO Mae pienannJJ 6o~ie: y + 3x = 7 ; x + 7y + 11 = 0; 

x=3y-1 [ l{enmp Baeu: x0 =!;y0 =-~J 

11- 84. Tpurymnu1' Mae sepw1'a.Mu: A (- 4, - 2) 
B(5,7) C (8,3). Tpe6a: 

1) Ha"'pec.itumu mpu"YmHu1'. 

2) 06'4uc.tiumu ocHOfl!J AB i Bucomu hAB. 

3) 06ttuC.Aumu no.n,e ~ - a ttepea ocno81J i eucomy. 

11-86. 3naumu Biooa.n,enHJJ sio nottam"1J oceu npocmoi, 1J.40 

[ 7¥65] nepexooumb '4epea mo'41'U: A (-5,0), B(-1,-7). 6 = 
13 
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q-86. 311,aumu eiooa.n,e11,11,si Mz:HC npocmuMu: 1) y = 

[d -- 3
4
V

1
s2 J = 9x-1, 2) y-9x = 7. 

q - 87. 061luc.riumu eiooa./ie11,11,si: 
1) mo1lKU A (2,2) eio npocmoi, UIO cno.riy11,ye mo11,,.;u: B (4,-3) 

c (-5,-2); 
2) mo11,K,u A (10,11) i mo1lx:u B (-10,1) eio npocmoi: 

3x+4y-24=0. [1) d= 
43 

2) d1 =-10d2 =+1o] v 82 

q _ 88. 311,aumu eucomu mpu1t'YmHUJi,a a eepWJi,a.MU: 

A/2,1), B(3,-2) i c (-4,-1). [2V2' Vlii' 2Vlii.] 

q _ 89. l/ epea mo11,'/CY M ( 1, 7) noeecmu oei eaae.Monpa.Moei 
npocmi, pie11,oeiooa.rie11,i eio no11,amx;y oceu. H anucamu piB
na11,11,si i a11,aumu ix 0011,a~oee eiooa.aennsi. 

[ 4x + 3y - 25 = 0; 4y - 3x - 25 = 0 ; <5 = 5 ] . 

q - 90. 0611,uc.riumu n,ymu, 'IJ.IO meopsimb Mi:Hc co6010 npocmi: 
1) 2x = 3y-4 i 2x-y = 2; 
2) y = 2,5x + 0,5 i 6x = 3y + 2,4; 
3) y=4x i4x+y=4. 

[ 1) tgtp =-: 2) f,g 'P = ;2 3) f,gtp=- :7 J 
11-91. 0611,uc.riumu ~mMi:Hc npocmu.Aiu: A 1x + B1y + C1 = 0 

i A~+ B'J]J + C2 = 0 i Kopucmy101tucb a1tai1oeHuM npu q,bo.My 
Baopo.M, o6'luc.riumu. kymu .Mi:»c npocmu.+m: 

1) 4y-3x = 4 i 6y = 12x-5; 
2) y+3x=8 i 3y=12-2x; 
6y + 5x = 30 i x = 5y-10. 

[ tgcp- A1B2-A2B1. 1) cp = 79041'42"; 2) <p = 3'1952'30"; 
- - A1A2 + B1B2 , 

3) 'P = 128053'4".] 

11- 92. 3itaumu pieHaHHR o_cepeonix mpu,;ymHuK,a, 06-
ttue.ttumu ix oofr.>leuny i ana11,nu~u ix nepexpecmR, Ji,O.till eepuum 
mpu>tymnu~a e: A (-5,2) B{3,-6) i C{4,7). 

[ 3nattnu1>u q.enmpy 6azu: x0 = ! ; Yo = 1. J 
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q _ 93_ 3Haiimu motthiJ nepexpecma eucom mpuh1JmHuAa 
1) A (0,0), B (6,0) i C (3,5); 
2) A (0,-1), B(3,2) i C(4,-3). 

[ 1) x0 = 3; Yo= : ; 2) x0 = 6,25; Yo= 4,75.J 

11-94. 06ttuc.riumu 6oAu ii h1Jmn mpuh1JmHuRa: 1) A (2,1), 
B(3,-2), C(-2,-1); 2) A (2,3), B(4,-5), C(-3.-6). 
[ vm , 5 v-2 , 2 vm. J 

11-95. C~.1tacmu pieHaHHR npocmoi: 
1) UfO nepexo8umb 'lepea nepexpecma 8eox npocmux: 

2x = 3y + 12 i x = 6y-12 pieH06i:J1cHo 80 oci X- ie. 
2) UfO nepexooumb ttepea nepexpecma npocmux: 3y-4x + 

+ 2 = 0 i 5y- 3x - 4 = 0 pi61l06iJICHO 80 oci Jl- ie. 
[y=4; x=2] 

11-96. CA.1tacmu pienaHHR npocmoi, UfO nepexo8umb 'lepea 
nepexpecma npocmux: y = 5x + 3 i 4x-y + 1 = 0 i 'tepea ce
peouHy ei8munhy: A (-1,4) i B ( 4,3). [ y = 3x-1] 

11-97. H anucamu pieHaHHR npocmoi, UfO: 
1) a eicc10 X- ie ymeop10e 1;ym a= 120° i .Mac ei88a.riemui 

ei8 no"'amh1J oceu 6 = 3; 
2) nepexooum.b ttepea mo'lk7J A (6,7) i eiooaJteHa eio mo'lRll 

B (5,-8) Ha d = V 113 ._ 
3) nepexooumb 'le pea mo'lhY A (- 4,3) i ei88aJteHa ei8 no

ttamlly eiceu Ha 6 = 5. 

[1) y+xV3= ±6; 2) 7x-8y+14=0; 3) 3y-4x=25.] 

11-98. Tpuh1Jmmu~ .M·ae eepwRu: A (6,-4), B (8,2) i 
~ (- 2,6); 06'luc.1tumu aHa1tHURU qeHmpy 1wJta, o6ee8enoeo Ha qbo.Aty 

mpllh!JmHUROBt. [ x0 = 
29 

, Yo = 
13 J 

17 17 

11-99. 06'luc.1tzinui .1tytt JioJta, o6eeoeHoeo Ha mpuKgmnu
-,;oei a 6oAa.Mu: y=4x-9, x+y=l i 4y=x+9. 

[r=V5,78=2,4J 

11-100. PieHaHHR 6oKiB mpu"JcymHuKa: y - x + 1 = O; 
y + x = 1; x = 6. 06'luc.1tzimzi aHa'lnu~u nepexpecms eucom. 
[ TpuK'gmHuK npa.MOh1JmHiii: x0 = 1, Yo= 0.] 
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11-101. /l,oeecmu, U¥J eucomu mpu1e,71mnu1i,a: A ( 1,1), 
B(-2,2) i C(3,-5) nepexpeUfyJOmbCJI, 6 ooniu mo'lq,i. 

[2(x-3y+8)-1 (5x-7y+2)+1 (3x-y-14)=0] 

11-102. TpuKym1tux: .Mae eepwRu: A (-4,2) B(4,-10) 
C (10,6). /l,oeecmu, UfO q,enmp e02u, nepexpecm.11, eucom i q,enmp 
1W.1ta, 06eefJe11,020 11,a mpu~mnux:oei, Jte:»cam 11,a 0011,iu npocmiu. 

[ ( 
10 2 ) ( 28 2 ) qettmp ea2u: - ,- - , mo'lRa nepexpecm.11, eucom: - , - , 
3 3 25 25 

( 
111 26 ) qettmp Ko.Ila o6eefJeuoeo: - , --- ; 
25 25 

a6o !._= !._ J 3 3 . 

111 

25 

111 

25 

10 

3 

28 

25 

-~+2-
25 3 

26 2 ' 
25 T5 

11-103. PoaeRaamu mpux:ym11,ux:, U¥J Awe pie11,axnR 6ox:iB: 

y=x;x+y=O;y=2(x-1). 

q -104~ JI, ano mpu1e,71mnux: ABC. BaRBUtu ocnoey AC i eu
comy h Ac aa euana'l'fti oci, a11,aumu: 1) pienann11, i nepexpecm11 
eucom 2) piena'ft'ftR cu.Mempa.llbHUX 6o'Ji,i6 i 1-fenmp o6eefJenoeo 

Ko.tta. [ Y eaea: 3 a anattnu1'n ee pum,ie eea:>1eamn: A ( x1 ,0) B ( 0 ,y 2) 

i C (x3 ,0). PoaBR30lf, .· 1) pienan'ftR eucom: yy2 -x (x-x3) = 
=0;x=Oiyy2-x3 (x-x1)=0; 2) mottli,a ix nepexpecma,: 

( o,~) J 
11-105. CIW'tacmu e npJuioeiu <jjop.Mi pienan'fta eucom, 

KO.ltll eepwx:u mpu~mHU'Ji,a: A (6,0), B (0,12) i C (0,-3). 

11-106. BepwoK mpu1.,71mnux:a A (-1,2). Pienanna, Bll
comu h AB: x = 2y, a h Ac : y = 3x + 10. 06'tzlc.11,umu pewmy 
eepwx:ie mpuh1Jm'ftuKa i nanucamu pie'fta11,n.11, mpemboi ezicomzt 
hBc? [ Y eaea: To11,11,a nepexpecma eucom: M (- 4, - 2), a pie
nann.11, mpembOi eucomu, UfO nepexofJumb 'lepea mo'lh1J A i M 6yfJe: 
4x-3y + 10 = 0. PiB'ftllHH,JI, 6o'Ji,i8 mpu"K'Ymnux:a, Jl,'Ji,O npR.Mi8 ao 
6UCom: y+2x=0,3y+x-5=0 i m. fJ.] 

[PoaeJi·aoK: B (2,1) i C (-2,4) ]. 
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11-107. H anucamu piBnan1ui cuMempMbnux, 1;0.1tu pa.Mena 

"YmiB: 

1) 4x+3y-9=0 i 8x-15y+12= O; 

2) 3x+4y=5i12x-5y+8=0. 

[ 
213 

1) 36x-8y-31=0 ;2x + 9y- 14 = f) 

7 . J 2)11xt3y=29" i -3x+lly=15. 

11 -108. C1Wtacmu piBnannR npocmoi, UfO nepefJi.n,10e hfjm Ha 
'lacmu B 36° i 630, 1wJiu paMeHa Ma10mb pie1tann11,: 3x-4y = 8 

i12x-5y=12. [ 3x- 4y-B sn630= 12x-5y-l
2

sn36°] 
5 13. 

11-109. H anucamu piBnaHHR npocmoi, UfO: 

1) nepexofJumb 11epea nepexpecm11, npocmux: 5x + ;Jy-15 = O; 
2x-3y+6=0 i mov,KY: (2,5); 

2) nepexofJumb 11,epea nepexpecm11, mux ca.Mux npocmux, a 

ma~o:>re 11epea nepexpecma npocmux: 5x - 4y- 20 = 0; 5x + 7y -
-35 = 0 [ Y Baea. 8afJa'lfY poaBMamu, 'Ji,Opucmy1011,ucb 8.ttacmu-. . . 
Bicm10 :>reMymn,a npocmux, a nepeBipumu, C'IWtaBUlzi piBnaHHJt npo-
cmoi, UfO nepexofJumb 11epea fJBi Buana11,eni mov,'Ji,u. ] 

q-110. 11,oBecmu, UfO cepefJnu"' fJBox 6on,ie mpu'lt!JmH11>la 
e piBno6i:>renui1, fJo mpemb020 60,;y i pi8H,UU 3 U020 nO.tt08UH010 

( me:»c fJAR mpane3'!J). 

q -111. H anucamu piBnann11 npocmoi, UfO na.1te:>1eumb 

fJo :HC.KymKa, 8U3H,a'leH020 fJ80Ma npocmUMU: 4x + 7y- J5 = 0 
i 9x-14y-4= 0 i 

1) piBno6i:Hc1ta f)o oci Y- ie; 

2) pieno6i;Hcna fJo npocmoi 2x - 3y- 9 = O; 

3) npJt.MOBa fJo nepiuoi 3 fJaHUX npocmux. 

[ Y eaea. B 1) 8.Minnun- pienanna euana'laembcR a moi 
yMoBu, UfO piBno6i:>lc1ta fJo oci Y- iB Mae ana1411,u'Ji, nepexpecm11 a eicc10 

X- iB y = 0; x = const ]. 

[Poae: 1) x=2 2) 2x-3y=l 3) 3x +2y-8=0] 
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q-112. CK.tiacmu pienannJi eeo.Mempu'lnoeo ocepeoliy mo'loK, 
UfO ix BiOOa.tieHHJI, BiO OllHUX npocmux: 12x-16y + 9 = 0 i 
x y . 2 ---= 1 .Ma10mb eionoweHnJJ). = - . 
3 4 3 

[ 68x-72y-69= 0] 

q-113. PieHaHHJJ 6o>i,iB mpu1a,11mnuKa: 12x + 5y + 60 = O; 
4x-3y = 36; 8x + 15y = 16. 8Haumu ana'lHUli,U qenmpa i .tiy" 
BBe8e11,oeo >i,O.tia. [ 0 ( 1, - 4) ; r = 4 ] . 

q-114. PiBHaHHJi 601rie 'lomupuK'gmHU>i,a: x-4y + 10 = O; 
5x + 2y = 16; 4x - 9y = 34; 3y- 8x = 22. /l, oeecmu, UfO cepeOHUJi,U 
cyci811,i,x 6o>i,iB ymeop1010mb pieno6i:Henu1'. 

[ Pie11,a11,11,11 cepeonu>i,iB : 
2 5 2 13 9 5 

y = -3x + 2; y=--yx -3; Y=7x +2; 
9 47 0 . . . . J 

Y = - x - -- . m.:HCe, K'gmOBi 3.M£HH,U1i,U napa.Mu plBHt. 
7 14 

q-115. Bepw,Ji,u 'lomupuliymnuKa: A(O,O), B{5,0), C{8,4) i 
D (3,4). Buana'lumu, UfO qe aa ttomupuK'gmHU1' i JJ1'UU 'lomupu
>qJmHu1' ymeop1010mb cepe8nu1'u cycionix 6o1'iB. 

[ 1) po.M6 2) npR.MOh7JmHUK ] 

q-116. /l,oeecmu, UfO cepeOHUli,U cyci8Hix 6o1'iB npsuto
'ltYmHu1'a a eepm1'a.Mu: A (3,3), B (11,3), C (11,-5) i D (3, -5) 
ymeopKJ10mb po.M6. 

q-117. /1, oeecmu, UfO cepeOHUJi,U cyci811,ix 6o~ie 1'Ba8pamy 
a eepw-na.Mu: A(O,O), B{4,0), C(4,-4)iD(0,-4) ymeop10-
KJmb anoea 1'Ba8 pam J, 

Ofi1111CJieHHa 11onep:mL Ta oficarin ofiopoTOBBX Ti.JI 
sa AODOMOrOIO aHWiiTB11110i reoMerrpii. 

11-118. BepwKu mpu1"!JmHu1'a: 

1) A (0,0), B (10,0) i C (9,3); 
2) A (2,-3), B (6,0) iC (3,-1). 

06'luCAumu noeepxn10 i o6cJJe mi.n,a, ymeopenoeo o6epmaHHllM 
~0~11,oeo a qux mpu~mnu1'iB ao1'pe.Ma nae1'0.1to oci X- ie. 

[ 1) s = 12 :n vm = 119,21 1'8. ofJ.; v = 30:n=94,251':6. ofJ. 
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20 
2J s = n r15 + vw + 4 V5J = 85,115 >l6. oa.,. v = 3 n= 

= 20,944 1'6. og. J 
q-119. Bepw1'umpu~mnu,;,a: A(2,3), B (5,7) iC (-3,1). 

06ttuc..tiumu o6cJia mi.,-ia, ymBopenozo o6epmamt.RM lfbOZO 6. - a 
Hll6"1CO.AO HaU008Ul080 3 6oRi6. 

[ PiBnannsi na1'Woew.ozo 6oJ>Y : y = ! x + ~3 ; h = ; z 

V = 6-~ n = 20,525 ,;,6. og. J 
15 

q - 120. Bepw,;,u 11ipu1a,11mnu1'a: A ( x1 ,yJ B ( x2 ,y2) C ( x3 ,y3). 

06ttucJzumu o6cae miJta, ymBopenozo o6epmaHHRM lfbOeo mpu1"gm
nu,;a HaB,;,o.n,o oci Y- iB. (Y Buc.n,i8 Bcmaeumu: x1 = 1; y1 = 1; 

x2 === 2 ; y2 = 3 ; x3 = 3 ; y3 = 1,5). 

[ V = ~ [ (Y2-Ya) (xi+ xi+ X'J!Ca) + 
+ (Ya-Y1) (x~+x~+Xi£1)-(y2-Y1) (x~+xi+x~1)] -

! n 8 (x1 + X2 + X3), ae S- noJte 6 - a. v = 21,99 i.:6. oa.J 

q 121. PiBHaHH.!l 6011:ie mpuh1JmHU1i,a: y = x; 4y + 3x = 42; 
y = 3. 06'luCJtumu noBepxmo u o6cae miJta, ymBopettozo 06epmaH-
1t . .c1 . .Ai lfbOZO mpUh1JmHUJ;;a Hll61W./l,O oci x - io. 
[ S = 3 n (29 + 9V2J = 393,271i,6. 08. V = 84n=263,9011:6. 08. ] 

q-122. Bepw,x;u ttomupu,;,ymnuK,a A (2,1), B ( 4,3), C (7,3) i 
D (9 ,1). 06'lucJtumu V mi1ta, ymoopettoeo o6epmaHHRM 'lomupu
Kymttu,;,a 1tao1w1to oci X- io. 

[ 
112 

V = 3 n = 117,286 K6. 08. ] 

q-123. Bucoma mpucminnoi nupa.Mu8u 12. 06'luc.n,umu 
ii 06csi2, K,OAU mpuK,ym11,u11: ocHoBu Mae eepuum: A (- 4,2), 
B ( 3, - 5) i C ( 4, 5). [ V = 154 1e6. 08. ] . 
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q-124. llpRMa 'tomupucmi1u1,a npuaMa Mae sucomy 10, 
a B oc1wei "tomupu1i,ym11,u>;, a eepWJ;,aMU : A ( 3 ,3), B ( 0 ,5); 
C (-4,0) i D (-2, -5). 0611,uc.aumu S i V npua.Mu. 

[ s = 10 rvu + vn + V29 + vw J; v = 320~6. ofJ. J 

§ 24. IlepeTBOpeHHJI BHSHa111111x oceii. 

,[(yme qacTO 6yaas IIOTpi6HO o6qHCJIIOBaTH qepea 8Haq 

Hmm TQqKH' ei.n;HeCeHi .no O;r(Hl61 CHCTeM:U KOOp;r(HHaT' HO Bi 

aHaqHHKH Tisi caMOl TOtIKH, Bi;r(HeCeHi ;r(O ;r(pyrol CHCT0MH. Qro 
onepan;iro SBYTh rrepeTBopeHHHM BH3HaqHHX oceit. 

1-tt BHil8~0K nepeTBOpeHHH. 
Oci Hoeol cncTeMH piBHooimHi ;r(O oceii cTapol. 

IJ;e nepeTeopeHHH Mas HaaBy pieuo6iamoro 11epeueceHHH oceii. 
TipnnycTiM, m;o oci ;r(aHoi'. cJicTeMH 6 XY, a oci HOBO! 

CHCTeMH x 'J1'. I101::1aTOK HOBHX oce.ti Ma6 3HatIHHKH arJIH;r(HO 

era poi cttcTeMH: A (a, b). 

Ha pHCYHRY 61 6a1::1HM0, m;o: y 

x =OK; x' =AK; =PK i a= OP. - - - - - ___ ,M 

AJie: OK= OP+ PH, ToMy: 

x =a+ x'. 

Ta:n caMo: OL =OR+ RL, 

a6o : y = b + y'. 

3ei;r(IJ;H Ma6MO Ta1d Baop:n nepeTBopeHHH: 

3HatIHHKH TOtIIrn:, arJIH;r(HO HOBHX KOOp;r(HHaT qepea CTapi, 
6y.n;yTh: 

x'=x-a} 
y' = y- b . . . . ( 42) 

3HatIHliKH TOtIKH, arJI.H;r(HO CTapHX KOOp):lHHaT qepea HOBI, 
6y.n;YTh: 

x = x' +a} 
y = y I + b • • • • ( 43) 

llpu~,/l,aO. 

BnaHatIHTH aHatIHHKH ToqRH A (2, - 3) arJIH):lHO HOBHX, 

piBHo6imHHX ):lO rrepurnx, Roop.n;HHaT 3 rroqaTKOM 01 ( 1-5) 

x'=x--a; x'=3-(-1)=4 
y'=y-b; y'=-2-5=-7 
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Orme, aHatJHUKH TOtJKH A, arJIHAHO HOBHX KoopAHHaT, 

6yAyr1>: A(4,- 7) (puc. 62). 

't.y 
' 

II· it BBn~os uepeTBopeBBa. 

06epmaHHS oceu Ha8K.O.IUJ M'lamK.y. 

Ilp1111ycTiM, ~o HOBi oci ROOPAHHRT 

X'Jl' noBepHeHi ROJIO cTapHx oceit XY Ha 

KYT <p. BiaLMiM HRY He6yAh TotJRy M. 
Xatt aHatJHHRH 1.\161 TOlJRH arJIHAHO oceii 

XJT 6yAYTh x i y, a arJIHAHO X'Jl' 6y-

AYTh: x' i y'. . 
CnycTHBlliH a TO'IKH N 1 npHMH Ha 

MN i OX, MRTHMeMo: 

x=OR-NR; y=MK+KN 

3 TJ>HRYTHHKa N 10R Ma6Mo: 

Y' 

ToMY: 

0 R = ON1 cs <p = x' cs <p 
N 1R = ON1 sn <p = x'sn<p 

RN1 = MN1 sn <p = y'sn <p 
MR = MN1 cs <p = y' cs <p. 

x = x' cs <p - y 'sn <p } 
y = x' sn <p + y 'cs <p • · · · ( 

44) 



PoaBHmeMo CHCTeey pIBHaHL: 

Orme: 

Orme: 

1) x = x' cs <p - y' Bn <p CB <p 

y = x' Bn <p + y' CB <p Bn <p 

+ xcs <p = x'cs2 <p-y' Bn <pCB <p 

ysn <p = x'Bn2 <p + y'Bn <p CB <p 

xcs <p + ysn <p = x' (Bn2 <p + cB2 <p) 

x' = xcs <p + yBn <p, a6o x' = yBn <p + xcs <p 

2) x = x'cs <p - y'sn <p sn <p 

y = x'sn <p + y'cs <p cs <p 
-xBn <p = -x'Bn <p + y'Bn2 <p 

+yes <p = x'sn <p CB <p + y'cs2 <p. 

yes <p-xsn <p = y' ( sn2<p + cs2 <p) 

y' =yes <p-xsn <p. 
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Ta1mM lfiIHOM, aHatrnJIKH TO'IKH, ar.JIB;l(HO HOBHX oceit, BIA
aHa'laIOrhcH qepea SHaqHHKH CTapHX Talc 

x' = ysn <p + xcB <p } (45) 
y' =yes <p--xsn <p 

III-ii euna~oK nepeTeopeuua. 

JI, o 6 i Jt b n e n e p en e c en n a o c e u. 
Hann1M aaB;l(aHHHM s nepeHeCTH CHCTeey BHauaqHHx oceii 

B HKYCh noBiJILHY TO'IKY A (a, b) TaK, ~06 HOBa eicL X- iB 
MaJia, arJIHnHo crapoi, 11eeID1it RYT cna;l(y <p. 

11(06 npH AaHHX yMoeax 

rrepeilrH Bin onHi6i CHCreMH 

oceit XY no Apyroi X'Y', yBe

AeMo noMitrny cncreMy X"Y" TaK, 

~06 BOHa MaJia rroqaTKOM TO'IKY 

A ( a,b) i 6yJia piBH06imH010 AO 

crapoi XY. 

yy· 
y 
• I 
I 
I 
I 
I 

OaHaqn:Mo 8Ha'IHHKH HKOi He6ynh TOqKM M: 
1) arJIHnHo crapHx oceil: x 1 y 
2) » HOBMX » x' 1 y' 
3) )) IIOMi qHHX » x" 1 y". 

F~c.61,.. 



3 nepmoro BHIIR,n;Ky rrepeTBOpeHHH Ma6MO: 

x"=x-a; y"=y-b (a) 

,n:ani 3 2-ro BHIIa,n;Hy nepeTBOpeHHH MaTHMeMO: 

x' = y" sn <p + x" cs <p (B) 
y' = y" cs <p-x" sn <p 

BcTaBHBIIIH a piBHOCTeii (a) eapTOCTH x" 1 y" y (B), 

MaTHMeMo: 

x'= (y-b)sn<p+(x-a)cs<p (46) 
y'=(y-b)cs<p-(x-a)sn<p · · · · 

Eiryuoei enaua'IHi oci. 

PoarJIHHeMo ~e o,n;HH cnoci6 BHaHatieHHH noJiomeHHH 

TOt[f\H Ha IIJIO~l. 

BiahMiM H:nych ,n;oBiJihHY BicL X i Ha Hitt Totrny 0. 
lloJiomeHHH TOtJKH Ha IIJIO~i MOilma )l;OKJia)l;HO BH3HatJHTH' nOJUI 

6y,n;eMo aHaTH Bi,n;cTyn H e Bi,n; TOt{KH 0 i KYT cnaJzy npocToi 

OM, ~o rrepexo,n;HTL qepea TOtJKII 0 i ,n;aey M. (p1rn. 65). 

I cnpaB,n;i, :noJIH MaTHMeMo cTaJie Bi,n;,n;a-

JieHHH TOt{KH M BiA a, ce6To e = const, TO 

pimHHM BapTOCTHM < <p 6y,rce Bi,n;noBi,rcaTH 

P 6eaJiiq TO'IOK M, ~o JiemaTHMYTb Ha o6Bo,n;i 
IAC.& '· 

KOJia Jiyqa e. AJie np:n ~bOMY KOiKHiii ,n;aHHI . )( 
eapTOCTi <p 6y,rce Bi,n;noBi,rcaTH O,I(Ha ii JIIIIII0 

o,n;Ha BapTiCTb ,n;yr11 NM' a TOMY ,rcaHi BapTOCTII e i < <p QiJI

nOBHTO BHaHaqaJOTL noJiomeHHH TOtJKM M Ha rrJio~i. 

HaBnaKII, npw cTaJiiii eapTocTi KyTa <p pimHHM BapToCTHM 

BlA)l;aJieHHH e Bi,I(IIOBi,n;aTHMe 6eaJii q TOtIOK, ~O JiemaTb Ha 

npocTiii OM. 
AJie l\OH\Hitt OKpeMiii BapTOCTi e 

TaKOH\ Bi,n;rroBi,rcaTHMe O)l;HO ii JIHme O,I(HO 

noJiomeHHH TO''IKH M Ha npocTiii 0 M, 
a TOMY' ,n;aHi BapTOCTM e i < <p QiJIKO
BHTO BHSHatJaJOTL noJiomeHHH TOtJKH M 
aa nJI0~1. 

Bich OX-Mas HaaBy 6iryHoBoi'. om, ToqKa 0-Ha3BY 

6iryHa, a ei,n;,n;aJieHHH 0 M Toqm1 M Bi,rc 6iryHa 0 aBeTbCH 
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.rryqeM - BeKTopoM Toq:nu Al. Jlyq - BeKTop Mas AOAaTHiii: Ha

Dp.flM OA 6i ryHa 0 AO Toq1n1 M, a KYT q;, ~o aBeThCH «flaamo 
a6o aaHMyroM ToqKH M, Mas AOAaTHIO Ha-
np.HMHiCTb apocTaHHH IIpOTH CTpiJIKH rO):{HH

HJrna. 

,• 

,I(oBHUIHa Jiytia BCKTOpa (2 l BeJIHqHHa 

RyTa cp (q>aaH) Ha3HBaIOTbCH oiryuOBRMH o-------X 

aua'lllllsaMn To11Ku M(e,q;J. 

IlepeTBOpeHHH upJIMOKYTHHX ICOOPAHHBT y 6irynoBi i'i nan-
U8RH. 

IlpoBeAeMo qepea 6irYH (pHc. 68) Bich Y- ie, TOAI aaaq

mum TOtJKH M 6yAYTh: ON= x i NM= y. 

3 npHMOKYTHoro TPHRYTIDIKa ON!vl Ma6Mo: 

1) x = e cs q; ; y = e sn <p 

y 
2) e = v x2 + y2 ; tg <p= -

x 

[ sn <p - y - y i cs q; =_!_ = x J - e ~ v x2 + y2 e v x2 + y2 . 

0Tme, ~06 nepeTBopn:Tn BaopH reo~ieT

pH11HHX BeJIH11HH a npHMoRyruix 1wopAHHaT 
HS. 6iryHoBi, Tpe6a BCTaBHTH B HHX Bap
TOCTH: 

x= ecsq;} .... (47) 
y = esn q; 

HaBnaKH, ~06 nepeTBOpHTH BaopH reoMerrp1111HHx BeJIHlIHH 
a 6iryuoBux KoopAUHaT Ha npHMORYTHi, Tpe6a BCTaBHTH B 
unx BapTOCTH: 

e = V x2 +y2 ) 
y . . . . ( 48) 

tg q; = -
x 

Hype auaniTHquoi reoMeTpii. InaHeHKO 7 
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KonH y uaopax KYT <p BXOAHTh y «l»yuK:a;iRx sn 1 cos, 
TO apytIHO BmHBaTH BBOprn: 

y 

x 
. . • . ( 49) 

Bill <p = --======== V x2 + y2 

COB <p = --====-==== V x2 + y2 

B n pa B 11. 

q-125. 311,aumu a1tatt1tuKu motto~: A (3,4); B (-12,5); 
C (- 4, -3) y 6iey1t0Bux >;oop8u1tamax. 

11-126. 3naumu a1tatt1tu>;u Bepw>t:iB mpu~mttu>t:a: 

A (3,45oJ; B (5,6(1') C (10,135°) B npR.MOh1Jm1tux 1wop8u11,amax. 

q -127. JI, ano piB1ta1t1tR : x2 + y2 - 6x + 4y - 3 = 0. 
II epemBomumu qe piB1ta1t1tR, ao H,08UX oceu, U¥J .MalOmb no'lam
KOM mott~y A (3, -2) i e pie1to6i:Hcni ao nonepe8nix. [ x2 +y2 = 16) 

q-128. HKuu eue.1tR8 .MamU.Me pie1ta1t1tR npocmoi: 
2x + 3y = 6, 1w.1tu oci Koop8u11,amu noBep1tymu ttaB-,;o.n,o no

'tlamh7J na: 1) 30°; 2) 90°; 3) 609; 4) -30°; 5) -600. 

q-129. HKuu BUZJtRO .1tiamu.Mymb pienamai: 1) x 2 -y2 =4 
2) x2 + y2-6 (x + y) = 9 Ko.n,u oci 1'oop8unam noeep11,ymu na

B>;o.1to no"lam~ 11,a 45° J [ xy = 2; x2 + y2 - 6 V2 x = 9.] 

q-130 PiBna11,11,a, 1) x 2 +y2 =3x 2) x2-y2 =a2 nepe-

msopumu na 6ieyHOBi oci. 

q - 131. Bieyttoei pi81ta1ma,: 1) e2 Bn 2 <p = 2a2 

2) acs2 <p = e2 , nepemeopumu 11,a npR,.M,o~mHi. 

[ xy = a2 ; x2 + y2 = V a ( x2 - y2) ] 

q-132. Ilepemeopumu e 6iey11,oei piBHa1t1ta: 1) x 2 + y2.= a2; 
2) y=mx; 3) y=2x. 

[ e = a (con.st) - >;o.n,o; tg <p = m ( const), tg .<p = 2 ] .. 
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§ 25. KoJio Ta iioro piBHaHHH. 

3 reoMeTpii, 8Ha6MO, I.1.\0 KOJIO 6 reoMeTpHqHHH ocepe,I(OK 

Toq01-\, piBHOBi,I(J(aJieHHX Bi,!( Q0HTpa. ToMy, ,I(e-6 MH He B8HJIH 

Ha o6Bo,I(i KOJia ToqKy M ( x,y), To Big;r~aJieHHH 11 Bi,!( QeHTpy 

(TOtJHH A) 6y,I(e aaBm,I(H o,I(na1mBe, piBHe r. 1(e s ocHOBHa 

npHKMeTa Toro, I.I..\O ToqKa M JiemRTb Ha o6Bo,I(i ROJia, a TOMY 

pIBHaHHH' ~o BCTaHOBJII06 aaJiemHiCTh Mim JiyqeM r i 8Ha11-

HlIKaMH Toq1n1 M ( x ,y ,) , 6y,I(e pisHaHHHM Ro.rra. 

v 

MH auasMo, ~o 1rna~aT AOBiRHHH Bi,I(THHKY s piBHHtt 

ia cyM010 1rna~aTiB iioro MeTiB Ha oci, a qepea Te: 

r2 = (x-a) 2 + (y-b) 2 , a6o: 

( x - a) 2 + ( y - b) 2 = r2 • • • • ( 50) 

BHBe,I(eHe piBHaHHH 8BCMO OCHODIIHM piBH8JIHH1.'tl KOJI8. 

):(m1 1mmHoi T011RH N ( x 1 ,yJ, ~o lieiRHTb noaa, ROJIOM, 

H BiJmaJieHHH Bi,!( QenTpy ( a,b) 6y,I(e r 1 > r, a 'l'OMY ,I(JIH Hei 
(x1-a)2 + (Y1-b)2 > r2. 
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Ilo]:li6Hi MipKyeaHHH AOBOJ:lHTL, ~o AJIH Toq:nu N 2 ( x2 ,y 2), 
~o JICiKIITL Ha Kpyai ROJia (B cepe.I(IIHi ROJia): 

y 
PiBHaHHH :noJia Mas B co6i 

TpH HeaaJICiKHHX aMiHHHKII: aHalJ

HIIRH a i b i Jiyq ROJia r. ,Il;aIOlJH 

SHalJHHRaM a i b ]:(OBiJILHi Bap

TOCTH npH HeaMiHHOMY r' O]:lep

iRHMO meper piBHHX Mim co6010 

ROJI, a l\CHTpaMH B pimHHX, ar .. TIH,ll;

HO oceii' l\liCI.(HX IlJIO~i. IJ;i KOJia 

">'. BJI3HatiaTHMYTLCH piBHaHHHMH: 

(p11c. 70). 

1) r2 = (x-tZi) 2 + (y-b1)2 

2) r2=(x-~)2+(y-b2)2 

3) r2= (x--aa)2+ (y-ba)2 

1 T. ]:(. 

HaB11aKH, ]:(aroqu nytieBi r AO

BiJihHi BapTOCTH, MH, npH HeaMiH

HllX BapTOCTHX aHa't!U:IUdB a i b' 

MaTHM0MO meper cniJibHO~eHTpo

BHX (KOHI.\CHTpUtIHHX) ROJI 31 

cniJibHHM l\CHTpoM A ( a,b). IJ;i 

ROJia BHaHatiaTHMY'fbCH plBHaH

HHMH: (puc. 71). 

y 

BucnoBo.,.. 

(x-a)2 + (y-b)2 = r12 

(x-a)2 + (y-b)2 = r22 

1 ·r. A· 

,Il;Ba cniJibHO~eHTpOBi KOJia BHaHatialOTbCH piBHaHHflMH' 

~o Bi,n;piiKHHIOTbCfl JIHme KBa]:(paTOM aMiHHHKa r. 
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§ 26. AnaJiiaa OCHOBHOro piBHaHHH KOJia. 

IlpoaHaJiiBy6MO piBHaHHH KOJia: (x-a)2 + (y-b) 2 = r'I.. 
BnaHa11HMO a Qboro piBHaHHH no 11epai x Ta y i MamMeMo: 

x =a± Vr2~(y-b)2 

y=b ± lfr2 -(x-a)2 

:Qi piBHOCTH AOBOAHTb, ~o KOmHitt OKpeMm BapTOCTi x 
Bi]lilOBi]la6 aaBiKWI ABi BapTOCTi y i, HaBnaK:u, KOiKHi:R Bap

TOCTi y BiAilOBiAa6 aaBiHAJI ABi BapTOCTi x. 

Ce6-To, KOJlll B HKOi He6yAL T011KH M(x1,Y1) KOJia cny

CTHMO npHMH Ha oci' TO KOiKHHM B QHX npHMiB nepeTIIe KOJIO B ABOX 

T011Rax: 1) npHM MB- B T011Kax M i M 1, ~o MaIOTb aHa11-

HHRH: M(x1,y1) a M1(x1 ,y2) 2) npHM MC-B T011Kax M i M2 , 

m_o MaIOTb aaa11anm1: M{x1 ,y1) a M 2(x2,y1). Qi T01IBH 6y)U1TL 

IdHI~HMll BiAIIOBiAHHX THTHB: MM 1 i MM 2 i 6y]G"Tb' HK BiAOMO 

3 reoMeTpii' IIOJIOiKeHi CHMeTpH11HO BrJIHAHO cepe](llH CBOiX THTHB: 

1) 3TpHRYTHHKiB: AMR i AM1K, AeAM = AM1 = r, RM= KM1 , 

AK=x1 -a, MaTHMeMo: MK=M1K=Vr2 -(x1 -a)2 , aJie 

b =KB. ToMy: 

y=b ±V r2-(x1 -a)2=KB ±KM. 

Ronn BMiHIOBaTH uapTocTu x1 aua11HHRa TOtJKJI M, nocy

B&I011H ii BBAOBiR o6BO;Jzy KOJia, TO cepeAHHa T.HTHBll nocyBaTH

MeTbCH BBAOBiR no11epe11HHKa NN piBHo6iiRHoro AO oci X, 60 npH 

Bcix BapTOCTHX x ;rt;JIH y = KB ± KM BMiHIOBaTHMeTLCH Jrnme KM, 
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a KB numaTHMeTLCH HeaMiHHe; TOMY BiAIIOBiAHi T011RH nepe

T.mcy KOJia (1dm:~i THTHBH) aaBiRAH 6yJzyTb CHMeTpHtIHO IIOJIO
meHi arJIHAHO nonepeq:1111Ka NN, piBHo6iamoro AO oci X - ie. 

AHaJior.HtIHO a TpHKYTHHKiB ALM i ALM2, Ae AM= 
=AM2 =r; AL=y1 -b i ML=ML2 , MaT11MeMo: 

ML= V r2 -(y-b)2 , a ToMy: 

x 1 =a±Vr2 -(y1 -b)2 =OL±ML. 

0Tme, qepea MipKyBaHH.Jl, IIOAi6ai AO nonepeAHIX, MOiRCMO 

rrepecBiAtJHTHCH' ~o KOJIH rrepeTHTll KOJIO IIpOCTOIO' piBH0-
6imHOIO AO oci X, To TOtIOK rrepeTuay 6yAe ABi M i JJ12 ; 

Qi TOqKH TaKOiR JiemaTHMYTb CHMeTpIItIHO arJIHAHO nonepetIHJrna 

KOJia PP, pieao6imuoro AO oci Y- iB. 

PoarJIHHeMo, HKi aati6iJILmi ii aaiiMeHLmi BapTOCTH MO

myTL aa6ipaTH aHatIHHKH TOtIOK, ~o JiemaTb Ha o6BOAi KOJia. 

,I(JIH QbOrO Bi3bM0MO, BIIBCAeHi Bme, BBOpH: 

x= a± Vr2 -(y-b)2 

y = b ± V r 2 - (x-a)2 

QqeBHAHO, ~o: (y-b) i (x-a) He MOiRYTb 6yTH no 
~Boiti 6eaorJIHAHifi (a6coJIIOTHiii) BapTOCTi 6iJILmi BiA r' 60 
TOAi x i y 6yJIH-6 ynBHHMH BemPm:HaMH. TaKHX TOtIOK Ha 
liOJii He icayBaJio-6. Haii6inLmi ii HaiiMeHmi BapTOCTH x i y 
6yAJTL TOAi, liOJIH y nepmoMy BHIIa~KY (y-b), a y ;rqJyroMy 

BHilaAKY (x-a) 6 piBHi 8 HyJieM. 

x= a ±r 
y=b ±r 

ToMy x Mas Hai16iJILmy BapTiCTb x1 = a + r, HaliMeHmy 

BapTiCTb X2=a-r. [(i BapTOCTH x Ma6 TOAi, ROJIH y-b=o, 
y = b, ce6To AJIH TOtIOK, ~o JiemaTb Ha Kim:~Hx rrorrepeq
HHKa NN. 

TaK ca?rm, y Mae aa:il6inLmy BapTiCTL y1 = b + r, HafI

MeHmy y2 = b -r. [(i BapTOCTH Ta1mm y Mas TOAi, HOJUI 

x - a= o; x = a, ce6To AJI.fl TOtio:n, ~o nemaTL Ha 1dm .. v1x 
nonepetIHHHa PP. 



103 

ll(o m ei)J;aHaqa10TL co6o~ pieaaHHH: x =a+_ r; x = a-r? 

I.J;e,~ HK yam 3Ha6MO, 6 piBHaHH.fl npoCTHX, pieuo6iiKHHX 

.;n;o oci Y-ia, Bi)J;)J;aJieHHX Bi)]; Hei Ha (a+r) 1 aa (a-r). 
~e 6yJzyTL: (pHc 73) npocTi Li i L2 • 

Tan: car.m piBHaHHH y = b + r i y = b - r 6 npocTi piB

Ho6h1rni )J;O oci X - ie i aim~aJieHi Bi)]; Hei. Ha (b + r) 1 Ha 

(b-r), ce6To u;e 6y.rzyTL npocTi La i L4• 

\' 

I 
I 
I 
I 
I 
I 

1--~__;.,.,._~:~i~·~) _______ N, 

H1c.7J. 

0Tme, 3Bi)J;n;H nepeROHY6MOCL, m;o BCi TO'CIR!f ROJla JlemaTL 

ua noJii KBa.rq:>aTa, o6MemeHoro npocTHMH: Li, L2 , L3 i L4, m;o 

e. ;a;oTnqHHMH )J;O n:oJia B TOtIRax Ni' N 2 , Mi i M 2 , ;rce ~maqHHKH 
Toqon ROJla MaIOTb Hali6iJILmi ii HaiiMeHmi CBOi aapTOCTH. 

HapeIIITi, x i y MaTnMyrL O)J;HY JIHme BapTicTL {ce6To no 

~Bi O;IJ;HaRoBi) TO)J;i, KOJIH a6co.rrIOTHi BapTOCTH: 

To;a;i: 

(y-b) = r i (x-a) = r. 

x = a ± V r 2 -r2 = a 

y = b ± V r2-r2 = b. 

AJie MH ame 6aq1JJIH, m;o B TOH qac, RO.iIH x = a, TO 

y = b ± r' a KOJIH y = b' TO x = a ± r. 
ToMy aHatIHHKH x i y .~ 6y.rzyTL MaTH no O)J;Hitt BapTOCTi 

JIHme y Toq1mx )J;OTHKY )J;O KBa]J;paTy Li L2 La L4 • 

[IJ;e CaMe )J;OBOAffMO ii 6eanocepe)J;HLO' 60 KOJIH: 

(y-b) = r i (x-a) = r, 

1) ± (y-b) = r, a6o y = b ± r J 
2) ±(x-a)=r, a6o x=a±r 
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§ 27. ~eHTpOBe piBHaHH.H KOJia. 

PoarJUIHeMo BBIIaAOK, KOJIH KOJIO JieanITh CBOiM l\0HTpoM 
y 11011aT:ny BH8H&1IHHX oceit. 011eBHWIO, ~o TOAi 8Ha1IHI·IHll 

l\eHTpa: a= o, b = o, a TOMY piBHaHHH M&THMe BBrm1~: 

v Te caMe piBHaHHH Mmirna o~ep

maTH 6earrocepeAHhO (puc. 7 4) a TPll
KYTHJrna OMK, np11cTocoeyroqa Teo

peMy IliTaropa: 

OK2 + RM2 = OM2, a6o: 
x2 + y2 = r2 

I.J;e piBHaHH.a Mae HaaBy ~enTpo

eoro pieuaHHn KOJia. 

PoarJIHHeHi H&MH ABI «f>opMH piBH&HHH KoJia (ocHOBHe ii 

l\eHTpoBe - e ro.rrOBHimi. 

AJie m ara;L\aeMo ~e KIJihKa HHIIIBX cpopM piBHaHHH KOJia, 
~o ]zyme apy11ui AJIH BiRHBaHHH ix npn poaBnaaHHlO 3a;Lla1I, 
a caMe: 

06BOAOBe (eepmKOBe) piBHSHHJI. 

IJ;10 HaaBy Mae piBuaHH.H :noJia, ~o iioro o6Bi~ npoxo

AHTh 11epea no11aToK KoopAJIHaT. 

1-u eunaao~. 

IlpnnycTiM, ~o l\eHTP KoJia A He .rremHTh HI Ha OAHii1 
a oceii. (PHc. 75). 

ToAi a TpHKYTHHKa OAK Ma6MO 
r2 = a2 +bl. 

BcTaBHBIIIH ~10 BapTiCTh r2 B ocHOBHe 
plBHaHH.H KOJia, MaeMo: 

(x-a) 2 + (y-b) 2 = a2 + b2 , a6o: 

x2 -2ax + a2 + y2 -2by + b2 = a2 + b2 

) 
j 
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3ei~~ Ma6MO: 

x2 -2ax + y2 -2by = o 
a6o: x(x-2a)+y(y-2b)=o ...... (52) 

Qe pieHaHHH Mas uaaey aara.JILHoro oouo~ouoro piuua11ex" 
KOJI&. 

y 

l\oJIH HOJio, ~o i1:oro o6ei~ nepexo;rutTL qepea noqaTon· 
1wop~HHaT (puc. 76) MM~ ~eHTP a6o Ha oci X - iB [ A ( a,o) ] ~ 
a6o Ha oci y - ia [ B ( 0 ,b) ] ' TO BCTRBHBllilI B aaraJibHe: 
o6eo~oee pieHaHHH, aaMiCTb aHawH:niB ~eHTPY :noJia a i b y 
nepmoMy e1ma;r(HY aHaqHJIRH A (a, o), MaTnMeMo: 

x 2 -2ax + y2 = o . . . . . . ( 53)' 

ooeo;zi;oue piuuauua ui~eceue ;zi;o oci X - ie, a B ~yroMy· 
BHDaRKY' BCTaBHBIDH B Tem aaraJILHe piBHaHHH BHaqmrnn:. 
B(o, b), MaTHMeMo: 

x2 -2by + y2 = o . . . . . . ( 54)' 

ofiuo;zi;oue pieuauua, ui~eceue ;zi;o oci Y- ie. 

B np a BH. 

11 - 133. H aKpecAumu 1w.aa, UfO Ma10mb pzBna1ms : 

1) (.x-3) 2 + (y + 4) 2 = 36; 

2) x2+y2=9; 

3) x2-6x + y2-8y = O; 

4) x 2 -10x+y2 =0; 

5) x 2 -6y + y2 = 0. 
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Y B02a : P ieuaunR 3) e o6eoooee euz.ri.,q,oy: 
x (x-2a) + y (y-2b) = 0, 

. a mo.My q,enmp l'i,O.rta .Mae ana"lnu~u a i b, a .riy"l twao e aiooa.n,enna 
mo't,;u, A (a,b) Bio 0 (o,o). PiBnam-tR 4) i 5) me:>1c o6eoooei 
.i qenmp ijUX 1WJt Jte:HCUlnb Ha OOHiU 3 OCeU. Jly"li Jli,OJta 06-
"lUC./f,JUOmbCR ia CO'lUHltU1'iB cepeonix 1/,./1,eHiB. 

q -134. H anucamu piBnannR ~oA, UfO .Ma10mb q,enmp A 
i AY'l r, 1w.riu: 1) A ( 0, 0) , r = 4; 2) A (- 4, 0) , r = 7; 3) A ( 0, 5) , 
.r=5; 4) A(3,4), r=6;5) A(-4,-6), r=3. 

q - 135. Hl'i,e no.rio:»cennR, aaARono xo.1ta: (x-3) 2 + 
+ (y + 4) 2 = 36, moWJJi,: 1) A (-4:-4); 2) B (5,1); 
3) c (3,2). 

q-136. H anucamu pienann11 Ko.rta a 1ty'le.M r = 5, ~o.riu 

lfenm p uoeo: 
1) Jte:»eumb na oci Y- ie i .Mae eiooa.1tenn11 eio no"tam;.,11 

oceu: a) y=6 6) y=-5. 
2) .rie:>1cumb na oci X - ie i .Mae aiooaJtenwi eio no'lamlit'Y oceu: 

.a) x=-4 6) x=3. 
3) Jte:>ICUmb B mottq,i (6,4) 

q -137. H anucamu pienann11 xo1ta, UfO : 
1) oomUKa6mbC.1t 00 oci X- ia 8 mo'lq,i: a) x = 3, 

. b) x = - 5 i .Mae AY1l r = 5; 
2) oomu~aembcR oo oci Y- ie e mo"lqi: a) y = -2, 

· b) y = 2 i .Mae AY"l r = 3. 

q-138. H anucamu pi6HallH,.,q, 1i,O/f,ll .1ty1ta r = 5, oomU'lHOZO 
· oo o6ox oceu paaoM ( eci 4 eunaolitu) 

q-139. IlpoaHaAiayeamu piena.11,11,.11, Jli,OJta x2 + y2 = r. 

q_ 140. Ilepemeopumu a ocnoeny <fiopMy pienannR KOJta: 
1) x2 +y2 +4x-8y-16=0; 
2) x 2 + y2-2x-4y-20 = O; 
3) x 2 -y2 -3y-4 = 0. 
Y 8 a 8 a: mpe6a 1.fUM pi8Hll1t1t.'1,M oamu <flop.Ky: ( X - a} 2 + 

.-(y-b}2 =r2 • Hanp: pienann11 x2 +y2 -6x+ 4y- 12 = 0 
.,1iepe11J-eop10embcR mal'i,: 

(x2 -6x) + (y2 + 4y)-12 = 0 
(x2 -2.3x + 9)-9 + (y2 + 2.2y + 4)-4=12 

a6o: (x-3) 2 + (y + 2) 2 = 25 
a moMy: (x-3)2 + (y + 2;2 = 52. 
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§ 28 • . A.Jireopu1111a (»opMa piBH8HHH KOJia. 

RoiKHOMY OCHOBHOMY pisnaHHIO n:o.rra nyme JierKO naTH 
aJire6pHqHy cpopMy. .IJ:Jrn ~1>oro nocHTh nepese_cTH aaaHatfeHi 

B HbOMY nii i apo6uTJI aseneHHH CXOiKlIX tfJieHiB' Harrp.: 

(x-a) 2 + (y-b) 2 = r 
x 2 -2ax + a2 + y2 -2by + b2 = r2 

YnopH;n;Kosy10t1H lioro, MaTHMeMo: 

x2 + y2 -2ax-2by + (a2 + b2 -r2) == o. 

Qe i 6 aJire6pHtfHa cpopMa piBHaHHH ROJia. 

IIJ;o6 ;n;aTH ~e 6iJihlli aaraJibHHH BHrJIHn, IIOMHOiKUMO sci 
1IJI0HH o;n;epmaHoro piBHaHHH Ha HKHH He6y;n;o J:(OBiJibHHH ll.HH

HI-IK' Harrp. Ha 'Ji,. 

To;n;i MaTHMeMo: 

TI pm1ycTiMo, ~o BHCJii~ ;n;iii: 

1) a;n;o6yrKy: -2. a. n, 6y;n;e p, ce6To: -2aJ; = p; 

2) a;n;o6yTKy: -2. b.,; 6y;n;e q, ce6To: -2b1i, = q; 

3) cyMn fi a;n;o6yTKy: 11.( a2 + b2 - r2) 6y;n;e s, cc6To: 
li,( a2 + b2-r2) = s. 

a6o: 

To;n;i Harne pieHaHHH .MarnMe aaraJibHH:ii nurJIH;n;: 

1i,X2 + h7J2 + px + qy + S = 0 • • • • • • ( 55) 

lJ UC.ti08UU npu'Ji,.tiao: 

(x-J)2 + (y + 2) = 25/4. 

x 2 -2x-1+y2 +4y + 4- 25/ 4 = o 
x2 + y2 -2x + 4y- 5

/ 4 = o. 

IloMHOiKHBllIH Bee piBHaHH.fl Ha lillHHHRa 4 ( ce6To 3B1Jlb

HHBIWI :Horo Bi;n; 8HaMeHaTeJIH), 6y;n;eMO l\taTII: 

4x2 +4y2-8x+16y-5 = o 

Qe fl 6y;n;e piBHaHHH KOJia B aaraJibHiH aJire6pHtIHiH 
tPoPI\nI (piBHRHHH ;n;pyroro CTyniHH). 
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Tenep nocraBHMO ··co6i n:eTaHHH: npH HKHX yMoeax a.Jire6-

puqHe piBHaHHH ;a;pyroro CTyniHH' ~o Ma6 aaraJibHHH BHrJIHA: 

Ax2 + By2 + Gxy + Dx + Ey + F = o 

MO/Re 6yTJI pieHaHHHM IWJia? 

,ll;JIH I..J.hOro nopiBHl06MO u.e piBHaHHH a piBH8,HHHM KOJia,. 

HKOMY l\rn HaAaJIH aaraJihHY aJire6pHqHy «f>opMy, ce6ro a pie
HaHHHM: 

KX2 + J£y 2 + px + qy -t- 8 == 0. 

3 ~Loro nopienannH MH 6aqHMO, ~o: 

1) A == h, i B == 1i- (Ae 1i- 6 AOBiJihHe tIHCJIO) ce6ro A = B. 

2) B aaraJihHiii aJire6pMt1Hiti «f>opMH piBHaHHH KoJia H& 

icnys Toro qJiena, ~o Mas 3Ao6yrroK xy, ce6ro C == 0. 

0Tme, iqoo .nKe ue6rni. aJire6p111111e pienaHHa p;pyroro CTY
niJu1 MOrJIO oyr:u piBHSHH.HM KOJIS KOH'le Tpeoa: 1) IqOO C01J11.H
HHKB Dpll p;pymx CTYIIiHHX HeBi)J;OMHX oyJIH O)J;HSKOBi i 2) IqOO· 
CO'IJlllHBK np:u ap;o6yrKOBi HeBi)J;OMllX 6yn piBH:uit a HyJieM (iqoo· 
piBHSHHSI He MWIO 'IJieHa Bi B)J;OOYTKOM HeBi)J;OMDX). 

ll(o6 ~i YMOBH 6yJill TaKOiK i BHCTapqaJibHHMH rpe6a 6yAe· 
;IJ;OBCCTH' 11.\0 KOJllI aaraJihHe aJihre6pHtIH0 piBHaHHH ;z:q>yroro
CTyniHH Bi;n; ;IJ;BOX BMiHHHX ni;n;JIHrae iM' TO BOHO 6 aaBiK;IJ;ll 
piBHaHHHM HKOro He6y;a;b KOJia. 

,ll;JIH I..J.hOro aJire6plfllHe piBHaHHH: 

Ax2 + Ay2 + Dx + Ey + F = 0 

nocrapasMOCH rrepereopHTH no aJire6pMtIHOi: «f>opMH prn
HaHHH HOJia, ce6To ;a;o BHrJrn;n;y: 

ltX2 + hfj2 + px + qy + 8 = 0. 

Ilo;n;imIBmll l\Oif\He 3 I..J.HX piBHaHh Ha o;a;HaKOBOro coq11H

HHKa HeBi;IJ;OMlfX y ;z:q>yroMy cryniHIO' MaTHMCMO: 

12) x2 + y2 +_E_ x + .!!_ y + _!_ = o 
1f, ,~ Ji, 



OT me Tpe6a, ~06: 

D p E q F 8 
--- - 1-=-
A 11, A .,.,, A Ji,. 

BcTaBHBIIlH uapTOCTH p, q i s MaSMo: 

(3) 

D - 2a~ D 
-- -=-=-2a 

A "h A 
E - 2b1; 

- -- = -2b 
A 
F 

Ji, 
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A 

R(a2 + b2--r2) 
------- = a2 + b2 -- r2. 

Ji, 

QqeBH)J;HO' ~o piBHaHHH ( 1) TO)J;l Jlllllie. nepeTBOpllTbCH B 

()CHOBHY <f>opl\IY pi.irnaHHH KOJia, KOIDI MH a piBHOcTeii (3) 
3MOiRHMO peaJibHO o6lJHCJIHTH smaqmu~H n;eHTPY KOJia a i b' 
.a Ta1mm JIYtJ iioro r. 

.3 piBHOCTeH (3) MaSMO: D 
b =-

E 
a=-= -

zA 2A 

F 
r2 = a2 + b2-

A. 
A6o, BCTaBHBIIIH TIJibKll ID;O Bll8HatJeH1 BapTOCTH a i b, 

y BH3HalJeHHH r 2 MaTHMeMo: 

n2 E2 l(' 
r2 == I 

4A 2 I 
4A 2 A. 

3B~QH: v n2 E2 F 
l v D2 +E2 -4AF r- _L 

4A 2 
I 

4A 2 A 2A 

BapTOCTH a i b (a TOMY ii ~eHTP KOJia) ICHYIOTb aaamw1, 

D E 
60 )J;p06Jf: - ·, --- 6 aamrrH peaJibHi B0JIHlJHHH. TTTom 2 A 2 A f', .LL\ 

TOpl\a6TbCH BapTOCTH r, TO BOHa 6y)J;e peaJibHOIO JIHme TO~l, 

ROJUI BHpa3HHn ()J;icKpiMiHaHT): D 2 + E 2 - 4 AF > 0. 
TaRHM lJIIHOM :nomHe aJire6pHtIHe piaHaHHH )J;pyroro cTy

niHH, ~o aa)J;oBOJibHH6 yMoBi: 

1) piBHOCTH COlJHHHHKiB npll )J;pyrIIX cTyniHHX HeBi)J;OMl'IX 

i 2) Bi)J;CYTHOCTH lJJieHa ai 8)J;o6yTKOM HeBi)J;OM~X, 
G piBHaHHHM l\OJia JIHme TO)J;i, KOJIH B11paam1R: D 2 + E 2 - 4AF > 0. 
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AJic, ~06 yaaraJibHHTll Qe TBCp):(iRCHHH, BBama10Tb, ~o~ 

1) ROJU{ BHpaBHHK: D 2 + E 2-4 AF= 0, TO QC 6 KOJlO 

a ny JICBHM JIYtJCM ( cc6To TOtJRa); 

2) ROJIH BHpaBHHR: D 2 + E 2 -4AF < 0, TO QC IWJIO 3 

YHBHHM eytJcM, cc6To y.RBHC :no.TIO. 

TaKHM 'lfiIHOM, npn Ta:nnx yMoBHHX BHBHatJCHHHX MOiRHa 

TBepAJITH' ~o: 

Romne ureop1111He piBH3HHH Apyroro CTyIIiHH, ~o iunc
piBBi C011l1HBBKB 11pu Apyrnx CTYIIUUIX neBiAOMBX i ne Mae 11~eHa 
ai 3AOOJTKOM HeB~OMllX, e pinnaHHH BiJ:{HOBiAHOro KOJia. 

llpuK.1ta8 I. 

5 

2 

1 l/-3) r = 
2

A D2 +E2-4AF= 

1 v 1 = 4 62 +102 -4.2.9 = 4 8 = 2. 

TaKBM 'IHHOM, pieuaHHH (I) o6epTa6TbCH B piBHaHHH: 

llpuKJCafJ II. 

~aHo piBHaHHH: x2 + y2 -4x-2y + .5 = 0. 

~e 6 piBHaHHH .KOJia, 60 C01JHHHHKH rrpu x2 Ta y2 6: 

OAHalWBi, 1JJieHa ai 8.t(OOyrKOM xy He icHys. 

Ilo):(.HBHMOCb, HRe ROJIO BH8Ha1Ja6 QC piBHaHHH, a ):(Jiff 

"'horo poarJIHHCMO BHpaBHHK: D 2 + E 2 - 4 AF. 

D = -4 ,· E = - 2; F = 5 ; A = 1, TOMY 

16 + 4-4.1.5 = 0. 
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0Tme, ~e KOJIO HyJienoro Jiy11a (Toqua). 3naii~eMo aHaq-

mnm ~iei ToqKJ1: 
-D 

a=--
2A 

E 
b=--- -

2A 

-4 
--= +2. 

2.1 
-2 
-- = + 1. 

2.1 

TaKHM 11HHOM, aHa"llUfKH TOttKH-~eHTpy: A (2,1). 
PiBBaHHH J..\bOro KOJia - ToqKJI 6y~e: 

TI p 11 Mi T Ka. IlepeHicmH oci pinHooiamo coGi B T0-1my A(2,1) ,_ 
OAepmHMO HO Bi aHaqnHim: 

E=x-2 i 1J=y-1. 

TaKHM ttHHOM, piBHaHHR (x-2) 2 + (y-1) 2 = 0 nepeMiHHTLCR· 

na piBHaHHR: 

nOJill ~ = 0, 'YJ = 0, TO ~e piBH30Ilfl CTa6 TOTOif<HiCTIO, tt 6 piB

llaHIIRM Toq1rn-no11aTKy oceii. 

llpuuaa Ill. 

x2 + y2-6x-4y = 38. 

PiBHaHHH CIIOBHI06 nocTaBJieHi yMOBH ii TOMY e piBH&H- · 

HHM KoJia. Poarn:11neMo, rqo ~e aa KOJIO? 

BHpaaHHK: M=D2 +E2 -4AF =36+16-4.1. 38= 

= - 100; r = 
2
: V JJf = 1/ 2 • JOi = 5i. RoJio y11BHe a ~eHorpo111: · 

&60: 

-D 6 E 4 
a= = -=3; b=- = -=2. 

2A 2 2A 2 

PieHaHHH KOJia: 

(x-3) 2 + (y-2) 2 = (5i) 2 

(x-3) 2 + (y-2) 2 = -25. 

ByAeMo H&aHBBTH TY (»opMy urefipu11Horo piBuBHHa BOJia,. 
iqo Mae C011HHHHBOM npu JQ)yrHX CTyniHHX HeBiAOMOrO O~B~IO,, 
ynopHAJCOBBIUDI &JirefipH11HHM piBH&IDUIM KOJia. 3ar&JILHBI BB· -
rHHA ynopaAJ'OBaRoro BJirefipB'IHOro piBHaHHa KOJI8 fiyAe: 

x2 + y2 + Mx + Ny + P = o . . . . (56) 



·112 

-~e: D T E . F 
M = - ; ~ = - I p = -· . 

A A A 

A qepea Te aMiHHHRH OCHOBHoro piBHaHHH ROJia BHBHa

' qa10T1>CH qepea cotIHHHHRH yrropH~RoBaHoro aJire6pu1111oro pie
HaHHH Tai\: 

D M E N 
.a=-

2
A === - 2 ; aHaaornqHo: b = - --- = - -- . 

2A 2 ' 

------------
r = 1/ (- _!!_) 2 + (-~} 2 _ _!:_ -

2A 2A A 

= V{- ~ }2+ (- ~ r-P = ~ v M2+N2_4p 

[RoJio s npaB~Hee, a6o peaJILHe, KOJUI M2 +N2_4p > O; 
KOJIO s HyJieBoro Jiyqa, KOJIH M 2 + N 2-4P = 0 i ROJIO 6 

YHBHe, ROJIH M2 + 'l\T2 - 4 P < O]. 

0Tme Baopu aBe~eHHH pIBHaHHH Rona a anre6pnqaoi 

·-WoPMH ~O OCHOBHOi 6: 

llpu~Jtao 

M 
a=-y 

b = - ~ . . . . (57) 
2 

PiBHaHHH KOJia: x2 + y2 -6x-4y + 4 = 0. 

]Jf -6 
a=---=---= 

2 2 
3 

N -4 
b=---=---=2 

2 2 

· .r = 1
/ 2 V M 9 + N 2 - 4P = 1/ 2 V 62 + 42 - 16 = 1/ 2 V 36 = ,1 
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3a~aqa 11. 11. 

CKJiaCTH piunaHHH KOJia, iqo nepexo~BTL 11epea Tpn aara

J];8Bi T011KH: A(x1, Y1) B(x2, Y2) i O(xs, Y1)· 

PoaaRaaHHR. 

BiahMiM aaraJlhHe (yrropHAKOBaHe) aJ1re6p1P1He pieHaHHH 

imaa: x2 +y2 +Mx+Ny+P=O ...... (A). 
QqeBHAHO, ~o pieHaHHR (A). 6yAe JIHme TOAi pieHaHHHM 

~aHoro KOJia, KOJIH B HbOMY niA6epeMo TaKi BapTOCTH HeBi

~OMHX (AoBiJ1hiu1x) collHHHHKiB JU, N i P, ~o rrpH HHX BHKO

HyeaTHMyrbcH yMoei rrepexoAmeHHH Qhoro ROJia 11epea TPH aara

~aHi TO'IKH. AJie, B TaKoMy BHnaAKY aua'IHHKH D;HX TO'IOK 

MYCHTb o6epTaTH piaHaHHH AaHoro ROJia [ ce6ro, piBHaHHH (A) ] 
y TOTOif\HlCTb. 

ToMy Ma6MO TPH piBHOCTH: 

x1
2 +-y1

2 + Mx1 +Ny1 +P=O) 
x2

2 + y2
2 + Mx2 + Ny2 + P = 0 . . . . (B) 

x3
2 + y3

2 + Mx3 +Ny3 +P = 0 

Qi piBHOCTH ( B) HKpaa i CKJlaAalOTb CHCTeMy TpbOX piBHaHb 

ia rpboMa HeBiAOMHMH M, N i P, ~o ix BB·PTOCTH, HR MH 

BiKe aaaHaqaJIH' Tpe6a BH8HaqaTH. 

He· 6yJJ;eMo poaeaayeaTH l.\IO cncTeMy B aaranLHOMY FHrJIRJJ;i, 60 
poaBR3RH Ayme c1maJJ;Hi, TPYAHi ;z:to aayqyeaHH.JI it He MaIOTh maJJ;HO"i 

npaRTUtIHOi'. BaproCTH, 6o B KOiKHOMY OKpeMOMY BHnaAnY, QIO CHCTeMy, 
RHO cncTeMy nepmoro cTyniHR, JJ;yme J1er1w poaBaaaTH. (Ilpu BiJJ;noniAnnx 
8BeJJ;eHHRX n~~ poaaaaauu, qa npa1~a He 6inhma BiA 6eanocepeJJ;HhOI 
HCTamm naprocTeA aHat111HKiB y aaraJILHi c1maJJ;Hi naopn). Honn nnaHa
'llUfO a CHCTeMn ( B) eapTOCTH aMiHHHKin M, N i Pi ncTaBHMO i'.x n 
pinuanua (A), TO OAepmHMO anre6pnqHe pienaHHH 1rnna, ~o nepexOAllTh 
-qepea TPH Aani TOlrnH. 0cTaHH6 pieuamm npn noTpe6i Mo;1rna nepeTBo
pnTn B OCHODHe -

IIpuJ£.:iaa. 

C1-~:1acTu pieHanun 1\-0Jia, 11.\0 nepexOAHTh tJepea Toq1rn: A (-3, 3), 
B(6,6) i C(2,-2). 

3araJILne anre6putm~ pinuau11a KOJia: 

x2 +y2 + Mx +Ny+ P= 0. 
3 HbOro MMMO CHCTeMy: 

(-3J2+ .:;2+1J1I(-·3)-f-N.3+ P=O 
62+ 62+M.6 +N.6+ P=O 
22 + (- 2) 2 + M .2 + N (- 2) + P = 0 

Hype aaaniTR'lHO! reoMeTpii'... lnaIIeww 8 
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a6o: 18-3M+3N+P=0 
72 + 6M + 6N + P = 0 
s+2M-2N+P= 0. 

Bi;a;Jii,nrnwu no'IJieHHO TpeTG pinHaHH.R n nepmoro, M3THMCMO·: 

10-5M+5N=0 a6o: l'rf-N=2. 

BcTaBJI.RIO'IH B TpeTG piRHaHHR 2(M-N) = 4, o;a;epmyGlfO: 

P=- 12. 

'foMy ;a;pyre piBHaHHR npn1hte BllrJIR;D;: 

AJie M+N=-10 

0Tme: 

M-N= 2 

1l1=-4; N=-6. 

'fal:UU.f 'lV..HO?tl aJireopH'IHe piBHaHHR HO.TJa 6: 

x2 + y2-4x-6y-12 = 0. 

IlepeTBOpHMO i:toro B OCHOBHe ~ 

M N 
a -- -- -9· b=--- = 3 - 2 -- , 2 

r = 1/2 V .M2 +N2_4p =1/2 V 16 + 36 + 48 = 5 

0Tme OCHOBHe piBHaHHR KOJia, ll\O nepexo~HTb qepea ;a;ani 'f0111Uf 

A, B i C 6y;a;e: 

Bnpanu. 
'CJ-141. llepemBopumu 6 OC1W6HY fPOPMY ptBHQHH.n IW.1ta: 

1) x 2 +y2 -6x+4y-3=0; 
2) 18x2 + 18y2 -12x + 18y-11,5 = O; 
3) x 2 -8x+y2 =0; 
4) 4x2 + 4y2 -8x + 48y + 99 = 0. 

'CJ-142. C'lhltacmu pi8Hamu1 Ko.1ta, u10 nepexooumb 'lepe3' 
mO'l"KU: 

1) A (2,-3), B{5,-l} i C(4,3); 

2) A (0,0), B (3,-1) i C (8,4); 

3) K(8,5), L(-6,7) i R(-10,-1). 

'CJ-143. C1Wtacmu piBnanna Ko.1ta, U¥J nepexooumb 'lepe:1 
mO'llWJ A ( 4:2) i oomu~aembC.R, 00 o6ox oceu. HapucyBamu l{e IWAO. 

Y 6 a ea: naf1.ttinwe 1'opucmamuca ocno61-tu.M, piBnanHJJA' 
( aHa'l1-tU1'U 1-fe1-tmpa a = r, b = r) 

[ 2 poaBaa~u: 1) x 2 + y2 -4 (x + y) + 4 = O; 
2) x2 +y2 -20 (x + y) + 100 = 0 l 
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§ 29. BaaeMIIe noJiomeHHa KOJia ii npocroi. 

RoJio iI npocTa MomyTL 6yT11 JIHme y Tpbox Baa6MHHX 

no.aomeHH.RX: 

IlpocTa Mome 1) nepexpenzyBaTH KOJio, 

2) AOTHKRTHCH AO Hboro, 

3) He nepexpenzyeaTH i He AOTHKaTHCH AO 

HhOro (MHM06imHa HOJia). 

PoarJI.RHeMo Ti npHKMeTH, m;o xapaKTepnay10Th Romae a 

l.\HX IIOJIOiK0Hb npoCTO i. 

IloBeAeMo 11epea ~eHTP AaHoro KOJia KOOPAHHaTHi oci ii TOAl 

pieHaHH.R iioro 6yAe: 

KomHa npocTa: 

y=mx+n (BJ, 

~o cT11Ka6TbCH a :noJioM, MYCHTb MaTH xoq OAHY cn1JILHY 
a HHM TOllKY M. 0Tme, aHallHHKH ~iei TO'IKH o6epTaTJIMYTb 
B TOTOHmiCTb O;r.\HOllRCHO piBHaHHH o6ox i KOJia ii npocToi, 

a TOMY 6yJcyTL poaBHaKaMH CHCTeMH, m;o CKJiaAa6ThC.R ia ara

~aHHX pieHaHh (A J i (BJ . 

PoaB.RiKeMo ~10 cucTeltly: 

x2 + y2 = r2 } 

y=mx+n 
(BJ 

BcTas1rnnm B nepwe pisHaHHH eapTiCTb y a Apyroro t 
MaTHMeMo: 

x2 + m2x2 + 2mnx + n2 = r 2 

a.60: (1 +m2) x 2 + 2mnx + (n2-r2J =0 (I')' 

A TOMy: 

X= 
-mn ± V r2 (1 +m2J- n2 

1 +m2• 

3HalJHHK y OAepmy6MO 8BHlJaitHOlO BCTaBHOIO BapTOCTH x 
y pieuaum1: y = mx + n. 
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~OCJii~HMO o~epmawdi poaBHSOn x. 

BupaaHHR (~icRpiMiHaHT): D = r 2 (1 + m2) -n2 MOmHa nepe

TBopnTH TaR: BCTaBHBIDH m = tga (TaHreHC RJTa CIIaAy rrpocToi), 

MaTHMeMo: 

a6o: D = r 2 (1 + m2) --n2 = -n2 

1) KoJIH D > 0, TO x, a paaoM 1 aHa111111R y MaIOTb no 
ABI BapTOCTH' ce6To npocTa nepexperrzys KOJIO B ABOX TQqKax 
1 6 iioro ci1111oro. 

2) KoJin D = 0, To x, a paaoM 1 aHa'CJHHR y, MaIOTb no 

OAHHi BapTocTi, ce6To rrpocTa 6 JtOTll'lllOIO KOJia. 

3) KoJIH D < 0, To aHal{}mK x, a paaoM i y He MaIOTh 

maAHOi peaJibHOi BapTOCTH, a TOMY npocTa He Mas cnIJibHHX 

ToqoK a ROJIOM: BOHa npoXOAHTb rroaa H'.OJIOM (MIDIOOiama 
~o KoJia). 

VHBiMO Qe reoMeTpHqHo ii AJIH Qboro A a Mo HepiBHOCTHM: 

r2 > D= -n2 = 0 
cs2 a < 

~yrHfi BHrJIHA, a caMe: 

r2 > r > n2 SBI~D;U: - n 
cs2a ' < cs a < 

a6o: 
< ncs a r. 
> 

~aJli o6qHCJIHMO sapTiCTb SAo6yTI\y: ncs a. 

3 TJlHKYTHHKa HBO (pHc. 77) Ma6MO: d = ncs a. 

TaKnM qu:HoM, eupaa ncs a 6 BiA,I~aJieHHH rrpocToi y=mx + n 
BIA QeHTPY nOJia ii TOMy: . 

1) KOJIH BiAAaJieHHH npocToi (aanp. L 1) niA QeHTPY :noJia: 

ncs a < r' a6o d < r, TO rrpocTa 6 Ci11HOIO KOJia (Ma6 3 KOJIOM 
~Bl To~rnn nepexpecTH M 1 Ta l'rf2). 
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2) RoJIH BiAAaJieHIDI npocToi (Hanp. L 2) BiA ~eHTPY ROJia: 

ncs a = r, a6o: d = r, To npocTa 6 )J;OTH11HOIO 'KOJia (Ma6 OAHY 

TOtJRY nepexpecTH Af). 

3) RoJIH BiAAaJieHHH npocToi {Hanp. L3 ) BiA ~eHTpy KOJia: 

ncs a > r a6o d > r, TO npocTa 6 MHM06imuoro ROJia ( ce6To 

He Ma6 maAHOi cniJILHOi TOtJKH a KO.!IOM). 

-x 

_y· 

flpuK.tiaa. 

B 111t0My nonomeHHIO arJIHAHO HOJia x 2 + y2 = 9 JiemHTb npocta: 

y = x +a? 

01IeBHAIIO. ~o tg a = 1, a TO~y a = 45°. 3DiAqH: d = ncs a = 

av2 
= acs 45° = ---

2 
0Tme' HOJIH: 

1) a v2 
2 

< 3, (r = 3), a6o: a V .2 < 6, TO npocTa e citrnoio Hona: 

2) HOJIH a v2 = 6, TO opOCTa 6 AOTHqHOIO; 

3) HOJIH a v2 > 6, TO npOCTa 6 MHM06iiHHOIO HOJI8: 

· BHcnOBHMO Qe ~e HHaHme: 

nOJIH a = 3 v2 , TO a v2 = 6. 

Ta1tHM 11HHOM: 

1) ,[(JIR BapTOCTeit a, MeHmHX BiA 3 v2, npocTa y = X + a f>yAe 

citrnoro 1tona • , 
2) ,[(JIR BapTOCTeit a, 6iJILDIHX BiA 3 v2 , npOCTa y = x + a 6yAe 

MHMOOiiHHOIO HOJia, i uapeWTH: 

3) Honn BapTiCTL a = 3 v2, TO npocTa y = x + a 6 AOTlfllHOIO 

AO HOJia x2 + y2 = 9. 
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3aiJa'la. 

061111CJIHTB SHS'IHHKH cepewmu TJITHBH ii uanucarn pio
BaHB.H reoMeTpH1111oro ocepeA£y cepeAHH pieuooiamux AO uei 
TJITBB. 

IlpH11ycTiM, II\O Q0HTP ROJia JieiKHTh B 11oqaTKY oceit; TOAl 

piBHaHHH :Horo 6yAe: x 2 + y2 = r2. 

RoJiu HKa ue6yAh 11pocTa: y = mx + n 6 ciqumo Qboro 

KOJia, TO auaqHHRH 11epexpeCTH ii a KOJIOM 6YAYTh, HK 3Ha6MO, 

poaBHaKaMH pioHaHHH (r), a caMe: 

(1 + m 2
) x2 + 2mnx + {n2 -r2

) = 0, 

a6o: 
2mn n 2 -r2 

x2+ x + = 0 
1 + m2 1 +m2 

3 BJiaCTBBOCTH poaeHaKiB RBaApaToeoro p1BHaHHH Ma6MO: 

2mn 
X1 + X2 = - J + m2 ' 

~e X1 i X2 6 3HaqmfKH (eiATHHKOBi) ToqoK 11epexpe~eHHfl rrpo

CTOi y = mx + n 3 KOJIOM, ce6To 6 BiATHHKOBHMH KlHQlB BlAIIO

BiAHO! THTHBH . 

.A.ne MH 3Ha6MO, ll\O 3HaqlU:IKH cepe]];HHH BiATHHKa 6 ce

pe]];H6 apHTMeTHqHe aHaqHn:nie iioro RiHQiB, a TOMY BIATMH

Koea Xo cepeAHIDI ara]l;aHOi THTHBlf 6yAe pieHa: 

Xo = 
x1 + x2 mn 

2 
, a6o x 0 = -

1 +m2 

061111cJiil\1 pHAHi KiHQie THTHBll tt AJIH Qhoro, BCTaen:snnr 

BaprOCTH X1 i X2 B pieHaHHH rrpocToi, MaTHM0MO: 

Yi= mx1 + n 
Y2=mx2 + n 

Y1 +Y2 
Yo= 

2 
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m 2n + n + m 2n n 
Yo= - 1 +m2 1 +m2 

II(o6 CKJiaCTll prnHaHHH reol\leTplftlHOrO ocepeAKY cepeAHH 

piBH06iiKHHX THTHB' asepHeMO yeary Ha Te' ~o y BH3HaqeHHH 
·~maqmmrn cepeWIHM THTHBH: 

mn n 
Xo = - 1 + ,,,,,2 I Yo = 1 + m2 • • • • • • (A) 

nxo~HTh aMiHHHK n. A BIH 6 npHKMeT010 Toro, ~o ToqKa 

( x0 , y0) HaJieiKMTh JIIuue AO AaHoi THTHBH, 60 aMiHIOIOqj,J eap

'TOCTH n, 6yAeMo OAepiHyeaTH ece Hoei :A Hoei THTJIBH. (IJ;i THTJIBH 

piaHo6imHi, 60 MaIOTh OAHa:EiOBHH KYT cnaAy a = arc f{Jm). 

0Tme, aHatJHHKaMM cepe.IUIH ~HX THT.HB B aaJiemHOCTH 

Bin n 6yAyrb ~o paa eiAIIOBiAHO HHmi eapTOCTH x0 ii y0 • 

Rom-r MH a pieHocTeif (A) BHJiytrnMo aMiHHIIK n, To 

·OAepmHMO pieHaHHH, ~o 6yAe 3BH3YBRTH cpyHK~ioHaJibHO 3HatJ

H.HnlI x0 i y0 cepeAHH mepery pisHo6imHMX THTHB, HeaaJiearno 

BiA ix noJiomeHHH. A ~e i1 6yAe~ noTpi6HHM HaM, reoMeTp1111-

IDIM ocepeAKOM. 

3 Apyroi piBHOCTH (A) Ma6MO: n=yo (l+m2), a BCTa

·:OllBllil:I ~IO eapTiCTb aMiHHHRa n y nepme pieHaHHH, OAepmHMo: 

m.y0(1+m2) 1 
x0 = - ,a6o y0 =---x0 l+m2 m 

B AaHoMy paai aHaqHuK11 x0 i y0 cTaIOTb aMiHHHMH eeJIH

=iurnaMH (piBHaHHH rnepery TOtJOK) i, TOMY, MH HaAa:&m iM aeu

"Iaifae oaHa'leHHH AJIH aMiHHJIX eeJIHtJHH qepea x i y. 0Tme 

piBHaHHfl reoMeTpH'IHOro ocepe]];KY cepeAffH piBH06iiRHJIX THTHB 

-OyAe MaTH BHrJIHA: 

1 
y = -- - x. . . . . . . (58) 

m 

Mn 6a,n1Mo, ~o ~HM reoMeTpuqHnM ocepeAROM 6: 

1) npocTa (60 CRJiaAeHe piBHaHHH 6 pisHaHHH neprnoro 

10~yniHH' B KaHOHlltJHiii cpopMi). 
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2) ~o Q.R npocTa 6 npnM ~o T.RTHBH rroee~eHuii qepea H 
cepewrHy ( 60 K)7TOBHH 3MiHHHK 3HaM~eHoro pieHaHHH 6 eem1-

1Il1Ha o6epHeHa i Ma6 rrpOTHBHHfi 3HaJ~' rropiemo10qn 3 nyTOBHM 

3MiHHHROM pieHaHH.fl TJITHBH y = mx + n). 

3) Qe:il npHM nepexo~HTh qepea rroqaTOK KOOp~HHaTHHX 

oceif (60 pieaaHHH He Mas eiJihHoro qJieHa) i1 KpiM Toro qepea 

QeHTp KOJia. ToMy Qeil: ocepe~oK s nonepe1111mcoM KOJia, npHMOBHM 
µ;o pi.Buooimuux THTHB. TaRnii rrorrepet1HHR aeeThCH a~pymeHHM 

3 ;IJ;aBHMH T.RTHB8MH. 

Bu 11 pa Bu. 

q-144. 0611,ucAumu 80Bmu11,y mRmuBu KOAa x 2 + y2 = 100, 
KOAU a11,a11,11,uKu ii cepe8u11,u A ( 1, - 1). 

YB a r a: (c1wpHcTaT1tc11eaopa~m1vm x0 i y 0 -3uaqmrnie cepeivrnn Tfl
THDH. 3BiATH 0611HC.JlfICMO: m = 1, n = -2; piBH3HHR T.RTIIBH y = x-2 . 
.naJii auaXOAll.l\lO T011Kl1 nepexpe~eHHR it caMHit BiATHIIOK TRTHBII). 

q-145. 061lUCAUmu 8o6:HCUHY mRmUBU, ~o .Mae piBHaHHJI 

x-2y +2=0 

i H,Q,Jf,e:JICUmb ao ~0./1,a a .ay'le.M V5 i q,eHmpo.M ( 3,1). [ ei8n: 1,6 V5 J 
q -146. 0611,uuumu 8oemu11,y mRmue nepemu11,y : 

1) KO.!ta: x 2 +y2 =25 i npocmui: 5x--2y-7=0, 

1w,;ia: x2 +y2 -6x-4y+4=0 i npocmoi 3x+4y=12. 

q _ 147. 06'lUCAUmu ei8mUHKU 11,a OCRX KOopaunam, UfO 

meopumb xo.n,o x 2 + y2-5x- 7y + 6 + 0. 

(YB a r a: 6paTH no 11epai x = 0; y=O; llOMY ?) 

[ eian: P x = x2 - x1 = 1 ; PY = y2 - y1 = 5 ] 

§ 30. ~OTB1111a AO KOJia. 

I. PienaHH!t aomU'lHOi ao KO.Ila, noBe8enoi 1tepea a02a8a11,y 
m01lh'J 11,a 06808 i uoeo. 

IlpunycTiM, ~o AaHe KOJIO Mas Q0HTP B 11oqaTKY oceil 

it, TOMY, lioro pieHaHH.H: 
x2 + y2 = r2 . . . . . . (A) . 

3uaqm1KH TOtIKH' ~o JieiKHTh Ha o6BOAi KOJia I qepea HCi 

Tpe6a 11oeecTH AOTHtIHY, s M ( x1 , yJ. 
BiahMeMo aaraJihHe piBHaHH.fl npocToi e K&HoHHqHii1 cl>opMi: 

y=mx+n ...•.. (B). 
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QqeBJl):~Ho, I.I\O ~e prnHaHHH 6y~e pIBHaHHHM Hamoi AO

r1rqHoi JIHme TOAi, ROJIH MH BH3Ha.qHMO 3MiHHHKM m 1 n TaK, 

~06 pieHaHHH ( B) niAJIHraJio yMoBaM AOTHqaoi. 

l\omI MII poae11meMo pieaaHHH (A) i ( B) HKO cncTeMy, . 

TO O}l;epmHMO (HK Qe AOBe~eHO y nonepe,llHbOMY §): 

x = - mn ± V r 2 (1 + m2
) - n 2 

1+ m2 

Mu Bme AOBeJin, 11.\0 npocTa: y = mx + n 6y~e AOTH'tJHOIO -

B TOMY paai, ROJIH BHpa3HIIK (Aic:npiMiHaHT) 

D = r 2 (1 + m2)-n2 = o. 

ToMy, npupiBHHBmu V r 2 (1 + m2)-n2 }lO ffYJlH, OAep

iKllMO BiATHHKOBY Toq1n1 AOTHKY ill, ce6To. 

mn 
X1=-

J+m2 
. . . . (a) 

BcTaBHBIDH eapTiCTh x1 y piBHa.HHJI y = mx + n, o;i:tepmHl\IO:: 

m2 n n 
Y1 = - 2 + n = 1 2 • • • • • • (6) 

l+m +m 

HK ~o ~i BapToCTH x1 i y1 6yAeMo BBamaTH aa cnc

TeMy piBHaHb BrJIHAHO BMiHHJUdB m i n, TO p03BH88Blllli ii,. 

3Haii}l;eMO IlOTJ>i6Hi BapTOCTH m i n' ~o BiAIIOBiAaTHMY'fb pie

HaHHJO (BJ Hamoi AOTJfqHoi. 

3 ;lqlyroro piBHaHHH: Ma6MO n = y1 ( 1 + m2), a BCTaBHBWR,. 

D;IO BapTiCTb y nepme piBHaHHH (a)' MaTMMCMO: 

~aJii: 

my1 (1 + m2) 
x1 = - ------ , a6o: x1 = -my1 

l+m2 

X1 
m=---

Y1 

n=y1(l+m2)=Y1 (1 + :_12)= 
Y12 

r2 
n= 
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BcTaBHBIWI B pIBHaHHH (B) auaii~eui sapTOCTH aMiH
~HHKIB m i n, o~epiKHMO piBH8HHJI Jl;OTH11110i, IqO nepeXOAJITL 

,.,.rnpea aar~auy T011KY ua Koai, a caMe: 

X1 r2 
y - --· - x + - ' 

Y1 Y1 

.. a6o: XX1 + YY1 = r2 
• • • • • • (59) 

Cnocio uanucaaun piaHaHHn AOTequol, 11.\0 nepexoi:u1Tb •iepea aa~a

. nany TOlIHY M (XI ,y1J KOJia, Bi,D;3HatJeHOl'O pieHaHHflM D l\eHTpoain <I>opMi, 
·1:> Ta1mA: 

llumeMO u pieHaHHIO KOJia KB~paTH HeBiAOMHX, mm 3]lOOYTKll : 

xx+yy=r2 

.. O~Ull ia lJHHHHKiB KOiRHOro a,o;ooyTKY aaMiHI06MO Ha ni,o;noniAHHfi 3Ha'I
. 11 n H To•rnn M: 

XX1 + YY1 = r
2 

'{' 

P"'c.7& 

IIpunycTiM Terrep, ~o pieHanHH KOJia ~aHo B OCHOBHifl 
· <Pop1t1i: 

(x-a) 2 + (y-b) 2 = r 2 •••••• (A) 

Bia1>MiM uoai noMiqui 1mop):tHHaTHi oci ... X' Y', m;o MaIOTb 
noqaTOK B ~enTpi KoJia A (a, b) i 6 pieHo6iami ~o ~aHHx oceli. 
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To,u;i, HR HaM e1,u;0Mo, Baopn nepeTsopeHHH Koop,u;HHaT 

6y,u;yTh: 

x = x' + a ; y = y' + b 

RoJill nepeTsopHMO p1sHaHIDI ,u;aHoro RoJia ,u;o HOBHX Koop

,u;nHaT' TO MaTHMeMo: 

a6.o: 

(x' + a-a)2 + (y' -l- b-b)2 = r2 

x '2 + y '2 = r2 • . • • • . ( B) 

0aHa1IHMO aHa11mmu T01IKH ,u;oTJrn:y M B HOBHX Koop)lH-

' ' naTax qepea x 1 , y 1 

(Ae oqesu,u;Ho: x 1 ' = x1-a , y1 ' = y1 -b). 

PiBHaHHH ( B) 6y,u;e n;eHTpOBOIO cI>opMoro plBHaHH.fl 1mna, 

a TOMY p1eHaHHH JJ;OTM1IHoi, rroee)];eHoi AO Hhoro 11epea T01IKY 

.M (Xi ', y 1 ') 6y,u;e: 

Ilepeii,u;eMO Tenep Haaa,u; Bi,u; IIOMi 1IHHX J];O )];aHHX oceH: 

(A.ITH qoro BCTaBJIH6MO x' = x-a; y' = y-b; X1 1 =Xi-a; 
Yi'= y1 -b) i o,u;epmnMo 3Hoey nonepe,u;Hs ocHOBHe pism1HHH 
NO.Tia: 

(x- a) 2 + (y-b) = r2 

(x-a) (x1 -a) + (y-b) (y1 -b) = r 2 •••••• (60) 

Cnoci6 TBOpeHHll piBHaHHR AOTHllHOl AO KOJia, niA3HalieffOro D OCHOB

uiit <f>op~1i, Rn MH 6atIHMO, O]lHaROBHit AO nonepeAHLOrO. 

IlumeMo B piBHaHHIO l\OJia 1rnaApaTOBi CTyniHi }l;BOllJieHiB, J.1\0 Mi

CTRTb D co6i 3MiHHi' RHO 3A06yrHH : Hanp. AJIR piBHaHHR l\OJia : 

(x-a) 2 + (y-b)2 = r2, nmueMo: (x-a) (x-a) + (y-b) (y-b) = rZ 

i n O]T.HOMY a llUHIIImiB HO>KHOro 3A06yT1'a aaMiHI06MO 3MiHHY Ha ni,a;

noni,n;n11n: aHalJHHH TOlJHH M. 

(x-a) (x1-b) + (y-b) (y1-b) = r2 
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fl p u.wimKa : 

l{e piBHaHHR AOTHttlIOI MOiRHa 6yJio nuneCTH 6eanocepeAUiM poe
BnaaHll.fJM CHCTel\IH piaaaHb : 

IWJia 

i npOCTOI: 

(x-a) 2 + (y-b) 2 = r2. (I) 

(y +mx) + n ... (11) 

i 0611ucJieHmm JMiHHHRin m i n. IloAaGMO ~e:lt cnoci6 
IlepeTBOpHl\10 piBHaHHR y = mx + n TaK : BiAJiittHMO nm 
pinHOCTH {II) no (b +am) i pinnaHHR MaTIIMe DlfrJIJIA: 

a6o: 

(y-b)-am = m (x-a) + n-b, 

y-b = m{x-a) + (n + am-b}. 

poaDR8aHIUI. 
o6ox qacT1111 

Oaua1111Mo MHorottJieH ( n + am - b) qepea p. ToAi pinIIaHHSI npocTo.·i 
o;a;epiRHTb BllrJI.fJ;r:J; ~ 

y-b = m (x-a) + p ..... {III) 

B pinnannn (I) i {Ill) BBOAHMO IIOMitlH-i 3MiHHi: 

(x-a) =.:; (y-b) = u, 

i nicJIR Toro onepnmMo cHcTeMy pianam, :-

z2 + u2 = r2 } (IV) 
u=m~+P .... 

l{e 6 CBCTeMa iAeHTHttHa a ~eHTpOBOIO, 11\0 MH BatC p03BR3aJIHJ II 

TOMY 3 auanorii 6yAe : 

mp p 
'"'1- 1+m2 

A ani~: 

3HaAAeBi napTOCTH BCTaBJI116MO B piBHaHHJ1 DpOCTOI : u = mz. + p 
i O]];epmyGMO piBB8HH11 AOTH"IBOi : 

afio: 
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3aMiHiolOqH IlOMiqai 3MiHHi qepea i'.x n&.pTOCTi: z = x-a; u = y-b; 
::1 = x1-a; u1 = y1-b, MaTnMe~rn: 

(x-a) (x 1 -a)+ (y-h) (y 1-b) = r2 

§ 31. IlpHMOBR aoo HOpMaJIL. JJ;O KOJia. 

IlpHMOBOIO, a6o HOpMaJIIo aBeTbCH npocTa, ~o rrepeXO]:(llTb 

-qepea TOllRY ]:(OTlIRY rrpHMOBO ~o ]:(OTIPIHOi. IIJ;o6 HaIIHCaTH 

pieHaHHH npHMOBOl nOJia, Bi]:(HeceHoro ~eHTpOM )l;O IlOtJaTKY 

oceii, asepHeMo ysary, ~o npHMOBa i )l;OTHtJHa saasMHO npHMi 

i1 TOMY RyToBi aMiHHHRII ix 6 saa6MHO asopOTHi se .. TilltIHHH, 

npOTIIBHi CBOlll\III aHaRal\UI. 

Rom1 TOtIKa )l;OTHRY 6 M (x1, y1), TO prnHaHHH ROmHoi 

npocToi, ~o nepexo)l;JITL qepea ~10 TOtJRY 6: 

.3 piBHaHHH )l;OTHlIHOl Mil aua6MO, ~o ii nyTOBldi aMiH

X1 
HFIK ,m = - -- , TOMy: 

Yi 
1 Yi 

m1=--- = -
m Xi 

0Tme pisHaHH.H np.HMOBOi'. (aopMaJii) B TOtIQi M ( x1 , y1) 

ROJia, BiAHeCeHoro ~ellTpOM AO IlOtJaTI~Y oceii (pienaHHfl: 

x2 + y2 = r2), 6y)l;e: 

y-yl 

a6o: xyl = X1 Y · · · . · . (61) 

11Ho)l;i Qe piBHaHHH IlMlliYTb ~e B TaRiii <f>opMi: 

x y 
- = - ...... (62) 
X1 Y1 

PinuauHHM npHMosoi KOJia, eiAUeceuoro ~euTpOM 11;0 uo
'IBTKY oceii, e pieuicTL siAUomeuL sMiuuux pieuaHHH 11;0 B~
noei.Auux aua1111BKiB Toqsu 11;0TBKy: 

x y 
--=--
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RoJIII piBHaHH.R ROJia Aa6TbC.R e ocHOBHiit q.opMi: 

(x-a) 2 + (y-b) 2 = r2 , 

X 1 -a 
TO, nH yme AOBeAeHo, RYTOBHH aMiHHHK AOT:aqHo i s: m = - ---

Y 1 - b ,. 
a TOMY SMIHHHK 11l1 piBHaHH.R np.RMOBOi 6yAe: 

1 Y1-b 

l..Jepea Te plBHaHHH np.RMOBOi MaTHMe BllrJI.RA: 

a6o: (x1 -a) (y-b) = (x-a) (y1 -b) ...... (63) 

x-a y-b 
-- ...... (64) 
Y1-b 

a 3BlAQH: 

BucnoBo~. 

Ilp.RMOBa KOJia 6 Jiy11eM Aoro (nepexOAHTb 11epea QeHTJ> 

ROJia). 

B QbOMY TBepAmeHHI JierRo nepeKoHaTncH ae11qaiiH010 

BCTaBHOIO B piBHaHH.R npHMOBOi SHaqHHRiB ~eHTpa KOJia. 

§ 32. Buaua11eHHH pinuaHHs.c AOTH11HOi AO ROJia, none

~enoi a T011Kll no-aa KOJIOM. 

PoarJIHHeMo, HKHM qHHOM HanncaTH piBHaHHH AOTirtrnoi, 

~o nepexoAHTb qepea aa.raAaHy ToqKy no-aa KOJIOM. IlpHnycTir.t, 

IIJ,O Q0HTP ROJia BiAHeCeHO AO noqaTKY oceii; TOJ(i lioro piB

HaHH.R 6yAe: 
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Xaii aHatJHHKll aaraAaHoi'. TOtmH no-aa KOJIOM N ( x0 , Yo). 

QqeBHAHa pill, ~o ):(JUI Toro, ~06 HanncaTH piBHaHH.fl 

AOTHqHoi, KOpliCTYIOtilICb yme AOB0A0HllM cnoco6oM, Tpe6a. 

aHaiiTH aHatJH1un1 TOtIKH M ( x1 , y1) AOTJmy H AO KoJia. 

ByAeMo noKM - ~o BBamaTn TOtIKY lrl 
sa sara.I(aHy. PiaHaHHH AOTH1IHOi, n~o 

nepexo.I(MTb qepea TOtIKY Af, 6: 

xx1 + yy1 = r 2 • • • • • • (II) 

y 

~ .. ,.1 

.AJie u;n AOTHtIHa MYCHTb nepexo.I(HTII 

ii qepea TOtJKY N, a TOMY aHatIHIIKH 

ocT&HHhoi MYC.RTb aa.I(OBOJihHHTH prn

HaHHH (II) . 

I I ~~.,. 
( . ' ~ 
\, ) P.c.79. 

......_ _ _/ 

0Tme: x0 x1 +Yo y1 = r 2 • • • • • • (II I). 

RoJIH TOtIKY M ( x1 , y 1} Mll BaamasMo aa aara.I(aHy ua. 

o6BOAi KOJia, TO auaqnnKH ii MYCHTb aaAOBOJibHHTH tt pie

naHH.R (I), TOMy: 

AJie MH Jrnme THMtiacono npHnycKaJ111, ~o TOtIKa Af ( x1 , y 1 )'-

6 aara.I(aua. B AiiicuoCTH ~e e HeBiAOMa 11aM aMiHHa BeJIHtIHHa, 

a TOMY piBHOCTll (I I I) i (IV) e JIHme CHCTeMa piBH&Hh arJUIAHO:· 

neBiAOMJIX x1 1i y1 • 

Poau.RaaBIIIH ~10 CHCTeMy: 

XoY1 + YoY1 = r 2 

X12 +·Y12 = r2, 

r2xo ± V r'xo2-(r'-r2yo2) (xo2 + Yo2) 
X1 = ---~---------------

Xo2 + Yo2 
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IlicJIH nepeMHOil\eHHH ABOl!JieHiB' 3BeAeHHJI i! Bl!BOAY aa 

1rnp1Hb r y0 , MaTnMeMo: 

Ilpoaua.i:iayeMo poaBHaos :i·1 • 

XapaRTep poaeHaKy aaJiemnTh BIA eapTOCTH eHpaaHHKa 

~pieHaHHH (Aic:npiMiHaHTa): 

1) RoJin D > 0, ce6To x0
2 + y0

2 > r 2 , TO poaeHaKIB ABa, 

. ceOTO Ma6MO ABi T01IHII J(OTIIKY. 

2) RoJIII D = 0, ce6To x0
2 + y0

2 =rs, TO poaBHaOR OAIIH, 

.ce6To Ma6MO n11111e OAHY T01IBY J(OTHRY. 

v 
J. 

x 

Puc..BO. 

3) KonH D < 0, ce6To x 0
2 + y0

2 < r 2 , TO poaBHaKH yHem, 
:ce6To TOtIOK AOTnKy He Mas. 

,Il;aMO "'HM TB0PAiKCHHHM reoMeTp111IHY iHTepnpeTa~ilo. 

~ocJiiAHMO pimHHD;IO {x0
2 + y0

2}-r2 • 

.IJ:nH ~horo poarJIHHhMO 1'pHKyrHH:n 0 MK (p1rn. 80). BiH 

~e npHMOKyrHiii, a TOMY ariAHO a TeopeMoIO TiiTaropa, MaSMO: 

Xo2 + Yo2 = OM2. 

Arre OM= r + d, J(e d e aMiHHe Bi~u(aJieHHH TOtIKn !ti 
unA o6BO)zy ROJia. ToMy: x0

2 + y0
2 = {r + d) 2• 
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RoJIH TOtJKa JJJ JieilnITb no-aa KOJIOM, TO B1,ru::(aJiemu1 d s 

aaemp;H ):(o;n;aTHH BeJin:q11Ha, a TOMY ( r+d) 2 > r 2 • 

A 3Bip;~: 

TaKIIM tJHHOM, HOJIII TOtJim M JiemnTh no-aa HOJIOM, To 

D > O i To;n;i '(iepea ToqKy M MOiRHO noBeCTH ;n;Bi ;n;oTHtJHHX 

~o no~1a [ToqoR ;n;onrny ;D;Bi: M(x1 , y1) i Af2 (x2 , y2) ]. 

ByJJ;el't'IO Ha6JiumaTH TOtJHY Af ;n;o ROJia, To;n;i Bi;n:JJ;aJieHHH 

d 6yp;e aMeHmyBaTHCH' aJie JUIIIIaTHMeTbCH ]];O;D;aTHiM i TiJibKH 

Ha o6Bo;n;i o6epHeTbCH B HJJih; ROJIH-il\ TO'lJJ\a JieiRHTb Ha 

o6eop;i ROJia, TO x0
2 + y0

2 = r2 {~o MOmHa nepeBipHTH a 

6 Ol'rl' L}, ce6To D = 0. MH 6a'llHMo, ~o qepea TOqRy, ~o 

JICffi'.HTb na o6BO)J;i lWJia, MOiRHa IlOBeCTH JIIUIIe OJJ;HY ):(OTHtJHY 

~o 1maa (piBHaHHH Mas OAHH poaB.RSOR x1 = x0 '; y1 = y0 '}. 

HapeIIITi, KO.ITH TOtJ:na JJ;J, Ha6JI11m:y1011HCH ;n;o QeHTPY KOJia, 

nepeii]);e qepea o6Bi;n; iioro ii 6y;n;e Jiem:aTH IIa Rpyai, TO Bi;n;

~aJieHHH d cTas BiA'6MHHM. [ 3 TJlHKYTJIHRa OM"N MasMo: 

Xo"2 + Yo"2 = (r- M" M' ;2, ce6To Xo"2 + Yo"2 < r2 ]. 

ToJJ;i D < 0 i ToqoR ;n;ornHy He l\ta6; i ;n;ificHo, a TO'lJOn, 

IQO Jieif\aTb Ha Rpyai, IlOBeCTU ;D;OTH'llHHX ;n;o ROJia He MOiKHa. 

3BiAAB BHIIJIHBae aaraJILHe npaBHJIO CKJI8~811HH piBH8HH~ 

~OTH11HOi ~o KOJia. 

R0Ju1 ;n;aHo piaHaHHH ROJia i ToqRa ( aHatJHHIUI ii), TO 

nepe)J; TlIM, .RR CRJia;n;aTll piBHaHH.R ):(OTH'lJHOi, T}le6a apo6HTH 

aHa.rrisy; nopiBHaTH cyMy KBa;n;paTiB aHaqHHKiB TOqRJI 3 RBa):(pa

TOM .rryqa IWJia i QHM a' .JICyBaTlI ne JieiRHTb TOqKa arJI.R):(HO ROJia. 

I. RoJiu aHaniaa n01mme, I.l\O ToqKa JieiKHTh Ha o6so.I:{i 

RoJia, ·ro piBHaHHH ~umeTLC.R na ni]);cTaBi BiKe posrJI.RHeHoro 

npaBHJia CKJia;n;aHH.R piBHaHH.R lJ;OTJPIHOi, IlOBe;n;eHoi qepea TO'llnY 

Ha o6Bo)l;i KOJIR [piBHaHH.R (59) ], ce6To pisnaHH.R MaTIIMf: 

BHrJUI)l;: 

xx1 + yy1 = r 2 {;n;e x1 i y1 aHa11HHKH TO'l!RH ;D;OTHKy). 

I I. l{oJIH nepecB1;n;qysMocn, ~o TO"IKa JieiKHTh no-aa 

ROJIOM, TO: 

Hype auaJiiTHqHoi reoMeTpii'.. lea.HeHiw 9 
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1) IlHIIIeMO 3BH1Iati:He piBHaHH.H AOTH'qHOi BHrJl.H)ly: XX1 + 
+ yy1 = r2 , )le aaMicn;h aHa'llHI.fKiB x1 , y1 BCTaBJI.HeMo eapTOCTH 

8HatJHHKlB TO'qKH, AaHoi rro-aa KOJIOM. 

0e6To; XXo + YYo = r2 

2) PoaB.RaysMo CHCTeMy 13 CKJia)leuoro HaMH prnHaHHH 

A AaHoro prnHaHHH KOJia: 

1) XXo + YYo = r2 
2) x2 + y2 = r2 

BHaHa'tleHi eapTOCTH aMiHHHX x1 i y1 ,x2 i y2 (ABa poa

B.R3KH) i 6y)lyTh TO'llKaMH ]:(OTHKy. 

3) 3HaIOtill TO'qKH ]:(OTHRY' aaraJihHHM (I) crroco6oM CKJia

)la6MO pIBHaHHH ]:(0Tll11HHX, a CaMe: 

XX1 + YY1 = r2 
XX2 + YY2 = r2 

III. KoJIH aHaJ1ma noKame, ~o cyMa KBa)lpaT1B aHatIHH

KlB TOqKlf M0Hllla Bl)l KBa)lpaTy J1yqa KOJia, TO )lOTlPIHHX HeMa& 

(ToqKa Ha Kpya1 :noJia) 

II pul(,Jf,af). 

,rt:o KOJia: x 2 + y2 = 25 IlOBeCTH ]:(OTH1Illi qepea TO'IKH 

1) A ( 5 ,2, 5) 2) ( -. 1, 4) 3) C ( 4, 3). 

AnaJtiaa; 1) 52 + 2,52 = 31,25 > 25. ToqKa A no-aa 1mJioM. 

ToMy, a) cmia):la6MO pieeauu11 npocToi 5x + 2 ,5y = 25, aoo 
x+0,5y=5. 

6) poaeaayeMo cucTeMy: 

x 2 -~ y 2 = 25 
x + 0,5y = 5. 
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o,rtepmyGMO: • 

n) Cl:\Jia;a;a6MO piBHallHR AOTH'lHHX, a caMe: (fJHC. 81). 

1) 5x = 25 ; x = 5. 

2) 3x + 4y = 2.5 

y v 

1. 

0~1-2 __ _....-+---...-----~ 

2) AHaJiiaa: (-J)2+42=17 < 25. 

To,ma B (-1,4) JiemHTb Ha :Kpyai. )J;oTHttHHx HeMas. 

3) An a JI i a a: 42 + 32 = 25. 

Tocma C(4,3) nemnTb Ha :KOJiir a TOMY pieaaana ;a;o·ruttaoi: 

4y + 3y = 25. 

Te caMe npaBHJIO nomHpI06ThCH it Ha C:KJiaAaHHH piBHaHHH 

~OTHllHOi AO l\OJia, BHSHatJ:eHoro piBHaHHHM B OCIIOBHiii q,opMi: 

(x-a) 2 + (y- b) 2 = r 2• 

n p uuafJ: 

~o ROJia: (x- 2) 2 + (y --1)2 = 25 IIOBeCTH 

qepea TOtJ:HY M (7 ,2). 
AOTH'CJ:HV 

ti 

A a a JI i a a : ncTaRHBWH aaattHHHH TOttHH M ( x0 = 7, y0 = 2) e piD
uaaa.R ;a;aaoro KOJia. MaGMO: 

(7-2)2 + (2-1)2 = 26 > 25. 

TottHa JiemHTb noaa HOJIOM, a TOMY pieaaHHR ;a;onoMoronoi npo· 
CTOi 6y;a;e: 

a6o: 
(7-2) (x-2) + (2-1) (y-1) = 25; 

5 (x-2) + (y-1) = 25. 

Be;a;e?tlO noMittHi aMiHHi : z = x- 2 i u = y-1 i MaTHMeMo: 

1) z2 -+- u2 = 25. 
5z+u=25. 

PoaesrnyGMO CHCTeMy A OAepmysMo: 

z1 = 5; .::2 = 4e/1s; u1 = O; u2 = J12/1a 
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3BiAl\ll: X1 = i, . Yi= l; 
X2 = 69

/13, Y2 = 212/13· 
A TOMy, ncTaBJiflIOtnu:(i napTOCTli 3a~lic~b x1 i y1 y piaaamrn ~OTillIUO 

;n;o HOJia: 
(x-2) (x 1 -2J+(y-1) (y 1 -1)=2/i, 

Ma6MO OCTaTOlJHO: 
1) ~r. = 7 
2) 12 (x - 2) + 5 (y -1) = 65. 

Ue s noTpi6Hi HaM pisaaHHfl AOTHlJHHX y TOtmax P 1 (xv y 1) 

iP2(x2,Y2J. 
§ 33. EiryHKOBa (nmu1pa.) 

Tpe6a aayaamHTII' ~o KOmHe poaB.H3aHIUI CHCTeMII' lQO 

CI,JI3A&6TLCH 3 ABOX prnHaHb: ROJia ii rrpocToi, 6 BJ18CHC Bl.fl;-

y 

my1mHHHM TOtIOK rrepexpem;eHHH KOJia, a ciqHoio Aauoio prn

uaHHHM rrpocTo i. PoaBHSKH Qisi CHCTeMH, otieBHAHO, 6 aHatIHH

Ram1 ~lIX TOlIOK nepexpe~eHHH, cniJibHHX ii )l;JIH ROJia ii lVlfl 

)];3HOi npOCTOi (citIHOi). 

.A..(x.~) 

y 

o--~~~~~~~~~~--x 

PV1r s3 Ii 

RoJIH n § 32 )l;JIH CRJia)l;eHHH piBHaHHH AOT111rnoi, m;o no

Be~eHo qepea ToqRy A(x0 , y0) no-aa KOJIOM, MH rny1mm1 TO''IBY 

JJ;OTMKY 11 AO ROJia' TO Mycimr poaB rrnyBaTH CJIICTeMy' m;o c1rna

L(aJiaCH a pinHaHb CaMoro KOJia ii IIpOCTOi. 
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PoaBH3IUl u,1s1 cncTeMH 6ym1 aHatJHHRaMH noTpi6HHX Tffqon_ 

~\OTHRY H O):J;HOqacHO TOtJl-\aMH rrepexpe~eHb ROJia 3 l-(aHOIO 

npOCTOIO. 

Ta.m-tM tJIIHOM, apoayMiJio, ~o npocTa, pieHaHHfl HROi 
BXO)J;li.TIO B CHCTeey' 6yJia ciqH010, ~o nepeXO)J;HJia qepea TOtJKH 
;ri;oT1rny. (I'eoMeTpHqH11ii o6paa u,isi npocToi ):J;a6 npocTa L Ha 

pnc. 83a i 83b). 
~H npocTa Mas Haasy 6iry1nmsoi (rroJinpn) '10111rn A, 

a. caMa TOtIHa A -6iryHa (nomoca). 

Bua1ta1le1t1tR. 

EirynKoBoro (110JIS1po10) AaHoi T011KH (rro-sa ICOJIO:H) aBeTLCH 
npOCTa, JIKa CIIOJiy11ye T011KH AOTHKY npoMiHiB, Il~O DHXOAHTL 

a T011KH A, rum 6iryna, ii e AOTB11HHMH AO KOJia. 

3ra.ri;a:iil\m Tenep, HR Mn c1\Jla)J;a.rr.n B nonepeAHbOMY §-«f>i 
pieHaHHH 6iryHKonoi, ce6To Toi rrpocToi, ~o aa )J;OIIOMororo ii 

pieHaHH.R, qepea poaBirnaHH.fl CllCTel\Uf' MM Bi):J;IIIYKYBaJUI rro

'Tpi6Hi naM TOtIRII AOTHRY rrpoMmia a T01lli.1I A. 

,I(JI.R ll,bOro tIJieHn piBHaIIHH nOJia, ~o MiCTHTb 1ma;r:tpaTII 

11eai;r:t;Ol\u1x, Mn mrnamr, .Rim 3Ao6yrKH nepmnx cTy11iHiB, I . . ,., . 
ECTaBJifl iJII B O~HH 13 tJIIHHlIIHB ROiKHOro 3)J;OOYTiiY 3al\UCll,h 
uea1,n:mmro BapTiOTh Biµ;rrosi;r:t;Horo aHatiru1Ra 6iryHa (TO'lfnH A). 

Raup. 1) AJIH ROJia, BHaHaqeHoro pi~ naHH.RM B u,eHTpaJib

uiii <Pop Mi: x 2 + y2 = r 2' mrnaJIH: .'C • x + y . y = r 2 i BCTaBIIBIIIH 
aHa11HJnm Toqm1 A, o~ep;Kyna.rr:u piBHaHHH 6iry1m0Boi: 

XoX + YoY = 1'2 
• • • • • • ( 1 ) -

2) ):J;JIH liOJia, BII3HatJeHoro prnHaHH.RM B OCHOBHlli qmpMi: 

(x-a) 2 + (y-b) 2 = r2 

nncami: (x-a) (x-a) + (y-b) (y-b) = r 2 i BCTaBnBIIIH 

aHa111n1KH TOtJRH A, o)J;epmyBaJUI piaHaHHH 6irJHROBoi: 

(x0 -a) (x-a) + (y0 -b) (y-b) L_ r 2 •••••• (2) 

3 norrepe)J;Hix Mip:nyBaHb BHREW, ~o piBHaHHH (1) i (2) 
6 piBHaHHR 6yryHHOBUX (pHC. 83, a i b) ce6TO ciqmix, II.(O cno

ayqyIOTb TOtJRU ]l;OTHKY rrpoMiHiB rroBe)J;eHHx a A { x 0 , y0), 60 
piBHaHHH ~Hx npocTHX BXO]l;HTb y TY cncTeMy, II.(O H poaaRa:n:u 

~aJin 8HatJHIUW TOllOR ll;O'rI-11-\Y. 
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TaKHM 1IHHOM, prnHaHH.JI: 

Xox+yoy=r2 } 
(x0 -a) ( x-a) + (y0 -b) (y-b) = r2 · · · · · · (65) 

6 piaHaHHH 6iryHKOBHX T01IKH A ( x0 , y0) ;D;JUI KOJia, ai;a;HeceHoro 

a nepmoMy BHna;a;Ky ~eHTpoM ;a;o no11aTKY ocefi, a B ;a;pyroMy 

y ;a;oaiJibHY TOtray (a, b). 

§ 34. KyT ci11uoi 3 KOJIOM. 

KyToM ci'IHoi a KOJIOM B Aauiii To111~i A JMOBBJIHCJI aBaTH 
Kyr, IJlO yTsoproe D;JI ci'IHa a AOTll'llloro, noBeAeuoro AO 1mJia 
11epea TO'IKY A. 

Boc.8't. 

I.J;cn KYT Bi;a;Jii11yer1>cH Bi;a; ;a;oT111moi 

;a;o ci1IHOi B HanpHMHOCTH npoT:u CTpiJI

Rlf ro;a;nHHHRa (puc. 84). HR Kyr Mim 

;D;BOMa npOCTIIMII, Bill 6 piBHHH (§ 4 
B3ip 8): 

f1J <p = 

0Tme, l(Jlfl o61IHCJieHHfl KyTa ci1IHOi 8 KOJIOM Tpe6a 8HaTH 

KyToai aMiHHHKH ci11Hoi ii ;a;oT1111Hoi, ~o iioro yraop1010T1>. 

§ 35. Ili):r.;IJ;OTH'llla i ni~rrpHMOBa (niwiopMWIL). 

BiaLMiM KOJIO a ~eHrpoM y no11aTRY Koop;a;HHaT. l.J:epe3 

HRY He6y;a;1> T01IRY M (Xi, Yi) ~horo 1-mJia (p11c. 85) ae;a;eMo 

;D;OTH'IHY ii rrpHMOBY. 

I) Aosmuuoro, afio siJ:trHHKOM AOTll'IIIOi AO KOJia B JIKiii 
Hefirni. TO'IIJ;i iioro otJBo;rzy 3BeTLCJI BiATHHOK n;iei AOTll'IHOi sm 
TO'IKH AOTHKY AO nepexpecTJI ii a uiccro iKcin (;a;oTH1IHa MB = t). 

Il) AoWKHHoro, afio BiATllHKOM npmrnBoi (uopMWii) µ;o 
KOJia B .HKii nefiyAL To111~i M iioro ofiBOAY aBeTLC.H BiATHHOK 
ii BiA TO'IKH ;D.OTH.RY AO nepexpeCTJI a BiCCIO iKCiB ( B ;a;aHOMY 

paai ;a;o ~eHTPY KOJia). 
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III) Ili.MoTu1111oro (cy6TanreuTom) sBeTLCH MeT ;n;auoro Bi;n;
THHKY ;n;om1111oi (I) ua BiCL isciB (rri;:ui;oTJiqHa: BN; pnc. 85). 

IV) Il~pHMOBOIO ( cy6uopMaJIIO) BBeTLCH MeT ;ii;auoro Bi;n;
TIIHKY npmioBoi (II) na BiCL isciB (rri~rrpHMOBa: ON; pnc. 85). 

P1.11c.8S. 

06qwcJIMMO ix BeJIHqJIHII: 

1) Mn 6a111IM0, ni;o Bi;rJ;THHOK rrpHMOBOi OM 6 piaHnii a 
.JiyqeM ROJia, TOMY: 

n = r . . . . . . (66) 

TOMY: 
Sn = X1 • • • • • • {67) 

3) ~OBiRHHa ~0T1Prnoi t == MB a f:::. OMB e piaHa: t = rf{J<p, 

;i;e <p 6 RYI ~ MOB, aJJe: tg<p = Yi ; ToMy: 
X1 

t = r Yi . . . . . . (68) 
X1 

'fOMy: 
2 

S - ~ 69 t - • • • • • • ( ) 
X1 
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§ 36. Ilm1ozeHHH TO''IKH arJia:~o KOJia. 

3 re0Me1,pii HaM BiAOMO, ~o: 

1.) KOJIB noBeCTH a TO'lJKH no-aa KOJIOM a-lMYT ci lJHHX AO 

HLOro, TO 8A06yroH BiA'l'HHKiB *) KOil\HOi'. citJHoi 6 BeJiliJlIHHa 

cTaJia AJI.R Bcix citJHnx, piBHa a 1rnaApaTOM AOTlltJHoi, none

~eHoi'. 3 Tisi iK TO'lJKlf. (Puc. 86). 

AC. AB= AE. AD= AG. AF= AL. AK= A1112
• 

2) RoJin 11epea TO'II'Y Ha Kpyai 

IIOBeCTH mMyr T.RTHB AO KOJia' 
TO sno6yTOK BiATMHKin KOJRHOi 
T.f!TJIBH 6 BeJIH'lJl .. rna CTaJia ;rvrn 
ncix T.HTMB' piBHa ai 3]:\06yTKOM 

ni~T1rn1dn nonepetIH1rn:a Ko.rra, ~o 

nepexoAMTh qepea u;10 Toqny. 

(PHc. 87). 

AC. AB= AD. AE =AG. AF= AM. AN= AK. AL 

AJ1e niBTHTirna AN (npHMOBa 

AO nonepetIHI·ma KL) s cepe~H6 npo

nopu;iiiHe MiiK BiATIIHiiaMH norrepeq

HIIRa, ce6To: 

AN2 = AK .AL. 

A TOMY a;~o6yroK BiATHHidB 1mm

HO i'. T fiTHBH' ~o nepexo;ri;HTL qepea 

.RKYCh TOtIKY Ha Kpya1, 6 BeJUl'lJlll·Ia 

CTaJia, piBHa 3 1rna;ri;paTOM niBT.RTIIBll' 

~o nepexo;ri;HTb qepea Tym cr~MY TOqKy np.RMOBO ;ri;o ai;ri;noai;ri;
noro rrorrepeqHHim. 

Qi ABi reoMe1pnqHi TeopeMn MOi-KHa yaaraJibH.HTII TaRHM 
qnHOM: 

Rom KOJIO nepeTBHae mMyT npocTux, TO BAOOYTOK Bi~

AaJieHL BYBJia I\LOro mMyTa BiA TO''IOK nepeTHBy somuoi npo

CToi 3 KOJIOM e BeJIH1lllH3 CTaJia A~H BCix npOCTHX ZMyrra, 
piBHa a6COJIIOTHOIO BeJID1111HOIO: 

*) BiATHHKaMH citJHOI AC (p11c. 86) aayTh BiMaJieHHH TO'IKH A 
B3AOBm ciqaol BiA o6BOAY KOJia: AC-e BiATHHOK ~inoi ciqnoi', a 

AB-e aoneiurnHt niATIIHOH citJHo"i. 
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I) a KBafQ)aTOM ;n:oT111moi, noee;n:euoi JJ;O :&m1a a n;i,oro 
uym1a, KOJUI BiH Jle4£HTL 110-sa ROJIOM, a6o 

2) 3 KBa;n:paTOM uiBTJITHBH, IIpIDIOBOi ~o nonepe11HHGa~ 

noue;n:euoro 11epea ;IJ:aIIHti eyaea, KOJIH uiu aemHTL na KpyJi. 

Cepe;n; ycix rrpoCTHX iRMJTKa, ~o nepeT.IIHaIOTbC.H KOJIOM, 

aan1n;n;11 6 :iI Ta Ka, ~o nepexOAHTb qepes ~eHTP ROJla. IJ;ro 

npocTy YMOBMMOC.H 3BaTH JI:iHiero CllOJIYKH TOtJRH 3 ROJIOM. 

3a ~oam.n:Hy JiiHiJ cnoJiymr d 6epyTb Bim~aJieHHH ~~anoi 

Toq1rn BiA ~eHTPY KOJia (d =AO; pnc. 86). 
BinAaJieHHH ;n;aHoi TOtJKH Bi,u; TOtJOK nepemrny JiiHii cno

JIYRII 3 KOJIOM BByrb Bi,D;AaJieHHHMH AaHoi TOt{lUI BiA o6Bo,u;y 

noJ1a (AK, AL; pnc. 86). 

3;n:o6yTOK BiJJJJ;aJieHL T011Rll ui;n: o6uo;zy KOaa fllOBmIHCJJ 
anam cTeneneM T011Rn arJia;n:no KO~a. 

I) Ro.rrn Totrna JiemII'l'b no-aa HOJIOM, TO ii BIAAaJieHun 

ei;n; o6BOAY ROJia 6y,1yTb: 

1) AL= d + r 
2)AK=d-r 

ToMy CTerreHh TO'tJKII 6y;:i;e: 

<J = (d + r ). (d-r). 

A Mn aHa6MO, 1.np s,u;o6yToH Bi;n;,u;aJieHb BYBJia mMyTm1 
BiA TOqo:n rrepeTHHY IIpOCTHX mMyTa 3 IWJIOI\1 6 piBHHii 3 

KBa;n;paToM goTlitJHO 1 none;n;eHo i a I..\bOro ByaJia ;n;o KOJia, a TOMY: 

AL . AK = A Af 2 = t2 

OTiHe: ( d + r) ( d - r) = t2 

a6o: d2-r2 = t2. 

[ OcTauuiii naip MOmHa op_epmaTu Ge3nocepeAHLO Ha ni;i;cTaei rreo
pePrm TiiTaropa a ~ AMO; puc. 86] 

Tam-1M tJHHOM: 

OreneHL T01IKII, ~o Jie;KD:'rL no-aa KOJIOM, e piBHlltt a 
KBaJQlaT01'1 ;n:orn1111oi, noue;n:enoi a l\iei TO'IKH ;n:o Km1a. 

II) RoJIH TOtIHa JiemHTh ua Kpyai (pMc. 87). TO H sin

~a.rreHHH Bi;n; o6so;n;y KOJia 6yAY'l'b: 

1) AL =AO+OL=d +r 
2) A1(=01{-0A =r-d=-(d-r). 
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( d + r). r - ( d- r) ] = - ( d + r). ( d- r). 

A MH aHasMo, ~o 3Ao6yron BiATHHRiB THTHBH 6 piem1it 

3 l\BaApaTOM IllBTHTHB.H' ~o nepeXOAHTb qepea ByaeJI npHMOBO 

~o Bi;i;not:Ji~Horo norrepe11m1Ra, ce6To: 

a6o: 

a6o: 

TaRHM lJHHOM: 

AL. AK= AN2 

--(d+r). (d-r)=p2 

(d+r) (d-r)=-p2. 

CTenenL T011Ku, m;o JiemHTL ua Kpyai e pisuuit a B~' el\IHHM 

KBRAPSTOM niBT.HTllBH, np.HMOBOi AO IIOIIepe'IHHKa, ~o nepexo

]J;DTL 11cpea n;ro T011KY paaoM a T.HTHBOIO. 

Baip: (d + r) (d-r) =-p2, MOmHo rrepeTeopHTH n: d2 + r2= -p2. 

[Toti caMHA: eaip Ta1<0m OAepmHMO 6eanocepe):'(HbO a ~ AON (pHc. 87), 

ROJJllC'fYIOtJHCb TeopeMOIO IliTaropa]. 

y 

P"1c.aa. 

3HaHAeMO Tenep aHaJiiTHqHHH o6paa CTeneHH TQq:R}I 

a r.; IJI):J;HO KOJia. 

BiahMiM prnHaHHH KOJia B OCHOBHiii «f>opMi: 

(x-a) 2 + (y-b) 2 = r 2 
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Xaii aHatIHtt1u1 )];aHoi Toq1rn: Jr/ 6 x0 I y0 , TOAi a TpH

HyrHttKa AMN (pttc. 88) MasMo: 

t2 = d2-r2 

aJie d2 = {x0 -a) 2 + {y0 -b)2 (qepea aHaqHHHH RIHQIB Bi,11-

THHKa). 
Toey: a= t2 = (x0 -a) 2 + (y0 -b)2 -r2 

3 ~ AMN (pHc. 89) MasMo: 

r2=d2+P2 

a6o: -p2 = d2 --r2 

.AJ!ed2 = {x0 -a)2+ (y0-b) 2 ,ToMy: 

y 

<J=-p2 = (x0 -a)2+(y0 -b)2-r2 a~-------..... x 

TaKHM qJ.fHOM: 

~06 O)l;epmaTll BapTiCTL CTeIIeHH TO"'IKH arJIJIWIO KOJia, 

Tpeoa Bci 11JieHH piBHaHHH soJia nepeuecTu n Jiisy 11acrnny i 

BCTRBHTH BaMic~ BMWRHX Bi;IJ;IIOB~Hi 3H811BHKH TOlfKll. 

O;IJ;epacamdt TaKHM 1DIHOM MHOr011JieH i 6y;IJ;e CTeIIeHeM TO'IKll 

arm1~0 KOJI8 (Ao;i::r;aTHiM, KOJIH TQqKa JieiRHTb rro-aa KOJIOM, i 

BiA'6MHHM, KOJIH Jl0iKHTb Ha Kpyai KOJia): 

a= (x0 -a)2 + (y0 -b)2 -r2 •••••• (70) 

fl p JUii T n a: 

,I(JIR HOJia, ~o Ma6 ~eHTP y notJa'fHY ocefi:, CTeneHh p;aHO'i TO"lfHll 

6yAe: 

<1 = xo2 + Yo2-r2 

fl pOilOHY6TbCR )J;OBeCTH J~e CaMHM CTyp;eHTaM. 

3a)l;a'la. 3uaitTH reOMeTpH11HHH ocepe)l;OK TO'IOR, ~o MRIOTL 

OWJaKOBH:ii CTeneHL srJIH)l;llO )l;aHOrO KOJia. 

PoaBaao~. 

Xatt piaHaHHH AaHoro KOJia: (x-a)2 + (y-b)2 = r2 • 

ToAi CTerreHh n:noi'. He6y}lb Toq:nn A ( x0 , y0) arJIHAHO Qboro 
RoJia 6yAe: 

a= (x0 -a)2+ {y0 -b)2 -r2 
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IIJ;o6 OAepmaTH prnHaHHH reoMeTpH1IHoro ocepeARY TO'CJ:OR, 

1.1\0 MUIOTh Aamdi cTeneHb a Tpe6a auat.IHIIRH TO'CJ:RH A BBfl -

maTn aa 8.MlHHl x i y' TO~i l\faTHMeMO pianaHHH: 

(x-a) 2 + (y- b)2 = r2 +a 

A..i:e, B o6ox nnna~Rax, i IWJIII TOtnm no - sa RpyroM: 

(pnc 86), i IWJIII Totnm JiemaTill\te Ha Rpyai (pnc 89), BapTiCTb 

r 2 + a 6yAe piBHa d2 • 

"llepea Te prn1mHHH Hamoro reoMeTpnqaoro ocepeARY Ma

T1aie Bur Jifm: 

(x-a)2 + (y- b)2 = d2 

Ce6To, remrnTp1111n:uii ocepeAOK To110E, m;o 1ua10TL OAIIa
KOBHii CTeilCIIL ar:u1~no AaHOro KOaa, e TaKOZ KOJIO, crriJILHO
~eHTpOBe 3 A8HIDI' m;o Mae aa ny11 Bi~IIOBiAUY JiiHiro CIIOJiy1m. 

Buc1-toeon. 

~JIB Koamoi T011R11 ci11IIoi KOJia aanm~1 _:tuomna auaiiTll 
na Tilt caMitt ci1111iit Baael\IHY iii )q)yry T011RY OW!aKOBOro CTe
DCHH a nepmoro. ~JI ~pyra T011Ra 6yAe CllMCTpll1IHOIO AO nep
moi ar;iHAHO n_eHTpa T.HTilBll ci11Hoi. 

B n pa B H. 

l.J-148. Hanucanm pie11,a1-t1-t.ft 8omu1tnoi ma npR./uoeoi: 

1) ao 1W.!la: x 2 + y2 = 25 8 mo1tL{i: A (--3,4); 

2) ao li,O./la: x 2 + y2 + 2x2 - 6y-19 = 0 8 1n01ltfi: B (- 6,5). 

q-149. /1,o ~o.1ia: x 2 +y2 -6x-4y-3=0, nanucamu 
pi61-tllU.l-tJl, 8omU"lHOi: J) pieno6i:HcROi 00 npocmoi: 6x + 8y-2J = 0, 
a6o 2) npa.Aweoi oo npocmoi: 4x+y-9= 0. 

YB a r a : ,I(Jrn apaany poaamReMo B aaraJILROMY BHrm1,n;i TaKy aa

,n;a,1y : HamtcaTH piauaam1 AOTI-PIHoi'. ,n;o KOJia x2 + y2 = r2, pieao6imHoi 

AO DpOCTOI y = mx + n. 
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IlpHnycTi&I, ~o Talia ):'(OTHlfHa nepe:XOAHTb qepe3 TOtmy OOBO;J;Y IWiJa 

{x1, y1), To;a;i H pianaHHa 6y;a;e: x1x + y 1y = r 2 , a6o n naHomttmiit tf>opMi: 
x r 2 

y == - --1 x + -. l\omt ~fl ;a;oT111ma piaHooimHa no nano! npocTOi: 
Y1 Y1 

.Tl 
y == mx + n TO Ix HYTOBi 3Minmrnu e piaHi, ce6To: m = - -- aoo: 

Y1 
x

1 
+ y1m. = 0 ... (A). 3HatIHHHH x1 Ta y1 Ha~ HeBiAoMi; i.no6 Ix BH:JH'1-

qnTH, npiM ;a;rurnro pinHaHHR (A), noTpi6ne: ~e fi ;a;pyre, aJie Mn ~mar.Mo, 

m;o TOtrna (J'1,Y1J JJeIBHTb Ha"'nOJii, a TOMy: x21 + Y12 = r 2 •.• (B). 

a6o: 

Po3BR3aBurn CHCTeMy (A) i (BJ 3rJJR):'(HO x1 i Yi, ogcpmm.w: 

mr 
x = ± 

1 V 1 + m2 

mr 

Yi= 
r 

~ V 1 +m2 

r 
1) V 1 +m~ x-v 1 +m~ 

y= r2 

mr 
2) v 1 + m,2 

1) mx-y=rV 

2) y-mx= r V 

r 
.r + -:---- y = r2 

V 1 + m:! 

1 +m2 

1 +m2 

Ta1mx ;a;oTHlJHHX 6yAe ADi, noBc;a;eHHX tiepea nim~i nonepe1rnHHa. 
lllo AO p03BR3aHHR aa;a;aqn, HOJlll TpeC5a HanncaTH piBHaHHH ):'(OTHtIHO"i: 
npJIMOBOl ;a;o ;a;aHOl npoCTOi, TO BOHO aHaJIOrHlfHe 3 noncpe;a;HiM. Jimne 

Xi 
nyTosutt aMi:nmm ;a;oTHtmoi'.: - - Ha ni;a;cTaei y~t0BH npRMOBOCTll 6e-

Y1 
. 1 

pCllO prnHutt- - l}J.e m KYTOBHi1 aMiHHllH ;a;aHoi npocToI) 
m 

0Tme: 
x1 J 

--=--
Y1 m 

aoo: y 1 = mx1 

q-150. Buana'l.umu "'Ym .Mi:Hc oomU'lHllMll, 1l08eoeHUMU 

oo 1WJT,a: x2+y2+12x-8y + 27 = 0 B mo11,.,.,ax: A (-2,1) 
i B (-3,8). 

q-151. Hanucamu prnnannR oomu11,noi, noBeoenoi: 

1) 00 

2) 

3) 

.,.,o.aa: 

» . . 
» . . 

x 2 + y2 -6x + 2y + 8 = 0 a mo11.,.,u: O(o,o); 

x 2 +y2 =29 a mo11,1m: A(7,-3); 

x 2 + y2-4x-6y-12 = 0 a mo"l~u: B (9,2). 
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q-152. 06'1lUC.tiUmll 8o8~UHY 8omU'lHUX i -,;,ym .MWre HU.MU, 
1W.tiU BOHU noee8eni 3 nl01lKU: A (5,1) 80 IW.tia: x2 +y2 +2x
-2y-7 = 0. 

lJ-153. Hanucamu pienaHHR -,;,o.tia, UIO .Mae: 

1) qenmp y 11W1llfl. 0 (o,o) i 8omu-,;,aembCJi npocmoi: 
5x + 4y= 25. 

2) qenmp 6 m01llf l. 0 ( 0 ,o) 1. 8omu-,;,aembCJi npocmoi : 
3x-4y + 10 = 0. 

3) qenmp 8 m01llfi: A (6, 7) l, 8omuKaembCJi npocmoi: 
5x-12y = 24. 

q-154. Hanucamu pienaHHR 6i2ymweoi: 

1) 80 RO.till : x 2 + y2 = 36, 8.tia 6i2y1ta: (0 ,3); 

2) >) • x2 + y2 = 25 I )) >) : ( 3' - - 2); 

3) » : x2 + y2 - 4x - 6y-12 = 0 8.tiR 6 izyna: ( 5, -1). 

lJ -155. B JiK,O.Aty no.tio~enn10 n pocma : 

1) 2x + 5y + 9 = 0 a2.1ta8no -,;,o.tia: x 2 + y2 = 9; 

2) 3x+2y-6=0 » » : (x+3)2+ (y-1)2-
-4=0J 

q-156. 3naumu cmenenb mo1l'ICU: 

1) A(7;8) ae.tia8no -,;,o.tia: x2+y2 -4x+18y-21=0; 

2) B (2,3) » » · x2 + y2 = 4; 

3) C(5,-2) .» » : x2 +y2-8x-10y+32=0. 

q 157. 061lUC.tiUmU 806:HCUHU : 8omU'llHOi U ni88omU'lHOi 

ma npJUtoeoi ii, ni8npJl..Moeoi: 
1) 80 '/COJtll : X 2 + y2 = 25 8 mOttlfi : ( 4,3) 
2) » : x 2 + y2 = 225 » : ( 0, 15) 

§ 37. BaaeMHe noJiomeHHa KOJI. 

mo6 BH8Ha1IHTH B8a6MH0 IlOJIOm'.eHH.fl KOJI, 6yAeMO myKaTH 

T01IKH ix nepexpe~eHh. ~JI.fl ~boro, HK MH aHasMo, Tpe6a poa

B.RaaTH CHCTeMy, ~o CKJiaAa6TbC.R a piBHaHb ;n;aunx KOJI, a cal\ie: 

(x-a) 2 + (y- b) 2 = r 2 •••••• (a) 

(x-m) 2 + (y-n)2 = r 1
2 •••••• (6) 
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BiAJiiqnMo noqJieHHO Apyre prnHaHH.H a neprnoro :n 
OAepmHMo: 

(x-a) 2 + (y- b)2 -r2 = (x-m)2 + (y-n) 2 -r1
2 

1(e 6 piBHaHH.H npocToi, 60 Apyri CTeneHi x Ta y 3HH
KaIOTh nicJI.H 3BeAeHH.H CXOiRHX tJJieHiB. 

0Tme' Ma6MO: 

2(m-a) x + 2 (n- b) y + (a2 + b2 -m2 -n2 + r 1
2 - r2) = o 

a6o: px + qy + s = o 

oe p = 2(m-a); q = 2(n- b); 8 = a2 + b2-m2-n2 + r12-r2) 

TaRnM qJIHOM, MH aneJIH poaB.HaaHH.H CHCTe~m ~Box 1rna~

paTOBHX piBHaHb ~o poaB.HaaHH.fl CWCTeMH RBam>aTOBOro ii JiiHiti
HOro pisHaHh. PoaBHay10tn1 ~10 HOBY cncTeMy, MH MomeMo: 

1) OAepmaT11 no 2 poaeHaRH l(JI.H aHatJHn:niB x Ta y. 
2) » » 1 » » » » » 
3) » HI OAHOro p03B.R3Ra » » » 

(yHBHi poaBHSRH) 

B aaJieil\HOCTH BIA Toro, lJH BiAIIOBiAHJdi BHpaaHHR piBHaHHJI: 
> 

D =0. 
< 

B nepmoMy paai KOJia fiy)zyTL nepexpenzynarnCJI B ;zi:eox 
T011Kax, B ApyroMy-;zi:ornKaTBCH, a y TpeTLOMy-He CTHKaTHCJI 
(Jiemarn oKpeMo ). 

§ 38. OreneHHa (aoo pa~KaJI1>na) Bic1>. 

PoarJIHHeMo npocTy, m;o ii piBHaHHH OAepmamr ia cncTeMH 

piimaHb ~BOX AaHHX ROJI (a) i ( 6), a caMe: 

(x-a)2 + (y- b) 2 -r2 = (x-m)2 + (y-n)2-r1
2 •••••• (71) 

a6o: K 1 - K 2 = 0 . . . . . . ( 72) 

):le tiepea K 1 i K 2 MH yMoBHO oaHatmJIH niBi qacTHHH piBHS.Hh KOJI, 

niCJIH nepeHeCeHHH Bcix lJJieHiB ix B ~i JiiBi lJaCTHHH, ce6To: 

K 1 = (x-a) 2 + (y- b)2-r2 

K 2 = (x-m)2 + (y-n)2-r12 

3 poaBHaaHHH CHCTeMH BHARO, m;o ~.fl npocTa B rrepmoMy 

Bima~ny' ROJIH ROJia nepexpem;yroTbCH, 6 cniJihHOIO THTHBOIO' 

B ~pyroMy BHna~RY' ROJIH ROJia AOTHKalOTbCH' 6 cniJihHOIO 
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IX AOTIP.IHOIO (puc. 90) ii y TpeTbOMY BMilaAKOBi, IWJIH KOJUt 
ue CTIIRaIOThCH, BOHa JieinHTh rro-aa HHMH { 6 IX MIUto6iiKHOIO) 

(pnc. 91). I.IJ;o6 YHCHHTH co6i po.mo Qi6i npocTo! arJUIAHO ;qam1x 

HOJI, po3BHilmMO Tal\y aa~aqy: 

3naiiTn reo:tteTpH11HHii ocepe~OK TO'IOR, ~o MSIOTL O~Ha

ltOBBH CT0Il0HL srJIHWIO ooox KOJI. Ilp1n1ycTiM, ~o TaKa TO"l!Ka s 
Ma 6 aHatJmrnu x0 i y0 , To~i Ii cTeneHb: 

1) arJIH;r(HO rrepmoro Ro:m 6yi1e: 

, a 1 -= (x0 -a)2 + (y0 - b)2-r2 

2) arJUI;r(HO Apyroro IWJ18 6yAe: 

a2 = (xo-m)2 + (Yo-nJ2-r12 

Koau TO"l!Ka S OAHaIWBoro CTerreHH ~o AO ooox KOJl, 

ro a1 = a2, ce6To: 

(:.r0 -a)2 + (y0 -b)2-r2 = (x0 -m)2 + (y0 -n)2 -r 2 

s 

:>.::~-

( 
I 
I 

\ 
\ \ti 
"'------/~ 

H.c.91l. 

R.c.91. 

I.IJ;oo o~epiKarH He o;qHy TOtJHy, a reoMeTpHtJHHii ocepe~o:n 

TO"l!OR O]:Uial\OBOro CTeIIeHH' Tpe6a BBamaTH BHatJHHKfJ Xo Ta Yo 
aa aMiHui, ce6To aa x Ta y, a TOMY pieHaHHH reoMe1·pn:tJHoro 

ocepe;qKy TOlJOH'. onHaKOBOro C'reneHH BrJI.fl~HO o6ox KOJI 6yAe: 

(x-a)2 + (y- b2)-r2 = (x-m) 2 + (y-n) 2 -r1
2 
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IioJin rropiBH.R6MO Qe pin1IaHHfl a pieHaHH.RM rrpocToi, 

m;o crroJiyqys TO'tflnI nepexpe~eHH.R RO.TI (~o MU poarJIHAaJin), 

TO no6aqi,JMO, ~o Qi pieHaHH.R TOTOiKHi. 0Tme npocTa: 

fl .. 1 _ P.. .. 2 = 0. 

6 reoMeTpH1IHHM occpe~KOM 'IQqOR OAHaROBOro CTerreH.R arJI.RAHO 

OOOX RO.JI. 

:U:H npOCTB Mae 1183BY CTerreHHOi, aoo p~HKBJILHOi oci. 

CTeneHh Toq1nr arJI.Rl(HO ROJia BHl\upmGTLC.R 1rnaJqJaTOM 

]l;OTIIqHOl IIOBe}:leHOi 3 l(aHOi TOq:fiH .a;o ROJID·, a TOMY CTeneHHa 

eicb 6 reOMCTplrtIHHM ocepe.a;oR Toqo:n piBHIIX ll;OTIIq1rnx, IlOBe

~eHII x ia . KOiKHO 1 TQl.JRH Ii .a;o o6ox HOJI. 

TaHHM qJ.IHOM: 

IIJ.06 HaIIIICaTH pinnaHHJI CTeneHHOi oci ABOX AaHllX KO.J:, 

Tpcoa npnpiuuaT11 owiy AO owioi J.1iui qacTmm piuuaHL ~ux 

RO:I (nepeuicrru1 B !.\I qacTHHH aci qJieHu o6ox piBHaHb). 

§ 39. CTeneHHa TOqKa, TpLOX ROH. 

BiaLMiM TPH .Rln1x - He6y;:i;L :noJia; ix prnHaHIDI, Hexaii 

DYAYTb: 

To;i;i CTerreHHOIO BiChIO: 

Pvic 92. 

1-ro 1 2-ro KOJia 6y]:le rrpocTa: K 1-K2 = 0 

2-ro 1 3-ro » » » K 2 - K 3 = 0 

3-ro 1 1-ro » » » K 3-/f1 = 0 
Hype anaJiiTH'IHol reoMeTpii. leaHeHl:W 1 O 
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,IJ;o;a;aenm noqJieHHO o;a;ao ;a;o o;a;Horo ~1 pieHaHHH, o;a;ep
iKHMO TOTOif\HlCTh: 

0 = o. 
A ~e, HR aHaGMo, e yMoeo10 Toro, ~o Bci ·rpH CTeneHHi 

oci nepexo;a;HTb 11epea cniJihHY T01IRY (Pim. 92). 
Q10 T01IKY a6iry BCIX CTeneHHHX oceiI SBYTb CTeneHHOIO 

T011KOIO. 

,I(oTll1IHi, noee;a;eHi a Hei ;a;o BClX AaHiiX KOJI, 6 plBHl. 

BJI&CTBBiCTL cTeneuuoi oci. 

Cmenenna eicb aae:»cou np1uwea oo .n,y11,nu~a 11,0.11,. 

RoJIH Ma6MO ;o;Ba KOJia: 1) (x - a)2 + (y - b) 2 = r 1
2: 

i 2) (x-m)2 + (y-n) 2 = rl, TO pieHaHHJI cTeneHHOi oci 6y;a;e: 

(x- a)2 + (y-b) 2 - (x-m) 2 - (y--n2) = r 1
2-r2

2; 
a6o: 

n r12 + m2 + n2-r22-a2-b2 
(m-a)x+(n-b)y=p2 , Ae p"= ----------

2 
3ei;a;~H RaHOHH1IHe piBHaHHJI CTeneHHOi OCH MaTHMe BHrJIH,t\: 

m-a p2 

y = - b x + b . . . . . . (a) 
n- n-

3 ;a;pyroro 6oKy piBHaHHJI JIY1IHHRa KOJI' ~o nepexo;a;HTb-
11epea ~eHTpH, ce6-To 11epea T01IRH Oi(a,b) i 0 2(m,n) (puc. 92a) 
6y;a;e: 

I \ 

-- ,,,,,· \L.& 

N P ... c.9J.5il-

n-b 
y-b= (x-a) ...... (b) 

m-a 

IlpocTi (a) i (b) MaIOTb BBa6MHO o6epHeHi A npOTHJiem-
m - a n- b 

noro aHaRy RYTOBi aMiHHHRH - b i + , a ~& 
n- m-a 

CBi;D;tmTh' ~o ~i npocTi B8R6MHO npHMOBi. 
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BYAYBBHHH cTeneuuoi oci ABOX Ko~. 

KoJIH ROJia nepexpenzyroTLCH, TO CTeneHHOIO Biccro ix a 

cniJI:bHa ix THTHBa; ROJIH ROJia ,IJ;OTHRaIOThCH' TO ix CTeneHHOIO 

Biccro a cniJILHa ,u;oT11qua. ToMy e Qix BHna,u;Rax Ayme nerRo 

napHcyBaTll CTeneHHY BiCh ABOX AaHiiX ROJI. 3oBCiM HHaRma. 

cnpaea, ROJIH ROJia He nepexpenzyroTLCH. ToAi MM auasMo JIHme, 

mo cTeneuua eicL nepeTlrnas JIYl.JHHK o6ox ROJI i :ii.u;e npHMOBO 

~o HI>oro, ane QI>Oro MaJio ii MH MJCHMO aHaiiTH me xoq OAHY 
TOqRy no-aa Qlfl\I Jiyq1urnoM. 

KoJIH AOBiJILHHM Jiy'leM a .u;oeiJJI>Hoi TOtraH S (pnc. 92a) 

IlOBeAeMO ROJIO' TaH ~06 BOHO nepexpenzyeaJIO o6H~Ba ,u;aHi 
:noJia, TO cniJILHi ix T.RTHBJI L 1 i L 2 aifi,u;yTLCH B TO'IQi M, 
ll~O 6y.u;e 0'10Bll,IJ;HO CTeneHHOIO TO'IKOIO Bcix TpbOX ROJI 01, 
02 i s. 

T.nM TO QH TO'IIm M 6eayMOBHO Jiemannie ii Ha cTeneH

Hiti oci ,u;aHHX ROJI 0 1 i 0 2 • KoJIM Tenep a TO'IRII M cnycTHMO 

npnM }rJN Ha JIYtIHHRa 0 1 0 2, TO npocra MN i 6yAe n0Tpi6-

no10 HaM CTeneHHOIO BiCCIO. 

§ 40. 3\MJTOK KOH. 

KoJIH ;z:tea uona R1 = 0 i K 2 = 0 nepexpe~IOTLCH B ]!BOX 
Toq1mx, TO aHaqHHRH QHX TO'IOR MYC.RTL aa.u;oeoJILHHTH OAHO

tiacHo 0611,u;Ba piBHaHHH: /{ 1 = 0 ff /{ 2 = 0. 

AJie Qim aHa'IHIUlli o6epTaTMMYTL B TOTOiKHiCTL I ROmHe 

pieHaHHH nurnH,u;y: H1- l H2 = 0 
~e A s .u;oain1>mdi aMiHHHR. 

Tam-IM 'IMHOM, AaIO'IM l pimHi aapTOCTH, Of!epi1rnMo mMy

TOK KOJI, ~o nepeXOAHTh qepea ,IJ;Bi aara;taHi TOtJRJL (Pnc. 93). 
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B OKpeMoMy Birna~:ny ROJUI ~aHi KOJia K 1 = 0 1 H 2 = 0 
~OTHKaIOTbCH' TO p iBHaHHH: 

6 pieHaHHHM iRMyTim ROJI, AOqifqHHX B ~aHiii crriJJbHiil TO'CII_~i. 
, 

061111cJiiiTn KYT ~ox ;n;a11ux KOH. 

Ry'rOM ;n;uox ;n;auux KOH aBeTLCJI KYT yruopennii ;n;om11-
BHMll p;o so~ B T011~i ix nepexpe.cqeHHJI (pnc . 94). HamrnaBmH 

piBHaHHH )J;OTllqHHX B Toqu;i rrepexpe~elIHfl ROJI i AaBII.U1: iM 

RaHOHHlJ:HY qmpMy, aHa.fiAeMo BiAIIOBiAHi KyToni aM1HH1mu 

m 1 1 m2 • 

ToAi: tg cp -

L. 

II p u~Aaa. 3aattT11 nyT HOJI : 

1) x2 + y 2 = 16 
2) (x-5) 2 + y2 = 9. 

PoaBnayGMO 1~i pinHaHHR, RKO CHCTeMy 

tt MaGMO: 

x=3,2; y= ±2,4 . 

.rr;oTllqHi B TO'U\i : ( 3 ,2 ; 2 ,4) 6ynyTh : 

1) p;o nepmoro Ho.1a : 

3,2x + 2,4y = 16, 

300: y = .- 4/ 3x + 20/3, (TOMY ml= - 4/3); 

2) p;o p;pyroro 1wna : 

(3,2-5) (x-5) + 2,4y = 9, 
I 

noo: y = 3/ 4x (TOMY m2 = 3/4). 

TaKHM q1rnoM, KYT MiiK ;n;oTHlJHHMH (KYT ~Box AaHIIX ROJI) 6 npa
MHR, 60 aanosoJibHRGTLCR yMoaa npRMOBOCTH : 



Han11caTH pinna.nun cniJILHoi AOTH111Ioi AO ABOX Koa: 

Xaii p iBHaHHH l\IIX KOJI 6y~yTn: 

1) x2 + y2 = r2 

2) (x-a)2 + (y-b)2 = r 1
2 

HamnneMo piauaHHH goTnqHoi'. ]J;O neprnoro :no.rra. B .flKiI1 

He6yAh TOlJQi 1'1 ( X1 ,y1J; I~e piBHaHHH 6yge: 

RoJIH goT1Jtu1a: x1x + y1y = 1·2 6yge goTJPIH010 ii go gpy

roro ROJia, TO BOHa 6y)J;e Bi,ngaJieHa Ha r1 Big ~eHTpa ~horo 

~pyroro RO.JI&. 

IJ;eHTP no.rra: (x - a) 2 + (y - b) 2 = 1·1
2 Mas aHatJH:Him: 

Oi( a, b) i TOMY Bim~a.rreHHH TOtJRI1 0 1 Big gon1tJHoi x1x + y1y = r2 , 

6yge : 

AJie 

X1 a+ Y1 b-r2 

v X1
2 + Y12 

V xl + y1
2 = r, TOMy: 

x1 a+ y1 b--r2 == ±rr1 

IJ;e . 6 neprne piBHaHHH' ~o BBH8Y6 HeBi,I(OMi 8HalJHHRII 

TOtIIUI M ( X1, Y1). 

3a gpyre piBHaHHH 6ygeMo BBamaT11: x1
2 + y1

2 = r 2 

(oo TOtJRa M JieamTh Ha rrepmoMy Ro.rri:) 

0Tme gJI.R BHaHatJeHHH TOtIRH goTHKY Af Ma6MO ABI cHc

TeMH a RBagpaTOBOro ii JiiHiMHOro piBHaHb' a caMe: 

1) ax1 + by1 =r2 +rr1 

X12 + Y12 = r2 

2) ax1 + by1 = r2 -rr1 

X12 + Y12 = r2. 

IJ;i gei CHCTeMH. ~alOTb ROmHa no ABOS poaB.RBKlB gJI.R 

x1 Ta y1 • PaaoM 4 poaBHBRH. 
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0Tme, Tal\llX AOTl1"1HllX MOif\Ha IlOBeCTH ABi napi: CllCTeMa 

1) Aas Toqm1 AOTHKY ABOX BHyTpi1.11Hix AOTHtIHHX (AB i CD, 
pHc. 95); a CHCTeMa 2) Aa6 TO"IKH AOTlfKY ABOX 80BHiIIIHix 

AOTlltIHHX (KL i MN). 

II p uMaa : 

~Ba KOJia BHSHa11a10TLCH prnHaHHHMII: 1) x 2 + y2 = 36, 
2) (x-8ya+(y-4) 2 =4. HanHcaTM piBHaHHH cninLHHX AO 

HHX AOTH"IHHX. 

8x1 + 4y1-36 = ± 12. 

Toiti Ma6MO 2 CHCTeMH piBHaHb: 

CncTeMa I: 

8x1 + 4y1 = 48, a6o: 2x1 + y1 = 12. 

X12 + Y12 = ,16. 

<. :ncTeMa I I : 

8x1 + 4y1 = 241 a6o: 2x1 + y1 = 6. 

X12 + Y12 = 36. 

PoasnaaemH, KOH\HY aaKpeMa I(I CHCTeMH, OAepmHMo: 

a) AJIH CHCTeMH (I): 1) x 1 = 6; y1 = 0. 

2) X2 = 3,6; Y2 = 4,8. 

6) AJIH CHCT0MH (II: 1) X1 = O; Y1 = 6. 

2) X2 = 4,8; Y2 = -3,6. 



PiBHaHHJI auyTpinrnix AOTil'mnx: 
(ncTaDJrneMo napTOCTH x1 Ta y1 
y piBHaHHJI x1x + y1y = r2) 

1) 6x = 36, x = 6 
2) 3,6x + 4,8.11 = 36 

.aoo: 3x + 4y = .10. 

Piauauu11 aonuiwaix AOT1ttrnnx: 

1) 6y = 36, y = 6 
2) 4,8x - 3,6y = 36 

aoo: 4x-3y = 30 . 

B n pa B H. 

1I -158. 11,oc.riifJumu eaae.Mne no.Ao;HeeHHJJ '/CO.A: 

1) x2 + y2 - 2y = 0 i x2 + y2 - 6x -1 Oy + 18 = 0; 
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2) x 2 + y2 -4x-6y = 3 i x 2 + y2 -10x-14y + 73 = 0. 

1I -159. 061luc.Aumu xym '/CO.A : 

(x-7} 2 +(y-2)2 =9; (x-3) 2 +(y-2)2 =5. 

1I -160. H anilcamu piBHllHHJJ cni.AbHUX fJomU1lHUX ao 'ICOA: 

1) x2 + y2 = 9 i x2 +y2 -24x+108 = O; 
2)•(x-5)2 +(y-3}2 =16 i (x-4) 2 +y2 =9. 

11 -161. H anucamu pienamui cmene1tnoi oci xo:i : 

x2 + y2 = 4; x 2 + y2 - 8x -1 Oy + 32 = 0. 

11-162. 3naumu a1ta1lHU1'U cmenen1toi mo1lJ£u .,;o.n,: 

x2 + y2 = 36; x 2 + y2 - 2x - 5y - 5 = 0 i x2 + y2 + 6x + 
+ lly-125 = 0. 

§ 41. 3A~AqI ~O P03~IJIY II. 

(.,;o.n,o) 

11 -163. Buana1lumu a11,a11,nu1£u Zfe1tmpy i .n,y11, 1'0Aa, 'ICOAU 
i1oeo p ienaHHR : · 

1) x2 + y2-24 = 6x + 8y; 
2) x 2 +y2 =2x; 
3) x2 +y2 =16+ 6y; 
4) 4x2 + 4y2 -16x + 8y + 3 = O; 
5) 36x2 + 36y2+36x+144y + 89 = 0. 

11-164. HaJ£pecAumu 'ICO.tio, euana"lene piBHaHHJIM: 

1) x2 +y2 -6y=16; 
2) x2 +y2 =x; 
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3) x2 + y2-x = I9j4-4y; 
4) x 2 + y2 + 6x = 4 ( x + 3); 
5) 144x2 + 144y2 = 216y-192x -1. 

q-165. 31taumu piona1t11,.,ci, 800:>1cuny u ai88a..rtem-t.rz aia 
no'ff,am.,.,y oceii .n,y'ff,1tun,a ~o.n,: 

1) x 2 + y2 -6x-10y + 30 = 0 i x 2 + y2 + 2x-4y = 4; 
2) x 2 +y2 =2y i x2 +y2 =2x; 
3) (x + 7 ) 2 + (y-5) 2 = 81ix2-4x+49= 24 --t- 22y-y2. 

[ VT. 1) 3x - 4y + 11 = 0 ; c5 = 11
15 ; 2) y = 1-x ; c5 = ,. 

') .... 

29 J 3) · 3y - 2x = 29; 6 = V 
13 

. 

q-166. llepexpecma npocmux: 

2y - 5x = 3 i 3y + 2x = 14 

yaamo aa 1.fettmp x;o.n,a, i£IO nepexo8umb 06008oe1it 'ff,epea mo'l"JCY • ( 5, 6) . H anucamu p t81ta1t1ta .,.,o.n,a. 

[ x2 + y2-2x-8y = 3] 

q - 167. I.( enmp ~o.n,a .n,~umb 1ta oci Y- iB 1ta Bi8-
oa.tte1t1t10 2 CHm. oio ll0"1,llmh1J oceu. H anucamu pie1-ta1-£HJ1, 'JW.;ta, 

Ko.,iu iiozo o6eio nepexooumb 'lepea mo'l~ B ( 4,5) 

q-168. H anucamu pi81-tau1-ta x;o.n,a, UID nepexooumb 'lepe~ 

mO'ff,'/£U: 

1) A ( 0 ,0), B ( 8 ,0) ; C ( 0, 6); 2) A (-1,2), B ( 3 ,3) ,. 
C(2,-1); 3) A (4,-2), B(-1,3), C(5,-1). 

[1) (x-4) 2 + (y-3)2 = 25; 2) x-(1,3) 2 + (y-1,3) 2 =_5,78. 

3) (x-2)2+(y-1)2=13 J 
q -169. H anucamu pi81ta1t1tR x;o.aa, Uf-0 nepexooumb 1lepe~ 

eepwx;u mpu~mttux;a: 

1) A (2,8), B (5,7), C (6,6); 
2) A (8,5), B(-6,7), C(-10,-1); 



153 

3) A (-3,3), B (6,6), C (2,-2) 
[a, b i r: 1) 2; 3; 5; 2) 0;-1; 10; 3) 2; 3; 5;] 

q-170. Hanucamu pie1ta1u-t.n noJta, o6oe8eHoao na mpu-
~ymHU1W6i 3 6o1'a.MU: 

1) x+2y=4; x-2y=0; y=O 
2) x+y=5; x-y+3=0;y=6 
3) y-3=0; 5x+2y+4=0; 2y-5x+4=0. 

[a, b, r: 1) 2; 1, 5; 2, 5; 2) 2; 6: 3; 3) O; 0, 9; 2, 9] 

q-171, H anucamu piB1taH11,.q, KO.Jta, UfO o6Be8eHe na mpu
ltlJmHUli,OBi a Beput1'a.MU: A (-2,3); B (7,0); C (2,5) i 0611,uc.,1iu
mu pi:HcHUlflO no.aiB 1'0Jla ma mpu,;ymHu,;a? 

[ (x-2)2+y2=25; 8 =63,54 K8. 08.] 

t.I-172. 1) l/epea mo11,ny (3,6) noeecmzi KO.Ito, UfO 8omu.-
1£aembcR Ji,OOp8uHamHUX ocefl, i Har_iucamu UOZO piBHaHHR; 

2) m~c, -'lepea mo11,,;y (9,2); 
3) me:>1e, -11,epea m01t1£Y ( 4,2); 

[ 3Ha1lltUKU ZfeHmpa piBHi 3 .ay'le.At KOJla: 1) r 1 = 15; r 2 = 3 

2) r1 =17; r 2 = 5; 3) r1 =10; r 2 = 2] 

q-173. 1) Hanzicamu piBHaHHR K0.1ta, UfO nepexoaumb 
'le pea m01l1£Y A ( 5 ,2) i aomuJ£aembCJi ao oci iKcie 11,a eiaaaJleHHIQ 
Bia no'lam1'Y oceu a= 3. 2) Hanucamu pieHa1tHR 1wJta, UfO 
nepexoaumb 'le pea mD"l"ltU B ( -17' - 5) i 8omu,;aembCJi ao oci 
iK,ciB 11,a eiaaa.aeHHIO eia no11,am,;y oceii a = - 2. 3) H anucamu 
piBHaffnR KD.1ta, UfO nepexoaumb 'lepea mo11,1cy C (-4,13) 1: 

8omu1£aembc.q, ao oci izpe1'ie, 11,a ei88a.1teHH10 Bia no11,amKy ocetl 
b = 1. ' 

[ 1) (x-3) 2 + (y-2) 2 = 4,2) (x + 2) 2 + (y + 25) 2 = 625; 
3) (x + 20) 2 + (y-1) 2 = 400 ]. 

TI-174. Hanucamu pieHaHHR 1£0Jia, UfO .Atae Zfe1tmp A (a, b) 
l, fJomuKaembCJt 80 npocmoi :y = mx + n. 

• 
[ Y 8 a z a: .1ty11, r e ei88a.1teHHJi.M, ZfeHmpy A eia 8aHoi npocmoi. 

Pmrn.: ( 
ma-b + n )2 J (x-a) 2 + (y-b) 2 = - .. 
± v m,'l. -t-1 
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q - 17 5. H anucamu p iBHaHwi x;o.n,a. UfO: 
1) .Mae lfeHmp:A (2,5) i oomu1eaembCR 00 npocmoi: 3x + 4y =] 

2) » : B(5,3) » » : 3x+ 2y =10 
3) » : C (2,-0,5) » » :2y-- X= 2 
4) » : D (2,-0,5) » » : x+2y=6. 

[ 1) (x-2) 2 + (y-5) 2 + 25; 2) 13x2 + 13y2 -130x-78y + 
+321=0 3) i 4) (x-2) 2 +(y+ 1/ 2) 2 =5.] 

q -176. H anucamu piBHaHHR x:o.n,a, UfO 1) .Mae .n,y" 
r = 13 i oomu~aembCJI, npocnwi: 3x + 4y = 12 8 mo'lq,i: A (4,0); 
2) .Mae .AY'l r = 10 i oomux;aembCJI npocmoi: 4x + 3y + 70 8 

mO'llfi: B ( 10 ,10) [ YB a ea: Be.au11,u11,y .n,y11,a K,O.Aa .MO:>reHa 06-
-ttuc.n,umu 1) RX:O Biooa.t1.e11,11,,,ci .M~c oeo.Ma mo11,K,aMu 2) six; Bi8-
0aJleHHR lfeHmpa BiO OOmU'lH,Oi. 

[Bion: (x-11,8)2 + (y-10,.4) 2 = 169; 2) (x-2)2 + 
+(y---4)2 =100, a6o (x-18) 2 +(y-16)2 =100]. 

Il p II Mi TH a. ..fIH p03BR8aTII Tim CaMi 33.J(atii, HOJJH 6 p;aHO oyno 
TiJihHll OAHH ia 3Hatrn1rnin TOttOH, Hanp: RO.!IH CRaaaHO' ~o ROJIO ( 1) no
THHa6TbCR npOCTOi'. D Toq~i A, ~o Ma6 Bi)J;THHHOBY x = 4, a6o. ~o M36 

PRAHY y = 0. Tem AJIR Rona (2). 

q -177. H anucamu pie11,a11,HR x:o.n,a, UfO Mae .n,y" r = 5 ; 
oomu1eaembCR 00 npocmoi: 3x + 4y = 1, a q,e11,mp 'fbOeD KO.All .11,e
:HCUmb Ha npocmiu y--x = 3. [ (x-2) 2 + (y-5) 2 = 25] 

q-178. Hanucamu pie11,a11,H,J1, x;o.n,a, UfO: 1) nepexooumb 11,epea 
mO'l"/tY M (2, -2) i oomux:aembCJI, 00 npocmoi: 2x + y = 1 6 mo'l
Lfi N (5,1); 2) nepexooumb 1lepea mo11,x:y K (5,9) i oomux;aembcs 
oo npocmoi: 4x + 3y = 3 e mO'llfi L (-3,3). 

[1) (x-3) 2 +y2 =5;2) (x-1) 2 +(y-6)2 =25] 

q-179. Hanucamu pie11,a11,11,J1, x;o.n,a, UfO: 1) nepexooumb 
14epea mo'lx:u: A (2,0) i B (-2,0) i oomux:aembCJi 00 npocmoi: 
4y=3x+6; 

2) nepexooumb "lepea mo"lx;u: M (0,0) i N (2,0) i aoeni 
Oomux;aembCJI 1WJl·ll." (x-5) 2 +(y-3)2=16. 

[ 1) 3x2 +3y2 +16y = 12 2) (x-1) 2 + y 2 = 1, a6o: (x-1)2 + 
( y + 2411J2 = 625~9 ]. -

YB a r a: e aa)J;aqi 2) neamae~rn, ~o nyqne1< non, pieenit d = r + 4, 
enonyttys l.leHTpH nauoro :a HeBinoMoro Rona. 
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q-180. 1) H anucamu .pie1taH1tR oomu,1111,oi oo 1'0.1ta: 
x2 + y2 = 34, pie1to6i:Hc1toi oo npocmoi 5x- 3y + 5 = 0 (npo
ana.Jtiayeamu). 

2) TeJIC - 11,anucamu pie1ta1t1tR oomU"lH,Oi 00 Ji,O.!ta x2 + y2 = 
= JOO, npRMOBoi oo npocmoi 4x + 3y = 3 ( npoa1tMiayBamu). 

3) Hanucamu pie1ta1tHR oomU'lltOi 00 ~.!ta x 2 + y 2 = 169, 
piB1t06~11,oi oo no npocmoi 5y + 12y = 3. 
[1) 5x-3y=34; 3y-5x=34;2) 3x-4y=50; 4y-3x=50; 
3) 12y + 5x = ± 169. ] 

q -181. 811,aiimu nepexpecmR : 

1) npocmoi: x- y= 1a1w.1to.M: x 2 +1i2-6x+4y= 3; 
2) · » : 3x + y = 25 » : x2 + y2 = 65; 
3) » : 4x + 3y = 70 » : x2 + y 2 - 4x-8y=80. 

[ 1) (3,2); (-1,-2); 2) (7,4); (8,1). 3) (10,10)] 

q -182. 811,aiimu cni.ribni mo"l1':U: 

1) 1'0.tia: x 2 + y 2 = 169 i npocmoi: 3x- 2y + 9 = O; 
2) » : (x -2)2 + (y-3) 2 = 25 i npocmoi: ,1x-4y=19; 
3) » : (x +2)2 +(y-3)2 =16, » :y=5x-8. 

A ma1':o~ npoaHMiayeamu 8 R1'0MY no.tio:>reeHH10 q,i npocmi aa.1tRa1to 
Ko.1ta. 
[ 1) CittHa 8 mott,;ax: (5,12) i ( -9 2113,-9 3l1aJ· 2) oomU'lH,ll 
B mo'lq,i: (5, -1) 3) He aycmpittaembcR a 1'0.1to.M, 60 poaeRa~u 

. 53 ± 5 i J YRBHL, nanp: x1 , 2 = 
26 

... 

q-183. 06'4UCJ1,umu mRmuey, UlQ ymeop10e: 
1) a ~.tio.M: 3x2 -29x + 3y2 + 43 = 0 ci'lHa: 4x-3y = 11; 
2) 1> • x2 + y 2 = 25 ci'lni: 1) x+y=7 i 2) x + 5y=20; 
3) » : x~ + y 2 - 6x + 4y = 0 ci'4Ha: 3x + y = 0. 

[ 1; 5; 2; V2 i 2y-5,. a; 9 ~10 J 
q-· 184. /(o 1'0.tia: (x-3) 2 +(y-2)2 =16 noeeoeHO ci'lHY 

4x-3y = 6. Ilepexpecrrui cittnoi a 1'0JUJM cno.11,y11,eH,O a no"lam1'DM 
oceu. 06ttuc.1tumu no.rte ymeopeH,Oeo mpu,;ymHu"'a [ 9,6 "'8. oo. ] 

q -185. J( o 1W.1ta: x 2 + y2 - 3x - 5y = 4 noeeoeH,O ci'lHY 
3y-4x + 11 = 0. 0611,uc.1tumu BiomuHo"' ci1l1toi·, aa.M1'HeHuu 
1W.Ao.M, i eioo(l.J1,e1tnR q,iei cittnoi Bio no'lamK]J 1'oopounamnux oceu. 

[ 5; 1115] . 
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q -186. 0611,uCJtumn 1a,ym: 
1) 1w.1ta: x 2 +y2 -4x-6y=12 a npocm.010: 3x-y=8,· 
2) »: (x-2) 2 +(y+1) 2 =100 » :4x+3y=5 .. 
[ 1) 71° 33' 54" 2) 90° ] 

q -187. H anu.camu pienan1ui ii 0611,nc.aumu 8oemuny 
8omutf.nux, noee8enux a 

1) mO'lJ;ll: A (-8,5;-17) ao IW.!la: x 2 + y 2 -22x + 8y = 32; 
2) » : B (2,14) ao ft.O.!la: x 2 + y 2 = 100; 
3) a mo11,01~: a) M(6,5;5); 6) N(-5,4)ie) P(0,91/ 3) 

80 Ji,OJta: X 2 + ( y -- 5) 2 = 13. 

[ 1) 5y-12x=17; y=-. 17; t==19,5. 2) 4y-3x=50; 

4x+3y=50; t=10. 3) af '2x.+3y=28; 2x-3y+2=0 

13V3 J v-t= 
2 

. 6 2y--3x=23; 2x+5y=2;t= 13. 

2 v lf J e) 3y ± 2x = 28 ; t = 
3 

q -188. 0611,uCJtumu tcy/mu, UfO ix 06iu.Ata10mb 8omutf.ni, 06-
'l.uc.rieni e nonepe8niu aa8a11,i. 

[ 1) 67° 22' 48"; 2) 90°; 3) a) 67° 22' 48"; 6) 90° 
(J) 112° 37' 12"] 

q-189. Ilia RKu.u h-ymo.At ezt8Ko (Kym aopy): 
1) KOJtO: x 2 + y 2 = 169 3 mO'lKU }If (17, - 7) 
2) » : (x-8) 2 + (y- 7) 2 = 25 a mo11,-,;u: a) A (3,13); 

6) B [ ( 8 + 5 ~2 ) , ( 7 _ 5 ~2 ) J 
[ 1) 90°; 2) a) 90°; 6) 45° ] 

q-190. H anucamzt pienan1-tJ1, 6i2ymweoi mo'l1'U M (17, -2) 
a2.ltR8H,O Ko.rta: x2 + y 2 -4x-6y = 12 i 0611,1icJtumzi ii ei8muno~, 
aa.At-,;nenu a KOJtOM. [ 3x -y = 8 ; d = 3 V1 o ] 

1I -191. 3naumu ana11,nuKu 6izyna, 1w.,1iu pienannR 
1) KO.rta: x2 + y 2 = 64, a 6izyn'l£oeoi: 2x-5y + 12 = 0 

[ Xo = -102/s; Yo= 262/s] 
2) mem- 8.llR KOJl.a: x 2+y2=65 i 6i2yn1'0eoi: x+5y= 13. 

[.:r0 =5; y0 =-25] 
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3) meJsc- 8.1ui KO.lla: x 2 + y 2 - 6x + 4y = 3 i 6izyHkoeoi 
x-y= 1. 

[1) (-102/3, 262/3), 2) (5,25) i 3) (-1,2).] 

q-192. 31taumu nepexpecm.ci ii o6ttuc.;iumu cni.ltbltl m.fi
mueu KO.ti: 

1) x 2 +y2 =100; x 2 +y2 -12x=4; 
2) x 2 + y2 = 40x ; x 2 + y2 = 30y; 
3) x 2 +y2 =25; (x--2) 2 +(y-1)2=10; 
4) (x-9) 2 + (y-8) 2 = 64; x 2 + y2 + 6x-16y + 57 = O; 
5) (x-5) 2 +(y+6)2=9; x 2 +y2 =16; 
6) x 2 +y2 -12y=25; x 2 +y2 -12x-7y=25. 
[ 1) (8,6); (8,-6); d = 12.2) (0,0); (14,4,19,2); d = 24. 

3) (3,4); (5,0); d=2f5. 4) 8omztKaembCR 8 nl01ll{i (1,8). 
5) ne nepexpeUfyembCJI, 6) ( 5 ,12) i ( 125/ 169 , - 300/ 169 ) ; 

d = 1412/1a] 

'lJ-193. Hanucanm piaHa1t1t .. ci cmennmoi (pa8u1i,a./tb1toi) oci 
RO.It, no8aHux y nonepe81titi aa8atti. 

q-194. H anucamzi pie1ta1t1tR cmenemwi oci ii, JtY1l1tll-
lill JW./t: 

1) (x + 2) 2 + (y--3)2 = 25 i (x-1)2 + (y-2)2 = 16; 
2) x 2 + y2 - 4x - 6y = 3 ; x 2 + y2 + 6x - 2y + 1 = 0 i ao-

6ecmu, UfO 801tU npRMOBi. 
[1) 6x-2y=l; x+3y=7;2) 5x+2y+2=0;5y

- 2x = 11 ," 8 o6ox 8UllQ81l,llX aa8080JlbH.ciembC.cl, y.1tto8a npRM0-
600CmU AA1 + BB1 = 0] 

q - 195. Te;JIC - a.Ml 1i,0Jt : ( x - 2) 2 + ( y - 1) 2 = 1 i 
x2 + y2 + 2x-6y + 6 = 0, a mall,OJtc o6llucJtunm ei88aJteHHR 

11enmpie. [2x+3y=7; 3x-2y+1=0; V13]. 

11-196. 3naumu cmene1tny mo1u;,y KOJt: 
1) (x-3) 2 + y2 = 5; (x + 4) 2 +(y+1) 2 = 9 i (x-1) 2 + 

+ (y-2) 2 = 7. 
2) x 2 + y 2 +34x-14y+169 = 0; (x-1) 2 + (y-13) 2=1 

i (x-13)2 + (y-2)2 = 4. 
[ 1) (- 1/ 16 , - 25/ 16 ) 2) no11amo1l, Koopa. oceu] 

q-197. Bua1ta11umu pie1tan1t.ci 11,0.lt, 'llfO 8omuKa10mbc.ci : 
1) 3081-tiutHbO 80 K-OJt.~ ( X - 3) 2 + y2 = J ; ( X -1) 2 + 

-'r(y-3)2 =4 i (x+3) 2 +(y+3)2 =16. 
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2) BHympiWHbO 80 'Ii,()./£: x 2 +y2 = 25 ma ( X + 5 )2 + 
(y + 8)2=16 i 808HiWHbO 80 1WJ£a: (x + 10) 2 + (y-4) 2 = 25. 

Ya a r a : BHanaquani11 AOnmuny nyqmrnin, uanp:, ;D;JUI nepworo 

BHDaAHy: ((! + 1)2 = (a-3) 2 + b2 ; (b + 2)2 = (a-1) 2 + (b-3)2iT.~ . 
.u;e a, b i (! G ni]J,DOBiAHO 3Ha'lJHHHH ~eHTpa i nyq ueai;a;oMoro KOJia, OAep
amMO Tp:u pi BHaHHR a TpLoMa neni;a;oMHMH. 

[ Bi;a;n: 1) (x-J)2 + y2 = 1; 2) (x-6) 2 + (y + 8)2 = 225] 

q-198. Ilia sinu.Mt h"?JmO.Mt nepexpeiq,y10mbcR 1w.1ta: 
1) x 2 +y2 =64 i (x-5) 2 +y2 = 49; 
2) (x-9) 2 + (y-8)2 = 64 i (x + 3) 2 + (y-8) 2 = 16; 
3) (x-6) 2 +y2 =40 i x2 +y2=100. 
[ 1) <p = 38°12' 48"; 2) <p = 0. /110 lfe oanattae? 
3) f{Jcp = = - 9/13 • <p = 145°18' 18" ]. 

q-199. 061tUC.1£UmU ei8muH~U 8omuttHOi, nia8omU'lHOi, 
npR.Moeoi u ni8npa.Moeoi, a ma~oJIC nanucamu pienann.,q, aomu'l
noi u npa.M080i, noeeaenux: 

1) ttepea mo'l~Y: A (8,6) ao ~o.;ia: x2 + y2 = 100; 
2) » » : B (15,8) » · x 2 + y 2 = 289; 
3) » » . c ( 4,0) » . x2 + y2 = 16. 

[ 1) 4x + 3y = 50; 3x - 4y = 0; t = 7,5; st = 4,5; 
n = 10; Sn= 8. 

2) 15x+8y=279; 8x-15y=0; t=91/ 15 ; S,=44
/ 15 ; 

n = 17; Sn= 15. 
3) x = 4; y = 0; t = 0; St= 0; n = 4; Sn= 4.] 

q - 200. 06ttUC.AUmU ei8mUHAU 8omU"lHOi, ni88omUttHOi, 
npR.Moeoi ma ni8npa.Moeoi, a ma1w:HC nanucamu pienanns ao
muttnoi ma npa.Moeoi, noeeaenux: 

1) ttepea mott~y: M (9,9) ao AOAa: (x-5) 2 + (y-6) 2 = 25 
2) » » : N (-4,10) » : (x-1) 2+(y+2)2 = 169. 

y Bar a : IIJ;o6 BH3Ha'lJUTll Bi;D;THHHH }l;OTH'lJHOl Ta np.RMOBOi', BH3Ha
'laGMO a Ix piBHaHL TO'IHH nepexpecTL a aiccro iHcia. ToAi Jier1w Bnaea
'lllTH Bi]J;THHHH qepea 3Ha'IHHHH Ix HiH~iB, a TaHOiR i MeTH ix s, = Ix ' 

Sn= nx. 

[4x+3y=63; 4y-3x=9; t=lJl/4 ; S,=63j,;· n=15. 
Sn=12; 2) 12y--5x=140; 12x+5y=2; t=26; Se =24; 
n = 105/a; S,.,, = 41/a ]. 
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q _ 201. 0611,uc.n,umu o6eio ma no.n,e K0.1ta, eua1ta1le1t1weo 
pieHaHHR.1tt: x2 + y 2 + 4x -14y = 47 

[P = 62,83 1ie.oo.; s = 314,16 K6.oo.] 

q - 202. 0611,uc.n,umu 
6oKa.Am: 

. . 
p l:HCHU lf 10 ll0Al8 

3x-4y + 17 = 0; x + 7y + 39= 0;7x-y = 77 
i Ko.1ta, o6eeoenoeo na Hb0.1tty . 

[ 225 (n-2) = 256,86 li8. oo.] 

q - 203. 0611,uc.n,umu no.n,e, 88eOeH020 8 KOJl,O : ( X - J) 2 + 
+ ( y-1 ) 2 = 1 mpuKym11,ux:a, UIO uoeo oea 6oKU 8U31tll1la10mbCR 
pienaHHJMtU: x-y + 1=0 i x + y = 1 [B = 2 KB. 00.] 

q _ 204. PoaBJl3amu mpuKym11,u~, UfO .Mae eepwoK e mo11,qi 
M (0,3) i pa.1tte1ta.MU oomU'lHi, noeeoeni 3 q,iei mO'lKU M 00 
K0.1ta: (x-2) 2 + (y + 5) 2 = 34. [ TpuKYmHu~ piBnopa.MeHnuu 
i npR.At01iymnuu; uozo 6oKu: V 34; 2 V 17 ; B = 17 1'8. oo.] 

q - 205. Te:HC - KOAU BepUUJK e e mo11,q,i A (7 ,23), a pa.ue
ua e oomuttHi oo x:o.1ta : x 2 + y2 = 289. 

[ npR.1tto~ym11,uu; 6o~u uozo: 17, 17 V2; S = 144,5] 

q - 206. PoaeRaamu mpuh1JmHuK, UfO Mae eepiww.At mo1l1t·y 
A (0,0), a ocnoeo10 mRmuey 4x-3y = 6 1'0Aa (x-3) 2 + 
+(y-2)2=16. 

[ 601-~u: 6; 7.50 . .. ; 1,34; B = 4,8 "Ke. oo.] 

11- 207. 061lucAumu no.1te pie11,opa.MeHHUKa, ymeopenoeo 
.AY'la.AtU, noeeoeHUMU y mott~U nepexpecmR X:O.lt : 

1) x2 +(y-5)2=16 i x2+y2 =9; 
4x2 + 4y2 = 289 i (x-10,5)2 + y2 = 25. 

[ 1) s = 12 1'8. 00. 2) s = 42 1'8. 00. ] 

q - 208. 311,aumu eeo.1ttempu11,11,uu ocepeoo~ eepumie mpuKym
Hu~ie, ~o Jr£a10mb cniAbHY oc1toey 2b i cma.1ty cyMy ( a6o pi;HC-
1lUZflO) KBaopamie unwux oeox 6o~ie: a 2 + c2 = m ( a6o: c2 - a2===n). 
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p 0 3 BR 3 0 H : Eyµ;eMO DBainaTn cepep;HHY OCIIOBH :Ja IlO'IaTOI\ ocen, 
OCIIOBY 2b aa BiCL X-in, Clll'rleTpaJihHY OCHOBJI (npHl\I 3 cepeAIIBU ii) 
aa nicL JT- in, a aaaqmmn aepm1rn B oaHatJHl\IO 1rnpea (x,y) cnoJiytmn
nm TOtIHY 0 n nepmKOl\I B (pnc. 96), MaTirneMo ocepe;o;mo oceoBH OB. 

y 3 Tp1myT11nRa L1 ODB MaTnMeMo : 

x2+y2=0B2. 

Ane a reoMeTpii'. HaM nip;oMo, m;o tJeTBep-
11 un 1rna;o;paT ocepe;o;HLoi'. s piam1n a noA-

'-----•;< nittHOIO cyMOIO Hnap;paTin pal\teH Tp1myr-
? .. c.% mma 6ea Kna;:(paTy OCHOBH, ce6To : 

40B2=2(a2+c2)-4b2, a TOMy: 

., + ., 2 ( a2 + c2) - .fb2 
x.. y .. = 

4 

3ri~HO a yMono10 :J3v1a1Ii, aapTOCTH a 2 + c2 = m 
i b2 s cTaJii neJIHtIHIIH, a TOMY : x 2 + y2 = OB2 

E: pinnanm1 Ko.rra a JiytJeM OB (ocepep;Hhoro oc110-

u11 TpHKyTmrna, pinao10: OB = 1/ 2 V 2m-4b2 
(pHC. 97}. 

B OH peMOMY mmaAHY, Ro~m: a 2 + c2 = 4b2 

ce5-To: m = 4b2 , TO OB= 1/ 2 V 2.4b2- 4b2 = b. 
Ce6To B s BeprµKoM npaMoro Hyra, 1.qo cnn-
pacTLCH Ha ocnony TpnKyrmma, RHO Ha nonepe11mrn. 

y 

' 

q - 209. 3naumu eeo.,nempu1lnuu ocepe8o1i, eepiwde mpu
h1JmnuKie ai cni.abno10 ocnoao10 2b = 6, UfO ix pa.Mella aaxoay10mb 

. . a_ .. _1; cmct.1te ei8nowennR. - - A - 2 • 
c 

V n a r a: Eepytm oci Hoop,n;1rnaT ~ JIH y nonepe;o;aitt aa,u;aqi 
(pnc 96) BHaHat1aeMo a npaMoKyTHHX TpHRYTHHHiB ABD i CBD HB~parn 
nponmpm10R a 2 , i c2 na ni;:i;cTani TeopeMH TiiTaropa. .D;aJii 6epeMo ix 

a2 
Bip;Homeam1 tt aaMic~b 2 ncTaBJHIGMO BapTiCTh ;.2 = 1/4. OcTaTOqao Marn

e 
Mel\IO p03BH30R: (x-5)2 + y2 = 16. 

q _ 210. 31laumu eeo .. uempu1l1-mu ocepeao~ aepw~iB mpzt· 
hymnuKiB, UfO ~ia10mb cni.1tb1lY oc1toey 2b i cma.ttuu eepw~oBuzt 

h'"Ym p0 • 

noJI11 eepmHOBllit KYT B e cTa.rra neJrnq1rna, To ii cyMa pemTH KY· 
Tin a +" 6 TaHOm CTaJia BCJIHqHea. 

TIJian poaaaaKy : 

tg p = tg [ 180° - (a + y) ] = - tg (a + y) 
to a ...L to '\J 

P ( ' ) ~ I 0 r 
0 0 0 

(1) ToMy tg =-lg a-ry = ------
1-tga tgy 



161 

6epyqu notiaToK Ta HanpHM ocen, RH y nonepe;r:r;uix a~aqax, MH 3 

fl ABD i f:i DBC 0611ucmoe:Mo tg a i tg y, a cal\re : (puc. 98) 

tg a = y ~ tgy = y i BCTanIIBlllH I\i napTOCTll y B3ip (1). 
b+:i: b-:r 

y + y 
t {J = - b+:c b-:c 
g y• 

1- -----
(b+y) (b-x) 

3Bip;QH apo6neurn crrporueHHH, op:epmHMO: 

2b 
z2 + y2 - y - b2 = o 

tg {J 

Ue e pieHaHHH KOJia a nytieM r = 

K ( o, b ctg {J) • 
y 

B(x;y) 

b 

sn {J 

q - 211. PoaoMamu nonepe8nKJ aa8a11,y 8.rui ma~ux o~pe· 

Mux Bunaa~ie : 

1) 2b = 2 ; µ = 900; 2) 2b = 4 ; {J = 60°; 
3) 2b=8; {J=45°; 4) 2b=10; {J=30°. 

( 
') 117 )2 16 

[ 1) x2 + y2 = 4; 2) x2 + y - + = -
3
-; 

3) x2 + (y-4)2 = 32; 4) x2 + (y-5 V3 )2 = 100]. 

11-212. Buana11,umzi eucomy npR.,,iwi mpucmiuuoi npu3.uu, 
UfO Mae o6cJie 12672 h6. c1tm, a 8Boe a 6o~iB oc1toon e m.flmll

B<Ut,u : 4y - 3x = 60 i 4x + 3y = 80, o6oe8euoeo ua l.fbO.l•tY mpu-
k']JmHu~oBi, IW./l,ll : x2 + y2 = 400. [ h = 33 CHm. ] 

Kypc auaniTmmoi reoMerrpiL Ieauea1<0. 11 
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1I- 213. Bi1lltUlfJl npaeu.1tbltoi "tornupucmiltHoi nupa.Muou 
20 n.B. .Memp. Ro.1tu "le pea Koculty ocltoeu noeecmu ocboeuu ne
pepia nupa.Muau, mo lta uoeo n.aoUfi, ca.Ma ~ocuHa eiaana11,a
mu.Membcsi pieltaltnR.At : 6x + 8y = 5, a eepwo~ nupa.Muau .1te
:Heamu.Me e mo"llft D (2,1). 0611,uc.1tumu o6cJte ma 6in. oc11,oeu? 

[ V = 8 >L6. .,it. a = 4 .At. ] 

1I- 214. llpaeuJtblli .MHoeocmimti npU3.1rta ii nupa.Atuoa 
.Jta10mb cni.1tblli eucomy zl, oc11,oey Pielta1u-tR 6on.y ocltoeu e.· 
12x- 5y = 11, a qenmp "K0.1ta, eeeaenoeo y .Jt1toeo11,ymltu"K ocnoeu, 
J1,e:»cumb lta nepexpecmi npocmux .· 2y - 5x = 27 i 3x + y = 8. 
0611,uc.1tumu cni./1,bltY eucomy npua.Atu ma nu.pa.Muau, K,OJtll 6i'l
nu lfi ix eianocsimbCR RK 8 ao 5. 

[h = 8] 

1I-215. 0611,uCJtumu o6cRe mpucmiltltoi nupa.Muau, Uf1> Mae 
6on.a.Mu oc11,oeu: AB=:x+y=2, BC-:=y-x~4 i AC=:x+9y+ 
+ 14 = 0, a eucomo10 nonepe1lnu1~ ;w./1,a, o6eeaeltoeo 1ta lfbOMY 

mpuKymltUIW6l. 

[ 
V-82 - 20 v 82 ,.. J ./1,Y"l n.o.1ta r = 2; V - 3 = 60.37 JW. oa. 

1I- 216. llpaeuJtbltUlt "lomupucmirmuii nupa.Mualtuii nenb 
.Atae o6cR.8 407 4 li.6. oa. Ha ff,U:Heltiii OCltOBi lllt.ft o6eeaeltO 1WJtO' 

UfO Mae pieltaltltR: x2 + (y-9,5 }2 = 144,5. Ko.1tu "tepea mott'K]I 
A(81/2,l8) o6eo&y lfb080 1W.!la noeecmu ao Hb080 aomU1lHy, mo 
ii niaaomu11,na 6yae pielta a eucomo10 ca.Moeo m-tR. 

061lUCJtumu 6iK eepXHbOi OC1-W8ll lllt.ft. [ b = 13]. 

11-217. 0611,uc.lmmzi noeepxlt10 ma 06c.11,e npaeuJtbltOi 'lomupu· 
cminlloi npua.Atu: UfO .uae eucomy = 1, a aa ocnoey KBaiJpam, 
yeeoenuu e 1w.1to 16x2 + 16y2 - 24x + 32y = 37 5. 

[ s = 128,28 1\6. oa. v = 50 li.6. oa.] 

11- 218. Ocboeuu nepepia BMblfR e Keaopam. 06eia oc1wBu 

z+boeo BMblfR n.epexoaRmb "lepea mo"lKu: A (0,1), B (1,0) i 
C ( 1,2). 061lUCJ1,Umu 06c.11,z i noeepxn10 BMblfa. 

[ V = 6,283 K6. og. 8 = 18,85 Ji8. 00.] 
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q-219. OcboBuu nepepia eaJtblfR 40 KB. 08. /1,o KOJta 
ocHoBu noBe8eno 8Bi cittni : 3x - 5y = 23 i 2x + 7y = 5, UIO -
nepexo8Rmb ttepea qenmp, i 8omu'lna: 4x - 3y = 2. 

06'lucJtumu 6i'lnuq10 ma o6cRe BMblfR . 

[ 8 = 125,664 KB. 08. V = 314,16 K6. 08.] 

q _ 220. Teop'la cmi;»eJ;,a naxuJtena 80 oc1wBu, UlO 8U3Ha
ttaembCR pienanHRM: x2 + y2 -22x + 12y + 57 = 0, ni8 h1JmOM 
a= 64° 24' 40". 

06ttuc.n,umu o6cRe cmi;HCKa. 

[ V = m'S~f,ga = 2186,75 1;·6. oa. J 
q -- 221. 0611,uc.1mmn noeepxn10 ma o6cae npJl.Moeo cmi;HC

x:a, tlfO iioeo mBo p'l.a pieHa a no8eiunu.At nonepe'l.HUKOM Ko.n,a 
ocnoBu, UfO nepexo8umb 'lepea mo1l1iU (0,8), (6,2), (12,8). 

[S = 432 n i V = 576 n V3 ] 
q-222. BMelJb .. uae aa ocnoey 1wJto, U¥J nepexo8umb ttepea 

mottKu (2,3), (-2,3), (0,-2) i oucomy, pieny a nonepe1tnu
llo.,w, lfbOeo KOJta. 06'tlucJtumu o6cae i noeepxn10 npaeu.n,bHoi, 06-
eeoeuoi na eaJtblfi uwcmucminnoi npua.Mu . 

[ 8 = 201,84 KB. 08. V = 195,11 K6. 08.] 

q-223. 06'lucJtumu 06cR2 ma noeepxn10 n,yJti, ymBope
HOi o6epmannRM naB1w.n,o ceoeo nonepe;11,11,un,a 1wJta, UfO nepexo8umb 
ttepea mo11,h1J (9,2) i 8omuKaembcR 80 Koop8unamnux oceu. 

[81 = 3631,68, 1i8. 08. 82 = 314,16 JOO. 08. V1 = 20579,46 K6. 08. 
V2 = 523,60 n6. oo.] 

q _ 224. 3 q,enmpie KO.It : x2 + y2 - 16x + 39 + 0 i 
x2 + y2 = 49, noeeoeno ,/1,ytti y oepxn10 mo11,KY ix nepexpecmR. 
YmBopenuu aa oon0Moeo10 q,ux .riy11,ie mpuK?JmHU.Ji, o6epmaembcs 
Ha6Ko.n,o .n,y11,nuKa, ano oci. 06'luCJtumu 06cR2 ma noeepx11,10 lfb020 
lipye.rtozo mi.Jia. 

[ S = 30 n V3; V = 50 n] 

q-225. Ocboeuu nepepia cmbsc,;a e npaou.n,bttuu mpu
~m1tu~, a o6eio ocnoBu cmi;»eKa nepexo8umb 'lepea qenmpu 
mpbOx 1wJt: 1) x2 + y2 - 10x-10y + 41 = 0, 2) x2 + y2 -
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-JOx + 6y-=-= 2 i 3) x 2 + y 2 + 2x + 6y = 6. 0611,zic.n,umu no6epx
HHJ u o6cRe "hy.rtu, 06Be8e1wi 1ta lf bOAty cmb1e1wBi. 

[ 
400n 400011: _ J 

s = 3 100. 08.; v = 27 v 3 = 806,13 ~6. 08. 

q - 226. Bupiaon, Rpyea B 53° 7' 49" o6epmaembcsi HaBBOAo 

0811,oeo ai cBoix 6i1lnux .rty'liB. 0611,uc.rtumu o6cRe i c<fiepu'lny no
Bepxmo ymeo peHoeo h1J.!tllcmoeo Bupia,;y, 1w.1tu Bi8o.Mo, UfO Me
moBuu npRM a -,;inlfJl, 8yeu 8a1toeo Bupia~ 1ta Bic& o'lephye -,;o.Ao : 

x2 + y2-8x-6y + 9 = 0. 

[ 
80n J v = 3 ~6. 08. ,.. s = 62,83 Ji,8. oa. 

§ 42. ~e-asi aayuwseHHH ~o )ij)yroro poa~y. 

I. 

Csm,Aeuu.a pi.BuaHB.a AOTH1111oi AO soJia e uiii-ueom 
loro T011I(i M(XuY1) KOJlll piBHaHHH ~oro KOJia ABHO B 

ure6pu11Hiit tftopMi. 
Mu BHaSMO, ~o OCHOBHa cpopMa piBHaHHH KOJia: 

(x-m) 2 + (y-n) 2 = r 2 •••••• (1) 

rrepeTBOpHTbCH B aaraJlbH0 a.nre6pH1IHe piBHaHHH Toro.m KOJJa: 

Ax2 + Ay2 +Dx + Ey +F = 0, 

a6o B ynopHAKOBauy <f>opMy Toro caMoro aJire6pH1IHOro piBH&HHH: 

x2 + y2 + Mx +Ny+ P = 0, 

KOJIH 6y~eMO BBaiK&Tll, IllO: 

D E 
i) m = - 2A ' n = - 2A i r = ~v D 2 + E 2 -4AF ... (2) 

2A 
a6o: 

2) m = - -- n = - -- i r = - M2 + N2 - 4P ... (3) M N 1 v 
2 ' 2 2 

IloB0A0MO, Tenep, AO KOJia (1) AOTH"IHY B T01Il.\i Q(x1,Y1)· 
PieuaHHH ii 6yAe: 

(x-rn) (x1-m) + (y-n) (y1 -n) =r2 , 

a6o: xx1 +yy1 - m(x+xJ- n(y+y1) + (m2 + n2-r2
) = o. 
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011e.BIIWfO, ~o BCT8.BJUll011H B OCTaHH6 piBHaHHH BapTOCTH 

m, n i r 8 piBHOCTeit (2) i (3)' MH O,llepmHMO piBHaHHH Tiaim 

1(0THtJHOi, BHSHaqeHe qepea COt{HHHlU\JI Bi):(DOBi,llHHX aJire6p1-11m:ux 

piirnaHh :noJia. 

A caMe: 

D E 
1) Axx1 + Ayy1 + 2(x + xJ + 2(y + y1) +F=O 

M N ... (75) 

2) xx1 + yy1 + 2fx+x1) + 2(y+yJ+P=0 

PieHaHHH (75) ,llalOTb aaraJibHe npaBHJio HamrnaHHH piB

HaHHH AOTlft{HOi B HKiH He6y,llb Toqu;i o6BO;Jzy KOJia, a ca.Me: 

Iqofi OAepacaTH piBBaHBR AOTH'lllOi AO KOJia A&BOro piB
B&llRHM B W1refipu1111ilt ipopMi, Tpefia B D;LOMY piBH8BBIO H&• 
IIBC&TH BBBAPBTH aMiuuux, a:so BAOOJTKH ix, a IIOABiltui BMiuni 
nepmoro CTYfiiBH, aso CYJUI ix 

D E 
[Harrp.: Axx + Byy + 2 (x+ x) + 2 (y + y) +F = 0, 

JJtl N 
a6o: xx+ yy + 2 ( x + x) 2 ( y + y) + P = 0] 

i B KOZBilt 11api D;BX BMiHHHX BMiBHTH OAHO a HUX BB BiA· 
noe~oro aua'lllllBa TO'IKH AOTHKY. 

ll p U'JC.!ta8u. 

,I(aHo ROJIO: 

1) x2 + y2 -2x-5y-5 = 0. 

IlHIIIeMO: 

xx+ yy- (x + x)- 5/ 2 (y + y)-5 = 0 

ToMy piBHaHHH AOTIIqHOi MaTHMe BHrJIHA: 

XX1 + YY1-(X + Xi)- 5/2 (y + yJ-5 = 0. 

2) 4x2 + 4y2 -8x + 48y + 99 = 0. 

IlHmeMo: , 

4xx + 4yy-4(x + x) + 24(y + y) + 99 = 0. 

3BiAI\H piBHaHHJI ,llOTHtIHOi: 

4xx1 +4yy1 -4{x + xJ + 24(y + yJ + 99 = 0. 
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BWHHKOBe piBHaHHH 1toJia. 

II. 

Bis&MiM QempoBe p1BHaHHH KoJia: 

·x2+y2=r2 

IIo~iJIHBmH yci 'CJJieHH ~oro ua r 2 , MaTHMeMo: 

x2 y2 
-+-=1 r2 r2 

(76). 

PiBH&HHH KOJia B TaKoMy BHrJIH~l aeyr1> «BiATHHKOBHM», 
a6o «piBH&HHHM qepea oci». 

~JIH Kona, ~o Mas :a;eHTP y TOtJQi A (a, b), pieHaHH.R 
ttoro qepea oci MaTHMe BHrJIHA: 

_(x_-_a)_2 + (y-b)2 - 1 
r2 r2 - ' 

a6o: 



P 0 3 A In 111. 
l(puei ,rtpyroro cTyniHSI. 

B I..\hOMY poaAiJii MH Ma6MO Ha AYMI..\i poarJIHHyr.n ~e 

KiJibKa KpHBHX, ~o IIOAi6Ho KOJIY BH3Ha'lJ:aIOTbCH TaKOiR piB
HaHHHMII ~pyroro ccyni.H.R. IJ;i :np1,rni 6y.JzyTh: napa6oJia, eJ111rna 

it r1mep60J1a. 
I. 

IIAP AB OJIA .. 

§ 43. Buaua11eHHH napa6m111, HKO reoMeTpu1111oro oce
pe~KY' Ta OCHOBHe (BepmKOBe) piBHaHHH ii. 

PoaeHmeMo TaKy aaAaqy: 

3Hai1TH reoMeTpHqimit ocepeAOK T01IOR' piBHOBiAAaJI0HHX 

BIA AaHHx T01IKH it npocToi. 
Xatt I..\H npocTa 6yAe aa (p1rn. 99) a To11Ka F. OaHa

trnMo eiMaJieHHH TOtIKH F BiA rrpocToi aa tiepea p. 

!IL y 

'PNc.99. 

0AHa a TOtIOK' IllO HaJ10iRHTb AO AaHoro reOM0TPH11HOro 
ocepeAKY, 6eayMoBHO JieiKHTh B TOti~i 0, nocepeAHHi KF ( 60 
~OAepmysThCH yMoBa pieHoaim~aJieHHOCTll TO'lJ:KH: KO = OF) . 
Qa TOtJRa Haii6JIHmtia AO npocToi aa (60 BiAAaJ1eHHH KO 
i OF TBopHTh npocTy) i TOMY ii 6yAeMo aBaTH ueplllKOM reoMe-
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TpHtJHoro ocepeAKY. BepeMo u;ett eepmoK 0 aa notJ&TOK Roop

AHHaT, rrp.RM OX a TOlJKH F AO rrpocToi aa-aa Biel> X-iB, 
a np.RM OY AO oci X- iB y ToqQi 0 - Ba Biel> Y- iB. ~e-6 

ToqKa M ( x1 ,yJ He Jiema.rra Ha AaHoMy reoMeTpHlJHOMY ocepem\y, 

saBiR'AH yrBop10BaT11MeT1>c11 npHMORYTHiii TJ>HRYTHHK CMF, aa 
AOIIOMormo HKoro MH MomeMo aBRaaTH «f>YHKI.douaJI1>Ho Baaq

HHKH u;iei TOlJKH Bi CTaJJHMH BeJiwnmaMR, ~o Aa6 YMOBa. 

CnpaBAi, a 1'pHKYTHHKa CMF MaeMo: 

MF2 = MG2 + GF2 • • • • • • (1) 

AJie a YMOBH uamoro reoMeTPHqHoro ocepeAKY BHXOAHT&, ~o: 

p 
MF= MD=KO +oo = 2 +x; 

KpiM Toro MC= y · CF = OF - OC = _!!__ - x. 
' 2 

0Tme, BCTaBHBIIIH y piBHiCTI> (1) BHaiiAeHi BapTOCTH ee

JIHtIHH MF, MC i CF, o]lepmnMo: 

(~ +xr=y2 +(~ -x}: 
a6o: y2 = ( ~ + x f-( : - x r = p. 2x 

TaKHM q1-1HoM, MH OAepmaJIH pieHaHHH: y2 = 2px HaI.Uoro 

reoMeTPHlJHoro ocepeAKY, lllO aeeT&CH napaoo.noro_ 

¥ KJiaA&I011H u;e piBHaHHH' MH BB.RJIH aa 1101.JaTOK KOOp~H

HaT BepmoK napa6oJIM 11 TOMY pieHaHHH: 

y2 = 2px . . . . . . (77) 

BBeThCH BepIIIKOBHM piBHaHH.RM 11apa60JIH. 

,IJ:aHa IIpOCTa aa Ma6 H&BBY HanpHMHOi, a6o µ;upeBTpBTH 
napa6oJIH. 

TotIKa F Mas HaaBy eorum&a a6o (>osyca napa6oJIH. 

BiAAaJieHHH KF, BorHMm;a BiA HaII}lHMHoi aeeT1>c.R uornmqeeHM 
a6o (>osycoBHM BiAAaJieHII.RM; BOHO 03Ha1.Ja6Tl>CH aaBH\AH JiiTeporo 
p i BBamaeT1>CH aa AOA&THIO BeJiwnn1y. BeJIMlJlIHa IIOAB iiiuoro 

BOrHHllleBoro BiAAaJieHHH M&6 H8i3BY aMiHJJBKa, a6o napaMeTP8 
11apa60JIH. 

ToMy, Borau~eBe niMaJieHH.fl p lJaCTO anyTh ill\e nioaMinuuHOM 
(nianapaMcTpoM) napa6o~n. 
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Auuiaa pienaHH.H napa6m1n: y2 = 2px 

B1rnHaqJJenm a piBHaHHH napa6oJIU y, MaTHMeMo: 

y = ± V 2px. 

1) Ileprn aa BCe 6alJJIMO, ~o KOJIH BBamaTH p aa ]:(O]:(aTHIO 

eeJIHlJHHy, TO x He MOii\e MaTJI Bi~'6MHHX BapTOCTeiI, 00 TO~i 
BapTOCTH y 6yJIH-6 YHBHi it peaJihHllx ToqoK Kp1rnoi He icHy
BaJI0-6. 

ToMy napa6on:a n:ezHTL Jlllllle no OAlfH 6iK oci Y- ie, 
a CBMe B 6oxy AOABTBix x - ie. 

2) Rom.f x = o, To ii y = o, ce6-To Kpirna nepexo~HTL 11epea 
no11aTOR oceif. 

3) RoJIH apocTaIOTh Ba pTOCTll x, TO it a6coJIIOTHi Ba pTOCTH 
y TaRom apocTaIOTh i lWJJH x + oo , TO fi y = ± oo • Rp1rna a 
6eaMemHa. 

B 

K o ----~x . .,_ 

A 

4) RomHiii BapTocTi x Biw:10Bmaa ~Bi BapTocTH y, pnrni 
BeJIH1IHH010 i npoTHBHi aHaROM. TaKHM 1IHHOM, napa6oJia cRJIB

AaSTLCH a ;r:{BOX raJiyaeii, cuMeTJnI1IHO noJiomeH:ux arJIH1lHO oci 
X- iB, a TOMY ocTaHHH Ma6 uaaBy oci CHMeTpii napa60JI11, 

a6o, npocTo, oci napa6onH. 
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5) HaiiMeHmrn espTocTi x = o BiAIIOBiAas JIHme OAHa 

TOtIRa ( OAHa Ba pTiCTb y = 0)' ~o JieiKHTb Ha QIB oci. ll;a 
TOtrna 0 ( 0 ,o) RR MH YMOBHJIJICH' Mas HaaBy: oepmRa napaomm. 

PoarJIHHbMO 11{0 Toii BHIIaAOK, KOJIH x = ~ . 

y ± v 2p. p2 = ± p. 

B~THHOK npocToi, II{O crroJiyqye q1 TO'IKH (-~ , p ) i 

( ~ ' - p ) ' e T.IITHBa rrapa60JI11, 11{0 rrepeXOAJITL IIp11MOBO 

AO ii oci qepea norHH~e F, 60 BiMaJieHHH F BiA rroqaTKY 

. p 
ROOPAHHaT prnHe 2. 

QR TRTHBa CB06IO BeJUPUIHOIO piBHa ai BMIBHHROM napa-

6oJIH: 2p (pnc. 100). 

§ 44. reoMeTpB11He BIUJHaqeHHH TOqOK napaOOJIB Ta ii 
KpeCJieHHH. 

PoarJIRHhMO ~e OWfY ena CTHBiCTh na pa60JU1. Bia&MiM 

HRY He6yAJ> TOtIRY M(x, y) Ha Hiii (pnc. 101); BiAAaJieHHH 
MF i MP, RR BiAOMo, piBHi: MF= MP. RoJIH cnoJiytmMO 

BorIDn1~e F a TO'tlROIO P, TO OAeparnMo pieHopaMeHHHit 

TpHRYTHHR MPF, a TOMY TOllI\a M aaBiI\AH JiemaTHMe ua 

"' y 
rrpRMi LM, m;o rrocTaBHMO AO ocHOBH 

FP Tp1n~yTHHRa a ii cepeAJIHH. QR eJia
CTHBicTh Aa6 HaM MOiKJIHBiCTb BH3H&1IHTH 

KOiKHY oRpeMy ToqKy 11apa60JIH. A caMe: 

fo, :~ :< m;o6 HaitTH HKY He6yAh ToqKy rra pa6om1, 
'-, 1'pe6a qepea BOrHH~e F rroBecTH AOBiJIL-

',,, F"1c.~oJ. HHH rrpoMiHh FP AO rrepexpe~eHHH B To~i 
' .. , .... ,.. p a HarrpHMHOIO' ia cepe):(HHH BiATHHKa 

..... FP rrocT&BHTM AO Hboro rrpHM, a qepea 

ToqRy P nosecTH pilrno6mmy no oci rrapa6oJIH; TOAi nepe
xpecTH M Qhoro npHMa LM a piBH06imao10 PM i 6yAe sepm

KOM piBHopaMeHHoro TpHRYTHHKa MPF, ce6To (ariAHO a ~oee

A0HHM rrepe):( ~HM) TOtIKOIO caMoi 11apa60JU1. 
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3ayBMIWMO m;e o;a;Hy BJiaCTHBiCTL napa6om1, a caMe: 

SK m;o B AOBiJILHOi T011KH napafimm M IIOBeCTH piBuofiimuy 

µ:o ii oci' TO npmuiHL' cnpmlOBBHHit B BOrHlllll;8 AO 11epe

xpeCT.H p arBJJ;aHOi piBHOfiimuoi a AJlpeKTpHTOIO' nepeIIOJIOBH• 

HIOBBTHMeTLCJI BiCIO irpeKiB, a ca• BiATHHaTHMe B~ ~iei oci 

ei)J;THHOK (OL), piumdt a IIOJIOBHHOIO pHAJIOi T011KH M. 

TpHKYTHHIDI OLF i PNL, ~o MaIOTL piBHi npHMKH: OF= 

= PN = ~ i rocTpi 1•yTH: ~ m i ~ n piimi, HK nep1mwni, 

e piBHOnpHcTaiiHi: L1 OLF = L1 PNL. 

1) FL= LP 2) OL = LN, a.rre ON= OM= y1 . 

0Til\e: OL = LN = ~- . . . . . . (78) 

Qi cnocTepemeHHH ;a;orroMoraIOTL aHaiiTH cepe;a;HHY ;a;aHoro 

IIpOMIBR' IIOBe;a;eHoro 3 BOrHH~a. 

THM-To, ~06 a6y;a;yeaTH napa6oJiy, aHa10tm ii aMmHHK 2p, 
rpe6a po6HTH TaK: (pHC 102) 

1) IIOBeCTH ;a;oBiJibHY rrpocTy' ~o 6y;a;e BicCIO rrapa60JIH; 

2) IIOMiTHTH Ha u;iii oci ;a;oBiJILHY T011KY A I B3HTH ii 
aa IIOlJ&TOK HarrpHMHOi (;a;HpeKT}lHTH); 

3) Bi;D;KJiacTn em TO'lKH A B aa11p11My ;a;o;a;aTaix x - iB 

B~THHKli ~ i p; KiHI~i ix 6ynyrb: 0- IIOlJaTKOM KOOp;D;HHaT 

a F - BOrHHI.QeM. 

4) qepea TOlJKH A i 0 IIOBeCTH IIpHMH ;a;o BH6paaoi uaMU 

oci na pa6onH ii u;n rrpHMH 6y;a;yrL: 

a) aal - HanpHMHOIO. 

6) OJT- Biccro irpeKiB. 
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IlicJIH ~oro Be;a;eMo a TOllKH F HK MOmHa 6iJ11>me 

npoMiHiB, ~o nepexpenzyroTL HanpHMHY i 1) a Komuoro nepe
xpecTH npoMiHH fi oci Y- ie cTaBHMO ;a;o ;a;aaoro npoMiHH 
npHM; 2) a KOmHoro nepexpeCTH HanpHMHOi a IJ;HM npoMiHeM 
TaKOil\ CT&BHMO ;a;o Hei IIpHM. 

TotIKH a6iry KomHoi napH Bi;a;rroBi;a;HHX npHMiB ;a;o npo
MiHH ii ;a;o uanpHMHOi aaBm;a;H 6y;a;yTL ToqKa.MH napa6oJIH. 

KpecJieHHH Bi;a;' 6MHoi raJiyai napa.60Ju1 a.HaJior.nqHe a 

RpecJieHHHM ;a;o;a;aTHLO i raJiya i. 

d.' y 

P~c.102... 

E! ~e IdJJLRa cnoco6iB KpecJieHWI rrapa60JIH, a.rre B Ha
IIIOMY Rypci poarJIH;a;aTH i:x He 6y)leMo: 

,Il;mi KpecJieHHH napa6oJlll icHys crren;iHJJLHH:ti TeXHHtIHHA 

np1IJia)l, ~o Mas HaaBy napafioJiorpafl>a. 

AJie MH o6Mem.ttMOCH THM, ~o noKameMo TexHHCJHH:ti cno
ci6 RpecJieHHH napa6oJllf aa ;a;onoMormo JIHIIIe JiiHiiIBH Ta 

KOCHHIJ;H. (TuM 6iJibIIIe, ~o B OCHOBi CBOiH napa6oJiorpacf> Ma6 
Tott caMHii npuun;in). HaKpecJiil\10 ;a;oBiJILHY npocTy CD i BiBb
MiM ll aa HanpHMHY BiCh (;a;HpeKTpHry). IlpHKJia;a;a6MO AO 
uei JiiHrnKy MN (puc 103). ,IJ;o Bepnrna J£ KOCHHIJ;H mn~ rrpH

KpinJII06MO M~HY ( TaKy, ~o He BHTHry6TbCH) llHTKy, piBny 
no ;ll;OBil\HHi 3 IIpHMKOIO mK. 

,Il;o npocToi'. OD B HKiti He6y;a;1> Toqn;i 0 cTaBHMO npRM 
OK1 , ~o 6y;a;e Bicc10 napa.6oJIH, ii Ha HbOMY Bi)::( TOlffiH 0 
Bi;a;KJra;a;asMo Bi;a;;a;aJieHHH OF = p (niB ;a;a.Horo aMiHHHRa napa-
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60.iIH). To11Ra F-cTaHe TaKHM 1IHHOM eorHH~eM napa6oJIH. 

RiHeQb HHTKH m aaKpinJIIOeMo B TO~i F i HBTKY (HaTHrHyBlllll) 

npHTHCKa6MO OJIHBQ0M 'fl.O py6a KOCHHQH m~ (Harrp. B TO~i A). 
Ronu rrpHJIOHWMO KOCHH0Qb mn1' py6oM mn 'fl.O niHiitKH MN, 
a py6oM m1' 'fl.O rrpocToi OK1, To BicTJlH OJIHBQH 6yAe B 

TO"CJQi A 1 rrocepeP.HHi Mim 0 i F (OA 1 = A1F). RoJJH 'fJ.aJii 

nocyaaTHMeMo Qett KOCHH6Qb BB'fJ.OBiR Jii.HittKH MN Bropy, To 

BiCT}l.H OJIHBWI HaKpecJIHTb ropimHIO raJiyBb rrapa60JIH. ~06 

HaKpecJIHTH IDliRHIO raJiya1>, nepeKH'fJ.aSMO HOCHHeQ1> AO ropH, 

HK IIOKaaaHO Ha M3JIIOHKY i po6HMO TaK, HK y rrepmoMy paai. 

P111c.!03. 

~eii TeXHHtffiHii cnoci6 :npecJieHHH napa6orur e «l>aKTHtffillM 

BHKOHaHHHM IlOP.aHoro HaMH nepe'/l. ~M TeopeTHtffiOrO cnoco6y. 

Cnp&BP.i, KOJIH HHTKa Ma6 P.OBiKHHY py6a KOCHHQH mN' 

TO B KOHmOMY IIOJIOiK0HHIO QbOro KOCHHQH 'fJ.OBiKHH& qacTHHH 

HHTKH FA e piBua a P.OBiRHHOIO 11acTHHH py6a mA , ~o a 

HLoro aHHTO m1TKY. TaK:HM lJHHOM, TOtJKa A JiemarnMe y 

eepmRy piBHopaMeHHoro TPHKYTHHKa, a6yP.OBaHoro Ha 'fJ.OBiJib

HOMy npoMmi Fm, IlOBe)leHOMY B BOrHH~a, w;o it BHIIOBHIOS 

YMOBy napa6oJIB, HKO reoMeTpHlIHOro ocepeP.Ry, 60 QH T011Ka A 
B&BiRAlf piBHOB~aJieHa i Bi)l Bormi~a F i Bi'/l. HanpHMHOi 

OD (FA= Am). 
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§ 46. llllmi .popMB piBHaHHJI napaooJIB. 

I. ~me npOCTO MOZH8 BBBeCTB Bepmsoei piBH8HHJI IIB· 

pa60JIB AJIH THX BHilaAHie, KOJIH (pttc. 104). 

1) 3a BICL napa6o.rr.u ea.RTO BiA' 6MHY BICL iRciB. Pis

HaHHH TaKOi napa60JIH 6y~e: 

y2 = - 2px . . . . . . (79) 

2) 3a Bicb napa60JIH BSHTM AOAaTHIO Bicb irpe1dB; TOAi 

piBHaHHH napa60JIH 6yAe: 

x 2 = 2py (80) 

i 3) 3a Bicb napa60JIH B8RTO BiA' 6MHY BlCb irpeKiB; 

TOAi piBHaHHH: 

x2 = - 2py . . . . . . (81) 

I(Hx p1BH&Hb OK peMO He AOBOAHMO' a AJIH apaaKa no

AB6MO A&Jii AOBiA e.neBa.QrnHoro piBHaHHH napa6oJIH. 

llpUMim.,,;,a: 

PoaBHBKH pieHaHL: y2 = -2px Ta x 2 = -2py pea.rrLHI, 

60 ROJIH p AO):(aTH6 arJI.RAHO a uaworo yMOBOIO, a ea pTOCTB 

x Ta y BiA' 6MHi, TO BA06yTKl:I: - 2py i - 2px 6 AOAaTHi. 
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II. Piunauus napaooJIB, ~o Mae uepmoK y AOBiJILuiit 

To11u;i A(a,b), a uicL ii piuuofiiama AO oci iKciB (afio irpeKiB). 

~e piBHaHHH aByrh BaraJILHBM piBHBHH.JIM napa60JIH. 
PoarJI.RHhMO BHna):l;oK, KOJIH BepmoK napa60JI11 JieHUITh B 

Toq~i A ( a,b), a Bich ii HN piBH06h1ma JJ;O oci iKciB :It OJJ;Ha
KOBO a He10 cnpHMOBaHa (pnc. 105). Xaii TO'IKa M(x,y) Jie
iRHTh Ha Qiii napa6oJii, TOJJ;i a TpHKYTHHKa F MN M&6Mo: 

a.ne: 

P\Ac.,o5 .. 

MN2 = 1Jt!F2 -FN2 

Aue: 1) MN=MP-PN=y-b 

2) MF=ML=KN; ~e: KN=AN+KA, 

AN= OP-OB= x-a i KA=.!!_· 
2 ' 

p 
MF= KN = (x-a) + -

2 
p 

3) FN = AN - AF = (x - a) - -
2 

0Tme: (y -b)2= ( (x -a)+ ~ r-{ (x-a)- ~ r 
(y-b) 2 = 2p (x-a) (82) 

AHa.nor111mo A JJ;JI.R napa6oJI.u, ~o Mas BICh piBHo6imay 
AO oci Y- ie, M&.THMeMo piBHamI.R: 

( x - a) 2 = 2p ( y - b) . . . . . . (82a) 
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III. PoarJUmeMo iqe OAUY cftopMy pieuauuJI 11apa6m1u, iqo 

Mae uaaey eJieBa~ililloro. (Qe s piBHaHHH TpasKTopii JieTy TiJia, 

KHHYTOro B 110pomHe11i niA KYTOM ;z:to noaeMy). 

¥ ;z:taHOMJ paai napa.6oJia Mas BepmoK B HRHt He6yA1> 
To111d A ( a,b), a Bicb cnpHMOBaHy piBHo6imHo ;z:to oci Y- iB 
aropH ymrn; Il01I&TOK KOOp):{HHaTHHX ocett JI0iKHTb Ha o~iit 

ia ranyaefi napa6oJIH. 

'{ 

P"1c.106. 

PoarJJRHbMO TJlHKYTHHK BJJIF i a Hhoro Mat.Mo: 

BM2 =FM2 -BF2 

AJre: 1) BM =OD-OE= a-x 

2) FM = MO = BK ; (a BJiacTHBOCTll napa6onH) 

;ue BK = BA + AK; 

BA =DA - DB • b - y · AK = !!_ 
' 2. 

p 
ToMy FM= (b-y) + 2 

3) BF=DA-DB-FA = (b-y)--:f_ 
2 

BcTaBJIHIOtIH eapTOCTH BM, FM i BF, M&6Mo: 

(a-x)2 = [ (b-y} + ~ J-[ (b-y)- ~ J, 
a poaRJI&BmH pimHHQIO RBa}:q)aTiB ua tIHHHHKiB, o;z:tepmHMO: 

(a-x) 2 = 2p (b-y). 
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IloKH - IllO MH He . 6paJ111 IlIA yuary YMOBH, IllO napa6ona 
eycHTh nepexoAHTH qepea noqaToK RoopwiHaTm1x oceii, a TOMY 
AOB0A0H0 HaMII piBHaHHH 6 piBHaHHHM BaaraJii ROiRHOi napa-
6oJIH, IllO Mae Bich, piBH06imHy AO oci irpeRiB i crrpHMOBaHy 
B ._ 6iK BiA' GMHHX irpe1dB. -

BHni;o; I(boro pinuauuR MH no;o;aer.rn JIHIIIe ~JIR nnpaBH cTyAeHTaM, 
60 aa ni;o;cTani nonepeAHix MipHyBaHh Moama 6yJio-6 HanncaTH n:oro 6ea
nocepe;o;uho a caMe: 

pieuauuR napa6oJIH, ll\O Mae nicb, piaao6imuy ]l;O oci Y-ia i cnpR
Monauy B oiH Bi;o;'eMHHX y-is, 6y;o;e: 

(x-a) 2 = - 2p (y-b) 

a6o: (a-x) 2 = 2p(b-y). 

Tenep aauamHMO ~e TY y-MOBY, IllO napa60J1a rrepexoAHTb 
11epea noqaToR oce:tt, ce6-To aHalfllllRJI noqaTRY x = o, y = o 
M&IOTb o6epTaTII piBHaHHH Qiei napa60JIH y TOTOiRHiCTb, a Ca.Me: 

a6o: 

(a-o) 2 = 2p (b-o) 2 

a2 = 2'/)b. 

BcTaBHBlIIH QIO sapTiCTb B piBHaHHH napa6oJIH, MaTHMeMo: 

x2 -2ax + 2py = 0 . (83) 

Q&OMJ piBH3HHIO MOiRHO AaTH Ille TaKHif BHrJIHA: 

x2 -2a:x + a2 = a2 -2py, 
(x-a) 2 = a2 -2py ...... (84) 

~i ABS. piBH3HHH :tt M&IOTb Haaay eJieBaQiihmx piBHS.Hb 
napa6oJIH. 

3a~a11a. 

,I(na Toro, ll\06 a' ncyaaTH npHllHHY Ha3BH TiJILHH - ~o ;o;oee;o;eaoro 
piBaairna napa6oJIH it noKaaaTH ttoro auatiiuHR e TeopeTu1111iA: &iexa&HI~i, 
pOBBRH\eMo TaHy a~aqy: 

Tino 1muyTO eropy ni;o; p;aHHM eJieaar~iRHHM KfTOM (HYTOM ururnny 
AO noaeMy). BHaua'lHTH: 1) IIIJIRX JieTy (TpaGHTopiio) TiJia 2) BHCOTY Roro 
niAaeceauR HaA noaeMOM i 3) ;o;aJIHHY JieTy TiJia, ROJIH Bi;J.;OMO notiaTKOBY 
CKopiCTb i qac JieTy (TpeeaJiiCTb JieTy). 

IlpunycTiMO, ll\O HaM Bi~oMi: 

1) notiaTl\OBa CHOpiCTb-V, 
2) TpenaniCTh neTy- t (ce1<yuiu, 
3) eneea1~iAHHit HYT (ni;o; RKllM HHHYTO TiJIO)-a 
i 4) npHcHopeHHR cnJIH earn AJIR Aauoi Mic~enocTH-g. 

Hype aaaJiiTH'IHOi reoMeTpil. leaHeHKO 12 
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Tpe6a aHa:liTH: 
1) «J>opMy Tpa6.HTOpil, 
2) BIICOTY ni,u;HeceHHR Tina, ~o oaHatmMo qepea h 
i 3) AaJIRHY JieTy TiJia, ~o rn:matnrno qepea l. 

BiahMeMo aa nolfaTOH HOOpAJrnaTHHX oceit noqa. 
TOH pyxy Tina, nich X-is cnpRMY6MO B3JIOB>R no
aeMoi'. nJIOIIUf, a nich JT- is np.RMoeicHo ,u;o uei. 

Romue TiJIO, ~o 6y,u;e HHHyTe a .RHOIOCb CBJIOIO 

B nopOil<Helfi, aaBiKAH SHaXOAlfTHMeThC.R nip; Bmnt-
DOM ABOX CHJI, a caMe: 

1) y,u;apuoY CIIJIH {mTon11Ha, ~o mrnmrnau pyx Tina) 
i 2) CHJIH BarH. 
3ri,u;Ho ia aanOHaMH MexaHHHH, nepma c1.ma ,u;aCTb piBHOMipHHA 

npOCTOJiiHiRHH:A pyx, a ;a;pyra piBHOMipHo-npHniauemdt pyx. 
ToMy CHOpiCTb v MOilma pmmnaCTH aa npaBHJIOM piirno6imHHl\a Ha 

ABi CHJiap;oBi CHOpOCTH: 
1) CHOpiCTh piBHOMipHGl'O pyxy {MeT Ha BiCb iKCiB) Vz = vcsa 
i 2) CKOpiCTh pinHOMipno npnniaHenoro pyxy (MeT CHOpOCTH Ha nicb 

irpeHiB) v 11 = vsntx. 
IIpHnycTiM, ~o pyx TpeBae t ceH; TOAi TiJio y nepllloMy pinuo

MipHoMy pyxoni npottAe mJIRX: 

81 = v cs tx. t 

(l.(e 6y,u;e ttoro noea;a;onmHe npocyaean.R), a H JipyroMy pyxoBi aa Ti ii\ t 

CeHyH,u; BOHO npoRJJ;e lllJIRX: 
gt2 

S2= vsn tx. t---
2 

(u:e 6y,u;e itoro npRMonicHe npocyueHHR). 
Ronn6 aa t ceHyH,u; TiJIO ODHHHJIOC.R D TOlfQi M ( x,y}' TO DOBBJIOB· 

ame npocyneHHR Tina aa t ceHya,u; 6yJio6 aHalfHBHOM x ToqHH M, a npR· 
MOnicHe npocyueHHR TiJJa 6yno6 ::rnalfHIUWM y Ti61 iK TOqHH. 

Ce6To: x = s 1 = v cs tx. t 
'.) 

r1t • 
y = S2 = vsntx .t- --

2 

~06 BHaHaqHTll Tpa6HTOpi10 JieTy Tina, HaM 

Tpe6a auaRTH reoMeTplllfHhit ocepeAOK TOlfOH, 11\0 

BU3Half3l0Th IlOJIOiKeHH.R l.(bOro TiJia Ha Tpa6nTOpil 

(1} 

(2) 

ueaaJieil\HO ei,u; qacy (B HOiKHY MHTb). 0------------x 
01.feBH,IJ;HO, ~() JJ;JIR l~horo Tpe6a DHHJII0 11HTH ia BapTt: CTeii x i y 

BeJilllfHHY t (qac) i THPtl caMHM CnJiaCTH pinHaHHR ~i6i TpaGHTOpii. 
BHaHalfa6MO a pinmurnR (1) napTicTh t: 

x 
t=---

v cstx 
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i BCTaBJIHGMO ii B piBHaHH.fl (2), TO,r:r;i MaeMO: 

xsna gx2 
y -

2v2cs2a cs a 

a6o; y =xtga- -
g 

x2 
2v2cs2a 

l{e :A: 6y,r:r;e piBHaHB.RM TpaGKTOpii'. Ti'.Jia, KHHyroro B nopom&eqi 

ni~ ,r:r;aHHM eJieBal.\HtIDfM KY'fOM; BOHO ;o;yme qaCTO BHmBaGTLCll B Mexa

BH~i, aJie MH ua,r:r;aMo fioMy ,r:r;pyrHit BHrJIR;o;, a caMe: 
no,r:r;iJIHMO BCi tIJieHH Ha COlllfHHHKa x 2 i nepeHeCeMO 'ix y JiiBy 

11QCTHHY TO,r:r;i MaTHM0MO: 

v2sn2 a 2 v2cs2 a 
x2 ----- x + 

g 
----y=o 

g 

BeJUlllHHH: v, a i g e CTaJii' a TOMY MH MOmeMO BHCJii;o;H ;1dA HaA 
HHMB oauatIHTH qepe:3 CTani BapTOCTlf' a caMe: 

(a) 
v 2 sn2 a = 2a ; (b) 

g 

2v2cs2 a 
----= 2p 

g 

To~i piauauua npnttMae BHrJIR~: 

x2-2ax + 2py = O; 

HK ()aquMo, 1.\0 s enenal.\i.ttHe piauaHHR napa6oJIH. 

0Tme TpaeKTopi.R Tina, 1meyroro B nopomueqi nip; .RKiM - He6yAL 

KYTOM ,r:r;o noaeMy, e napa6ona, ooepueHa BepmKoM Bropy, a BiccJO, cnp.R
Moeauo10 np.RMOBicuo ;I(O noaeMy. QR nopa6ona o;o;uieJO ceoeJO ranyaaJO 
nepexo,r:r;HTL t1epea notiaTOK pyxy Tina. 

QqenH,r:r;Ho, 11\0 uaRBH~OIO TOlJKOIO' llKOl 1);0C.RrHe TiJIO, 6y,r:r;e eepmOK 

napa6onu A(a,b) (pHc 109) i TOMY BHCOTOJO JieTy 6y,r:r;e pR,r:r;ua eepmKa 
napa6oJIH, ce6To: 

h=h 

~MHHOIO JieTy TiJia 6y,r:r;e l = 2a (60 
Koamitt BapTOCTH y BiADOBi,r:r;aTHMe 2 piBHi 
no a6comoTHitt nenut1nui napTOCTH x). 
ToMy, ~06 ofiqnCJIHTH eapTOCTH h i l, MH 
MycnMo BnaaaqaTH oapTOCTH auatIHHKiB 
aepmKa A(a,b). 

3 piBHOCTH (a), MaeMo: 

v 2 sn2a v 2 sn2a 
2a = a= g 2g 

3 piBHOCTH (b)' MaeMo: 

C\ 

2v2cs2 a 
2p = (aMiHHHK napa6onu). g 

A(o..b) 

B 
)t 

R~c..109. 
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AJie MH :3HaGMO, ~o yMono10 rrepexoAmeHRR Ta1wi napa6oJIH qepea 
ooqaTOK KOOpl-l;liRaT 6: 

a2-2pb= 0 

a2 
b=-

2p 

A qepea Te, BCTaBHBmu B q10 pieaiCTb eapTOCTH a n 2 p, o.a;epmHMo: 

b = 
v2 sn2 a 

2g 

TaKHM tJHHOM eucoTa JieTy TiJia 6yAe: 

v2 sn2 a 
h=b=---

2g 

l - 2a = 
v2 sn2a 

g 

Qi nenn11HRH h i l aa.i""IemaTb Jimne ei.a; eapTOCTH ei.a;noaiwfnx 
«f>yem~Ht sinus, 60 v i g - 6 CTaJii eem111HHH. To My uatt6in&mi sap· 
TOCTH )l;JIR h i l 6y.a;yTL, KO~UI sn2a = 1 i sn2a = 1. 0Tme IlOJIO>IQIBIDll 
sn2a = 1 i sn2a = 1, 6y.a;eMo MaTIJ: 

1) sna = 1; a= 90°: TO)li l = 
v2 
2g 

v2 
2) sn2a = 1; 2a = 90°; a= 45°, TOAi h = -

g 

TaKHM tIHHOM, Tino AOC.arae Hattau~oro nonomeHHR TO Ai, none 

ttoro KHHYTH IIpRMOBiCHO 8 ropy ( h - v
2 

) a aaJieTHTb BOHO Halt· 
2g 

.a;an1>me TO.a;i' KOJIH iioro KHHYTH ni.a; eJieeauittUHPtl KJTOM a = 45° 

( l = :2 )· 
Homt · JieT TiJia ni)J.6yeaeTbCR B noeiTpi, TO npnxo.a;uTLCR BBOAHTll 

noopaeKy ua ooip noeiTpR. 

PoarJIRHeMO ~e BHil~OK' KOml TiJIO a RKOI He6yAb BHCOTH h HH· 

BYTO pieuo6iiKHo .a;o noaeMy. B ULOMY paai eJieean;iAHHR KYT a e aynL. 

0Tme B piBHaBHIO: x2 - 2ax + 2py = o, 

(l -

2p = 

v2 sn2 a 
2g 

2v2 cs2 a 

g 

=0 

2v2 .1 
g 

2v2 

g 



a6o: 

ToMy pinaaHHR napa6om1 npniiMaG nnrJIRA: 

:!v2 
x2 +-- y=o a 

" 
2v2 

x2 = -2py (JT.e -- =2p): 
g 
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Ue, RH 6a1n1Mo, s napa6oJia a eeplllHOM e notJaTHY HOOpA11HaTi 
a Riccio, cnpRMOBaHOIO B 6iii BiA'GMHHX irpeHiB. 

BnauatJnMo n J..\hOMY paai Aammy JieTy. 01.1eBHAHo, ll.\O .r1eT Tina 

DpHmtHHThCR' HOJIU BOHO HDa]::{e Ha aeMJIIO, aJie TO~i PRJJ;Ha TOllHll c 6yAe 
y = - h. 0Tme, l = x BH3Ha11llThCR DCTaBHOIO B pienaHHR napa60JIH 
Y=-h. 

ToMy: 
2v2 2v2h 

x2 = 12 = ---- .-h= --
g g 

IV. BiATHHKoee pieuauua napafioJIB. 

IlpunycTiM, ~o BepmoK napa6oJIH JiemHTh Ha oci X- iB 
Y To11~i A ( a,o), a Biel> napa6oJIH cnpHMOBaHa B 6iK AOAaTHix 

hmie. (BapTiCTb a B aaJiemHOCTH BiA yMOBH Mome 6yTH Bi.A' GMHa 

ii AO~aTHH). ToAi (HK HaMH 6yJio Bme AOBeAeHo) aaraJI1>He piB

HaHHH na pa60JIH MaTHMe BHrJIHA: 

(y-o)2=2p(x-a), a6o: 

y 2 = 2p (x-a), 

y2 = 2px-2pa 
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1) y = 0, M3TIIM0MO: 

BHaHa'IHMO rrerrep e~HHRH, ~o 

TBopHTh napa6oJia Ha Bio.Rx. KoJIH 
rrapa6oJia Mae cnirrLHY a Biccro X-is 
TOllKY' TO p.R;a;Ha a;iei TO'IRH y = o. 
TaK caMo, KOJIH na pa6oJia Mae 
crriJILHY TO'IRY a BicCIO y - UJ' TO 

Bi;IJ;THHKOBa a;ie i TO'IKH x = o. Toey, 
6epy'IH no 11epai: 

2px-2pa= 0, 
2pa 

a6o x= =a 
2p 

2) X = o, M&THM0MO: 

y2 = - 2pa , a6o y = ± V - 2pa = ± b 

0Tme rrapa6oJia TBOpHTh: 1) Ha oci X- iB ei;a;THHOK a 

a 2) Ha oci Y- z:B Bi;a;THHKH: b = ± V- 2pa. RoJIH BapTicTb b 
e YHBHa (ce6To-2pa < o) TO TO'IOK nepeTHHY rrapa60JIH 3 

Biccro Y- iB HeMae. RoJinm Bi;a;THHKH Ha oc.Rx oaHa'lHTJI qepea 

a i b = ± V- 2pa, a6o b2 = - 2pa, TO Harne piBHaHH.fl Mome 
M3TH BHrJI.R;IJ;: (;a;iJIHMO BCi 'IJl0HH piBH&HH.fl Ha-2pa, i y DH· 

CJI~ BCT&BJIRGMO, aaMica;L-2pa, ioro BapTiCTb b2) 

y2 x 
- - - +1, a6o 

-2pa a 
y2 
b2 

x -- -+1 
a 

IlepeHOCIO'lH 3MiHHi B JiiBy 11aCTHHY piBHaHHfl' o;a;epmyeMo, 
TaK aBaHe' Bi;IJ;THHKOBe piBHRHHH napa60JIH. 

y2 x -( y )2 x - + - = 1, a6o - + - = 1 . . . . . . (85) 
b2 a b a 

n pun.n,aau: 

1) HanHcaTH pinHaHHR napa6om1, 11\0 TBOpllTb Ha HOOp~nHaTHHX 

OCRX BiATHHKH: 

Ha oci X-itJ: + 5, - 5 
Ha oci Y-ia:-2. 

0"10BHAHO, BepmoR JieiKHTb 
o 6iK ~OAaTHix irpeKin. To My: 

Ha oci Y - i8 i Die& napa60J1R ii~e 

( ~ r + ___ Y_2_ = 1 
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2) IIpoauaniaynaTH pinHaHHH (enaHalmTJ1 nonomeHH.R napa6onu) . 

y2 x 
-+-=1 
4 3 

.Rcao, ~o aepllIOH napa6onn: Mae aHatJHirnR ( 3,0), eicb napa60JIH 
nen<HTb aa oci X- is i cup.nMoaaaa e 6ii< eiA'eMunx iHcin; ni~THHHH 
aa oci 6y~yTL + 2 i - 2. (Puc. 112). 

3) TipoauaniayeaTH pinHaHHR: 

y2 x 
--+-=1 
-16 2 

Ilapa6ona He ilepeT1rnae oci J1 - iB, 60 
b = 4i. 3BOJ];RMO AO cni.TJbHOro 3Hal'tleHa· 
TeJIR it MaGMO: 

y2-8x = -16; y2 = Bx-16, a6o y2 = 8(x-2). 

[(R napaoona Mas nepllIOH Ha oci X - is A(2 ,0), cnpHMonaua R 6iH 
J:tOAaTnix iHcie i Mae napaMeTpoM 2p = 8. 

§ 46. AJ1reopu1111e pinuaHH.a napaooJIH. 

BiahMiM aaraJILHe piBHaHHH napa6oJIH, KOJIH: 

1) Bicb napa6oJIH piBHo6iama AO oci X- iB To: 

(y-b) 2 = ±2p(x-a) . ..... (A) 

2) BiCh napa60JIH piBHQ6iarna AO oci y - iB TO: 

(x-a) 2 = ± 2p(y- b) ...... (B) 

[3HaIDI ± Bil\HBalOThCH: «+» KOJUI Bicb napa60JIH cnpH
MOBaHa B 6iK AOAaTHix BHaq}{JfKiB, a «-», KOJIH Bicb napa-
60JIH CIIpHMOBaHa B 6iK BiA'6MHlIX aHatIHIUdB]. 

B11KoHaBIIIH aaaHaqeHi B piBHaHHHX ):(ii, 6yAeMo MaTH: 

1) y2 -2by + b2 = ± 2px =t= 2pa, 
a6o: y2 =f 2px-2py + (b2 ± 2pa) = 0 

2) x2 -2ax + a2 = ± 2py =f 2pb, 
a6o: x2 -2ax =f 2py + (a2 =f 2pb) = 0 

(1) 

. . . . . . (2) 

0Aepmaui piBHaHH.fl (1) i (2) 6YAYTh yme anre6pHqHHMH 
~OpM&MH piBHaHb B~IlOBi):(HHX napa6oJI. 
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:mo6 Ha]laTH QHM piBHaHHHM 6iJihIII aara.rrbHHH xapaRTep, 

IIOMHOiKHMO eci qJieHH KOiKHOrO 8 HHX Ha ;r(OBiJibHi ;r(OAaTHi 

qHHHHKH, Hanp. piBHaHIIH (1) Ha h~, a piBHaHHH (2) Ha l, 
TO;r(l MaTHMeMO: 

Ry2 =i= 2pRx-2b-,;y + 1~(b2 ± 2pa) = 0 

lx2 -2alx =F 2ply + l(a2 ± 2pb) = 0 

(i1) 

(22) 

=r 2p-,; = m1 ;-2b1~ = n1 ; + -,;(b2 ± 2pa) = q1 

-2al=m2 ;=F2pl=n2 ;+ l(a2 ±2pb)=q2 

ToAi pieHaHHR MaTHMYTh eurJIHA: 

;r(e m 1 = =F 2p,.;, n1 = -2b~, 1 q1 =~(b2 ±2pa). 

m2 = 2al, n 2 = ==!= 2 pl i q2 = l ( a2 ± 2 p b) 

.IJ:ocJii]lHMO aHaKH Ba pTocrett COllHHHHKiB: 

m1 = =F 2p~ i n2 = =F 2pl. 
3 yMoei p - 6 BeJIHtIHHa aaBm;r(H JlOJlSTHH, tn1HH1um: R i l 

Ta1mm yaHTO ;rto;rtaTHi, TOMY aHaK co1111HHHKiB m 1 i n 2 aaemwi 

6yJle aanemaT:u Bi;rt aHaKy, ~o cToiTh nepe;rt a;rto6YTKaMH 2p,. 
i 2pl, a ~en 3HaK Bi]lBOpOTHitt aHaKaM, ~o CTOHTb nepe;rt npa
BOlO qacTHHOlO piaHaHh (A) i ( B). 

TaKHM trnHOM, m 1 i n 2 6y;rtyTh BiA' 6MHi, KOJIH B pieuamrn 

(A) i ( B) npaei qacTHHH ~o]laTHi, i1 HaBrraKH - m1 i n2 

6yJlyTh JlOJlaTHi, ROJIII npae1 qacTHHH piBHSHb (A) i (B} 
Bi]l'6MHi. 

AJie npae1 qacTHHH prnHaHh (A) i ( B) - ;rtOJl&THi, :KOJIH 

BiCh napa60JIH cnpHMOBaHa B 6iK ;r(O;r(STHiX aHatUIHKIB' i H8rB· 

naKH - Bi;rt' 6MHi, KOJIH BICh napa60JIH cnpHMOBaHa B 6iR 
ei;rt'6MHHX aHatJHHKie. ToMy, KOJIH CO'lllHHHKll np11 aMi.mlJII, 

IqO BXOAHTL B an:refip11'1He piBHRHHH JIBme B nepumx CTyni.Juu:, 
e BiA'eMHi,-To piuuamu1 uuaua11ae napafioJiy, i:qo Mae eicL 
cnpmmuauy B fiiK BiAIIOBiAHHX AOARTHix 3H8'11111KiB' i H3BIUlKH -
KOJIH n;i CO'lllHHBKH AO;IJ;RTHi' TO BiCL napafioJIB cnpHMOB8B3 B 

fiiK BiAJIOBi;IJ;HUX ei;ri;'eMHilX 3HR'IHHKiB. 
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llpu>WtaiJu: 

1) Xaii ):{aHo napa6oJiy: (x-3) 2 = 8(y- 5/ 3); nepeTBO
pHMO n;e piBHaHHH B a.nre6p.H1IHY cpopMy: 

x2 -6x+9=8y- 40
/ 3 , a6o 3x2 -18x-24y+67=0. 

2) PhrnaHHH napa6oJIH: (x-3) 3 = - 8(y- 5/ 3). ToMy: 

x2 -6x+9= -8y+ 40/ 3 , 

a6o: 4x2 -18y + 24y-13 = 0. 

Tenep nocTaBHMO co6i IIHTaHHJI: B HKMX yMoBax aJire6-

pHqJJe pieHaHHH Apyroro ccyniHH, ~o Mas aaraJibHJdi BHrJIHA: 

Ax2 + By2 + Cxy + Dx + Ey + F = 0, 

MOil\0 6yrH piBHaH~HM napa60JIJI? 
,I(JIH n;Loro nopiBHa6MO n;e a.rrre6pwrne pisHaHHH a aJire6-

pHqHHMH cpopMaMll piBHaHb napa6oJIH (86) 
Y TOMY it B ;rq>yroMy pieHaHH.HX HeMas 11Jiem1- i3 a):{o6yT

KOM aMiHHHX, ce6-TO c = 0. 
,I(aJii, y nepmoMy pisHaHH10 napa6oJIH, ~o Mas eich, 

piBHo6iiKHy AO oci X- iB, HeMas 11JieHa, IQO MiCTllTh KBa;rq>aT 
aMiHHoro aHatJHHKa o;is1 oci (ce6To x 2), HHaKme Kamy1111 ):{JIH 
pieHaHHH n;is1 napa6oJIH A= 0. 

TaK caMo, y ApyroMy piBHaHH10 napaooJIH, ~o Mas eich, 
piBH06imHy ):{O oci y - i,e' TaKOiR HeMa qJieHa' ~o MiCTHTb 
KBa):(paT aMiHHOl'O aHatJHHRa ( y2) n;is1 oci' ce6To ):{JIH piBHaHHH 

~iei'. napa60JI11 B = 0. 

TaKHM 11.liHOM, 

iqofi sme-HefiJAL a.Jirefipu1111e piuuauua Apyroro cTynrna a ABOMa 
aMiHHHMH MOrJio fiYTH piBHaHHHM napafioJIH, e Kone1111BM, IllOfi 
C01111HHHKH npH SAOfiyrKy ~ux SMllmllX i npH KB8JQ)8Ti OAJIOi a HHX 
6ym HyJii ( npu lJOMY ByJieM fiyuae co 'lllHHHK KB&f:Q)STY TOI 
SMinnoJ, m;o BiAIIOBiAae SH811HDK8M oci napafio~H). 

,I(oBe):{eMo Tenep, IQO a.rrre6pn11He piBHaHHH .rq>yroro cTy
rriHH, ~o aa):{OBOJihHH6 nocTaBJieHi yMOBH, 6 aaBm):{II piBHaHHHM 

HKoi-He6yAh napa60JI11 (ce6To ):{OBe):{eMo, ~o l.\i yMoBH He TirrhKH 

6 l\OHelJIIi, a.rre it BHCTap11aJihHi). 
B Il;bOMJ ):{OBO):{i 6y):{eMo poarJIH):{aTH Juu11e Tauy napa-

60J1y, ~o Mas Bich, piBHo6imHy ):{O oci X- re, 60 ):{JIH napa -

6oJIH, ~o Mas Bich, piBHo6iilmy AO oci Y- ie, yiRHB&GMO 

aHaJIOrH1IHOro ):{OBOAY· 
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0Tme, Bl8bMlM pieHaHH.R: 

By2 + Dx + Ey + F = 0 . . . . . . (A) 

1.Qo6 ~e pieHaHH.R 6yJio piBHaHHHM napa6oJIH, ~o Mas 
e1cb pieHo6imHy .u;o oci X- iB, ~6a noKaaaTH, m;o :Doro 
aaBmJ:VI Momaa nepeTBOpHTH e aaraJibHe pieHaHH.R aaaaaqeuoi 
napa6onn TaKoi anre6pnqHo1 ~opMH: 

~2 + m1X + ll1Y + q1 = o. 

3 nopiBHaHHH l(HX plBHaHb 6a1IBMO, IllO .D;JIH l\bOro 

Mas 6YTH: 
B = x;, D = mv· E = n1 , i F = q1; 

aJie m 1 = =f 2px:; n 1 = -2bx:; i q1 = 1t,{b2 ± 2pa). 

ToMy: 

D = =f 2p. B; E = --2b. B; i F = B(b2 ± 2pa); . . . . . . (B) 

3aynameHHH: AJUI napa6om1 ~o Mae eicL, pieuo6imHy AO oci 
Y- iB, qi pienaHHfl MaIOTL BHrJHIA: 

A=K; D=-2a.A: E= =f2p.A; F=A(a2±2pb). 

IleBHa piq, m;o Harne anre6pHtme piBH&HHH BHaHaqas na

pa6oJiy .rmme B TOMJ paai, KOJIH Momua a o.u;epmaHHx piB
HOCTeit (B) BHBHatIHTH peaJibHO 1) napaMeTP i 2) BHaqmum 

BepmKa ~isi napa6oJIH. 

D E 
Ane: 2p = =f -B ; b -

2B 
KplM Toro, 

F 
b2 ± 2pa = -

B' 

a BBl.D;QH, BCTaBHBIIlll eapTOCTH b i 2p, M&THMeMo: 

E2 ( D ) F 
4B2 ± =f B · a = Ji ' 

E 2 E 2 -4FB 
11\0 .u;as: D . a = - -F = ----

4B 4B 

A TOMY a= 
E 2 -4FB 

4BD 

ColllIHHHIDI B, D, E, F s BeJIHtJHHH peaJibHi, a TOMY ii 
06tn1cJieHi aHalflllfKH it napaMerp napa6onn 

E 2 -4FB E . D 
4BD ; b = - 2B 1, 

2P = =f B a= 

6 BeJIH1IBHH peaJihHi. 
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}1;JHI napa6om1, ll\O MaG uich, cnpRMOBaHy pisHo6iamo AO oci 

Y-iB, ~i plBHOCTH MalOTb BHl'JJR~: 

n2- 4AF D E 
a - , b= ---i 2p = =f-

4AE 2A A 

BeJiutt1rnu Ta1wm pea.-ihHi. 

0Tme napa6oJia, w;o BHaHatia6ThOH aJire6pnqH11M, AO-

eiJihHO BSHTHM piBHaHHHM (A), s peaJihHa i TOMY MomHa TBep

~HTH, ~o: 

KOmHe aJire6p1111He piBH8HBSI B peaJILHHMH CO'lllHHHKaMH' 
~o aaAOBOJILHJie 11ocTaBJieui fMOBH: 1) C = 0 i 2) A = 0; B * 0, 
afio: B = 0; A =r= 0, aaBmAH uuana11ae 11apa60J1y s uicc10, piuuo
oimnoro AO OAniei a soopAHHaTuux oceii. 

PoarJIHHeMo w;e aMicT IIOAIJHiHoro aHaKy =t= nepeA Bap
D 

TOCTIO 2p = =t= B (a6o ;qJIH Apyroro piBHaHHH a Biccro piBH0-

6imH010 AO oci Y-UJ: 2p = 'f ! }. 
Ml.I aHasMo, w;o BeJilPm:Htt p i B = "Ji, AOAaTHi, a TOMY, 

~06 pieHicTh aa,IlOBOJibHHJiacH, D MYCHTb MaTH aHaR OAHaKOBHit 

ia aHaKoM, ~o cToiTh nepeA Apo6oM, a caMe: 
D 

KO.JIM 2p = - B , TOH D MYCHTh 6yTJt BiA'6MHe, a ROJIH 

D 
2p = + B , Toii D MYCHTh 6yTH AOAaTH6. 

AJie D = m1 , ce6To Mas ~maK O,IlHaKOBHH a m1, a MH 
AOBeJIH, w;o aHaKH BapTOCTH m1 - npoTHJieiKHI auaRaM Bap

Tocrreit BMiHHHX 3HalJHHKiB oci, a TOMy: 

KOJIH B aJire6pH11H01'1Y piBHSHHi C011HHHBK IIpH aMiHHOMY' 
m;o BXOAUTL B HLOro y 11epIIIOMY CTYJillIIO' Bi]l;' eMHHii ( D < 0)' 
TO piBH8HHH BH8H8118e napa6oJiy a BiCCIO' CIIpmttOBaHOIO B 6iE 
AOJJ;aTHix BapTOCTeii CBOro aMiHHoro 3H811HHKa' a KOJIH TO it CaMBii 
C01111HHHG ;n;o;n;aTuiit ( D > O), TO piuuaHHH unaua11ae 11apa60J1y a 
eieero' CIIpHMOB8HOIO B 6iR Bi]l;'e~IHHX BapTOCTeit CBoro aMhmoro 
SB811HBK8. 
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R0Jn1 co11HHHHK npn: ApyroMy cTyn1H10 aMIHHoro e OWf

HHWJ ( B = 1), ce6-To a.rrre6pH111Ie p1BHaHHH napa6oJlll 6yAe 
ynopH~KOBaue, TO 3MiHHHKH ii MaTHMYTh TaKi BapTOCTH: 

E2 -4F E 
a = 

4
D ; b = - 2 , a 2p = =F D ...... (87). 

,l(JIR napa6onH, ~o Mae sicb, cnp11MonaHy pieHo6iamo ~o oci J!- iB. 
D D 2 - 4F 

a= - 2 ; b = 
4

E 2p = =F E .... (88). 

llpuuafJu: 

1) PiBHaHmi: y2 -8x-4y + 28 = 0 BHaHatiae napa6ony, 

60 C=O, A=O, B=t=O . 
.HK 6allHMO, nH na.pa6oJia Mae Bich pieHo6imHy 11;0 oci 

X- U1 ( cotmHHHK rrpu x2 piBHHit a 0) i crrpHMOBaey B 6iK 

AOA&THix iKciB (D = -8 < 0). (PHO. 113). 
06tIHCJIJOlJJI: 1) napaMeT}l ii: 2p = - (- 8) = 8 I 
2) aHalJHHKH eepmKIB: 

16-4.28 - 4 
a= =3· b=----2· 

--4.8 ' 2 - ' 

Rc.1.n. 
Mu MaGMO aMory CRJiaCTH aaraJlhHe 

prnHaHHH_ qiei napa6oJIH, a caMe: 

(y-2)2 = 8(x-3). 

2) PieHaHHH x2 - lOx + 6y + 31=0 
_._._,__.a.------x BHaHa11ae napa60J1y, 60 C=O; B=O i A =1= 0. 

,I(JIH Hei: 

a=_ - 10 = 5 . b = 100-4.31 
2 ' 4.6 

2p = + 6. 

Ilapa6oJia Mae BICh, pieHo6imHy 

11;0 oci JT- iB ( 60 COlJHHHHR npH y2 

piBHHii a 0) i cnp.RMOBaHy :B 6i:n 

BiA'GMHHX irpe1dB (60 E = 6 > 0). 

3araJil>He piBHaHHH niei'. napa-

6oJIH (pHC. 114), 6yAe: 

(x-5) 2 =-6(y+1) 

= -1 
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IlepeTBOpeHHH aaraJILHOro piBH3HHSI 11apa60JIH B Mre6pu11ue 

it H3Bll8KH. 

HK MH eme KaaaJIH, aara.rrbHe pieHaHHH nepeTeoproaTbCH 

B aJire6p.HtIHe 8BHtJaitHHM nepeBe):(eHHHM aaaua11eHHX B HbOMy 

):(Hi' Ta aBe):'(eHHHM JJ;O cniJibHOro aHaMeHaTeJIH. 

Haena1n1, aJire6pwme piBHaHHH napa6oJIH nepeTeoproaThCH 
e aaraJihHe aa ):'(onoMororo: 

1) TeopeTH1IHoro cnoco6y, ):'(Oee~eHoro nepe):'( QHM, 1 

2) 8BH1IaHHHM CilOBHeHHHM tJJieHiB, ~o MiCTHTb B co6i 

KBa):'(paT i nepnrntt CTyrriHh 8MlHHOro' ):(0 IlOBHOro KBR):'(paTy' 
nepeHeCeHHHM pernTH tJJ10HIB y npaey qacTHHY it BHHeceHHHM 

aa AYiRHH cniJihHoro tJJIHH.HKa. 

Hanp., piauaHHR: y2- 8x - 4y + 28 = 0 l\WmHa nepeTBOf'HTH B 

aaraJJhHY <f>opMy TaHHM lfHHOM: 

1) ,r:J;onOBHIOGMO 110 nonHoro I<Ba]J;paTy tJJieHH, ~o MiCTflTb y2 Ta y, 
a caMe: y2 -4y+4-4-8x+28=0. 

2) TiepeHOCHMO }JCUITY tIJieHin y npaay t1aCTHHY R po6HMO aee]J;e&&fl 
CXOil\H X lIJleHiB: 

(y-2)2= +8x-24 

3) BHBOAHMO aa ;a;ym1m cniJJhHOro lJHHHlma n MaTHMeMO aaraJibHY 

tl>OpMy piBHUHHR napa6om1: 

(y-2) 2 = 8(x-3). 

llpu1'.IW.o 2. 

x2-J4x + 12y + 1 =0 

1) x2 -14x+49-49+12y+l=O 

2) (x-7)2 = -12y + 48 

3) (x-7)2=-12 (y-4). 

B n pa Bu. 

11- 227. Hanucamu Bepw.KoBi piBnannR napa60J1,, U¥J .MaKJmb 

~lCb cnpR.M08aHy 8 6iK 8o8amnix X - iB, ~OAU : 

1) napa.Memp ii 2p = 4; 2) - Bi88MeHHR 808HU'Up Bia 
eepuum: d = 3 ; 3) - qR napa6o.n,a nepexo8umb 'lepea mo'lh!J 
( 4, -6) i 4) - nepexo8umb 'lepea mo'4>ry (2,3). 
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q-228. 3naumu 1w.1to:>1eenwi mo11,ox;: A (9,-9), B(5,8) 
i C(l0,7) 3e.1m8no napa6o.au: y2 = 9x? 

q-229. 0611,uCAumu 3.Minnux; i no.tto:»eenwi eoenuup, na
pa6o.a: 1) y 2 = llx; 2) y2 = - 7x; 3) x2 = 6y i 4) x 2 = -8y. 

q-230. Hanucamu pienannR nanpR..«1wi oci aasnattenux 
e nonepe8niu 3a8a'li napa6o.ri. 

q-231. Hanucamu pienannR napa6o.au, UIO .Mae: 1) eep
UtO"JC A (3, - 4)' a.,uiHHUli 2p = 12 i eicb. pieno6i:HCny ao oci 
X-ie; 2) eepw,ox; B(3,-2), 3 .. uinnux: 2p=12 i eicb, pieno-
6i:HCHY 80 oci X- ie i 3) KO.au eicc10 napa6o.au e npocma: X = 4, 
eepwx:o.M napa6o.au C(4,2), a 3.Minmuw.M: 2p = 7. 

( Hanucamu. pienm-tnR o6ox napa6o.a: cnpRMOBanux y fJo-
fJomniu ma y eifJ' e.Mnuu 6ox:u). 

q-232. Hanucamu e ocnoeniii <flop.Mi pienannR napa6o.ri: 

1) x 2 -4x--6y+10=0; 2) y 2 -8x-6y=7; 

3) y 2 +x-8y+10=0; 4) 45x2 +30x+90y=31; 

5) x 2 -2x+10y+11=0; 6) y 2 -6x+30=0: 

7) 4y2 -20y-12x+29=0; 8) y 2 -2(x+y)+1=0. 

q-233. Bu311,a11,umu ocnoeni ee.au'lunu ( 31ta1lHU1tu eepw~is, 
a.Minnux; i nanpR.M oci) napa6o.a i 11,aN,pec.aumu ix, Ji,OJ£U eifJo.Mi 
pienannsi: 

1) (y-2) 2 =5(x-3); 2) (y+3) 2 =-8x; 

3) ~t2 -y + 3 = O; 4) y = (x + 1) 2; 5) y 2 -4y-6x-3 = 0. 

q - 234. 0611,uc.aumn 3.Minnu~ i ana11,nnKu eepw,x;ie, a ma-
n,0:>1e 8U3Hll'lUmU J-tanpR.lttU OCeU napa6o.a: 

1) y 2 -6y-12x+57=0; 2) y 2 +10x+50=0; 

3) x 2 + 6x + 9y = 0; 4) 2x2 +12x+y+13 = O; 

5) 4y2 -20y-24x-47 = 0; 6) x 2 -8x + 15 = y. 

q - 235. H anucamu pienannR napa6o.au, UIO .,w,ae eicb 
pieno6i:HCny 80 oci X-ie i nepexofJumb 'lepe3mo11x;u: 1) A(-5,3); 
B ( 1,9): 0 (- 3 ,5 ,6) ; 2) A ( 1,1) ; B ( 7 ,3) i C ( 3 ,2). Te31C, 
nanucamu pienamtsi napa6o.au, UIO .,w,ae eicb, piBno6breny oo uci 
Y-ie i nepexofJumb 1lepea mo11,n,1i: M (5,4); N (3,3) i P (0,6). 
H a"J;pec.aumzi qi napa6o.au. 
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q-236. Hanucamu pie1ta1t1tR mpaeJi,mopii u o6'luc,;iumn 
eucomy ma 8a,;iu11,y .n,emy mi.tia, ~u11,ymoeo y nopo:>reue1li a no
~am"Koeo10 c1wpicmb10 275 m. nia e.aeeaq,iu11,u.M K'gmOM 300. 

q - 237. ll O:>reapoea no.Mna .MO:HCe no8amu cmpy.MOK, eo8u 
ua 15 m. npR.Moeic11,o e20py. ilia RJ'i,U.M e.aeeaqiuHu.M hymo.u 
mpe6a cnpR.Myeamu cmpy.Aw~ eoau, iqo6u 11,a ei88a,;ie11,1t10 no.Mnll 
ua 11 m. eia 6y8umcy aocJiellymu ecpw,~a uoeo aaxy' Uf-0 nia
H,OCllmbCR 11,a 8 m. 11,a8 ae.M.rie10. 

q - 238. H aK,pec.n,umu napa6o.riu: 

( 
y )2 x x ( y )2 ( x )2 y 
3 + -2 = 1 ; 4+ 2 = 1 ; 3 -2 = 1 . 

§ 47. BaaeMHe noJiomeHHH npocToi Ta napaooJIH. 

Xati piBHaHHH napa60Jn1 6yAe AaHe y BepIIIROBiit «f>opMi 

y2 = 2px,. a piBHaHHH rrpocToi- B RaHOHHq}li:iI: y = mx + n. 
mo6 BHaitTH CIIiJihHi TOlJRH rrapa60JIH it IIpOCTOi (aHatIHHRH 

I.µIx ToqoR 6yAyrh O;r(HoqacHo HaJiemaTH o6oM JiiHiHM, a TOMY 

BaAOBOJibHHTHMJTh ix piBHaHHH) 1'pe6a p03BH3aTH CHCTeMy: 

y2 = 2px 

y=mx+n 

BcTaBHBmH BapricTb y a Apyroro pisHaHHH y rrepIIIe 
MaTIIMeMO: 

a6o 

a6o: 

m2x2 + 2mnx + n2 == 2px 

m2x2 -2x (p-mn) + n2 = O; 

p-mn ± V (p - 2mn) 
X= m2 

BcTa.BHBIIIH BapTICTh x y Apyre pIBHaHHH, OAepmaMo: 

p--mn ± V p(p-2mn) 
y = +n, 

m 

y 
p ± V p ( p - 2mn) 

m 
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TipoaHaJiiaymm BnpaamrR: 

D = p (p-2mn). 

MJi yMOBHJIHCH p aaaamTH aa ;a;o;a;aTHIO BeJnflrnHy, a TOMY 
aHaK BHpaaHIIRa D aaJiemHTh Bi;a; aHaRy tIHHHHRa p -2mn. 

1) Rom-i p-2mn > 0, a6o p > 2mn, To;a;i i1: D > 0. 
To;a;i MH Ma6Mo no ;a;Bi aapToCTH aHatJHHRiB x Ta y. ToMy 

icHys AIJi TOtJHII rrepexpecTH rrpocToi a napa60J1010, ce6To rrpo
cTa _6 ci11eoro napa6oJIH. 

2) RoJIH p-2mn =0, a6o p=2mn,TOW 11 D=O: MH 

Ma6MO no o;a;Hiii: BapTocTH aHaqH11KiB TOtIKH rrepexpecTH. ToMy 

icHys JIIIme o;a;Ha ToqKa rrepexpecTH if rrpocTa y = mx + n a 
AOTB'IIIOIO ;a;o napa6oJIH y2 = 2px, 

i 3) RoJIH p-2mn < 0, a6o p < 2mn, To;a;i ii D < 0. 
BapToCTH aHaqJIHKiB ToqR11 rrepexpecTH 6 Y.HBHi, ce6-To He 

icHys ma;wmi ToqRH nepexpecTH ;a;aHoi npocToi a napa60J1010; 

rrpocTa y = mx + n s l\IHMooiamoro ;a;o rrapa6oJIH y2 . 2px. 

0Tme IIORaatrnROM Baa6MHoro IIOJIOiKeHHH npocTOi Ta napa-
60J11I 6 ;a;BoqJieH: p - 2mn, 

a6o: 2p-4mn, 

;a;e 2p-e aMiHH.HK napa6oJIH, am i n s aMiHHHRH npocToi, 

~00 AOCJiiABTH BaaeMHe IlOJIOZeHH.H npOCTOi Ta napa
OOJIH, Tpeoa nopiuuaTB BMiHHHK napa60JI11 (2p) a 11eTuepuBM 
BAooyrKoM ooox aMiHHHKiB piBHane.11 npocToi B KBHOHB11Hiit 
(>opMi ( 4mn) i ROJIH: 

2p > 4mn - npocTa e ci11uoio napa6om1 ;· 

2 p = 4mn - » » AOTH'IHOIO » 
2p < 4mn- » » MHMOOiZHOIO». 

3'iHTepnperryeMo I\e reoMe'I'pB11HO: 

HaM Bi;a;oMo, m;o aMiHHIII\ npocToi m = t.ga (TaHrec Kyra 

cna;a;y npocToi)' a BMiHHHK n 6 Bi;a;THHOR' m;o TBOpHTb npocTa 
Ha oci Y- ie. 

ToMy 2p 

> p = 2nt{/ a, 
< 

> 
4mn, a6o p 

< 
> 
< 

2mn MmKHa HRilHCRTH Tai\: 
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< p < p 
-- , a6o n = - ct{/ a 
2tg a > 2 

SB~QH: n 
> 

Ilo,n:HBHMOCH, ~o BHaHatJae co6010 a,n:o6yroR: ~ Ctg a? 

~JIH J:U>Oro a BOrHH~a F cnycTHMO npHM ua ,n:aHy npocTy 

H: poarm1HeMo ~ OPF, ~o TBopHTb Qeii: rrpRM a Bi.IITHHKam1 

aa oc.Rx. B ~boMy ~ -oei BOrH.u~eee Bi):'(,n:aJ1eHHR Bi,n: rrotJaTKY 
p 

Koop):'(HHaT OF = 2 , KYT ~ OPF = a - RYTY cna):'(y npo-

croi (60 ~ DEO =a= ~ OPF, .RH'. npnMoBopaMeHHi). 0Tme 

a ~ OPF MaeMo: 

OF . ct.g a = OP, 

a6o, ecTaBHBIIIH eapTiCTb OF, o,n:epmHMO: 

p 

2 dga=OP 

y 

Rc.U5 

Ae OP a BiATUHOIC, iqo TBopnTL ea oci Y- iB np.aM, cnyiqe
ud B norumqa F ua npocTy. 

Ane, B ,n:pyroro 6oKy' nopiBHYIOtJI{ piBHOCTH: 

i 

6&lJ.HMO, ~O: 

~ ct.g a =OP 

p 
-ct.g a= n1 2 

OP= n1 

( 
BHIIa~OH, HOJIH npocTa ) 
e ~OTH"IHOIO napa60JIH 

TBKHM 'lllHOM, KOJDI A&HB npocTa e AOTH'IHOIO AO napa
fioJiu, TO Bona npHMOBa AO npoMiH.H DOBeAenoro 8 BOrHllIQS 
napafiom y TO'IKY nepexpecTa ~iei npocToi s niccio Y- iu i 
BaBnaRu KOJIB 11epes nepexpecT.H s uiccio Y- in mcoro-eeoyAL 
nommqenoro npoMiea noneCTu npOCTY npmmny AO ~oro upo
Miun, To uoea 6~e AOTH'IHOIO AO Aanoi napaom1u. 

Rypc ananiTH'lfHoi reoMeTpii. IeaueHHO 13 
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3ra~all.Mo Tenep, ~o B uux BIICJii;n;ax MM Bme pas rrepe

KOHa.rrHc.FI, poarJIR;n;a10tn1 cnoco6u, HK HaKpecJIHTII napa6oey. 

RpiM Toro, MII To Ai ;n;oBeJIH, ~o IJ;H T011Ha nepexpecT H ;n;oT1111-

Ho i a eiccm Y- ie ei;n;;n;aJiena Bm rrotJaTKY Koop;n;HHaT Ha rro

JIOBHHY pH;Il;HOi TOlJKH H ;Il;OTHRY' ce6To: 

Y1 
2 

BepTaI01llICh Tenep ;n;o aHaJirnH BHpaay: 

< p 
n > 2 dga, 

MH MOmeMO aacTyIIHTll iioro TaKJIM: 

A TOMy: 

< 
n ==OP. 

> 

1) RoJIM p.FI;n;Ha TOtIKif IIepexpecT.R npocToi a IIpOMIHCM, 

IIOBe;n;eHHM B BOrH.H~a IIpHMOBO ;n;o Hei, MeHma ai;n; Bi~THHKy, 

~o TBOpHTh n;eii npoMiHh Ha oci Y- i6 (n = NN1 < OP), 
To n;a npocTa -e ci1111oro napaooau. 

2) RoJiu-m p.H;n;Ha TOtrnH rrepexpecT.R npocToi i ara;n;aHoro 

npoMiH.H 6 piBHa B BiA'rHHROM' ~o TBOpHTb n;efi npoMiHb Ha 

oci J1 - ie, ( ce6To - npoMrnh upRMOBHH AO )l;aHoi IIpocroi 

nepexperrzyeThCJI a He10 Ha oci Y-ie: n =OP), TO npocTa 
e AOTH11HOIO AO napaoo;i1n li ttapemTi. 

3) RoJIH p.FIAHa TOtJHH IIepexpecTn npocToi ii ara~auoro 
npoMiH.H 6iJihlli3 aa BiATHHOK, ~o TBOpUTb . J~eii npomHh Ha 

oci Y- w (MM 1 = n > 0 P) , To AaHa npocTa e l\1HM06izuo10 
napaooJIB. 

PoarJI.RIIhMO Tencpb ~e Ti BHnaARH, HOJIH npocTa, a6o 
piBHo6imaa, a6o rrpHMoea AO oci napa6m111. 

RoJIH npocTa pis1m6ii1rna a6o np.FIMOBa AO oci napa6onn, 

TO aara.rrhHi poaBJI3IUI poarJIHH0HOi CHCTeMH He AaIOTb KOHKpeT

HHX Ba pTocTeit. 

CnpaBAi, KOJIH npocTa piBHo6llirna AO oci X- io (napa-

60Jrn:), TO KyrOBHH ii BMiHHHK m = 0, a KOJIH npocTa npHMOBa 

AO oci X- io, To RYTOBHH aMiHHHH m = oo • 
BcTaBHBIDH n;i :eapToCTH y poaB.RSKH Hamoi cHcTeMlI, 

01);ep>RHMO: 
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1) m = O; 

p ± p 

P ± VP2 
X=--......;..._-- -

0 

p ± p 

0 

p± VP2 
y= -

0 

- 0 
0 0 

ce6To: x 1 = "° ; X2 = 0 ; Y1 = 00 ; Y2 = 0 · 

B ~iM paai OAHa ToqKa nepexpecTH npocToi a napa60JI010 
JlemHTb na 6eaMemHocTi, a Apyra Ha napa6oJii B HeoaHaqe

HOMY Mic~i. 

2) KoJIH m= oo, TO: 

p - 00 ± v p2 - 00 00 p ±V p2 - 00 00 

X= =---· y= --
00 00 ' 00 c.o 

i B IJ;bOMY paai ciMBOJIH ~ TaKom 6 neoanaqeHicT, ce6To TOlJKH 
(() 

nepexpecTH npocToi A napa6oJIH nemaTh Ha. napa6oni B ue
oaHatieHHX MlC~HX. 

Jno6 poaropHyTH ~i HeOBHalJeHOCTH, BBepueMO yBary Ha Te, 
~o IWJIH npocTa pieHo6irirna AO oci X- ie, TO ii pie1-1aHHH 

Maa BHrJUIA: 

y = n, 

a ROJIH ~H npocTa. npHMOBa AO oci X- ia, TO prnuaHHJI ii 
M&e BHrJIHA: 

x = q (const). 

ROJm B poarJIHHeuiit panim CHCTeMi aaMiHHMO piBHaHHH 
IIpOCTOi Ha BiADOB~Hi cf>opMH itoro B paai piBII06imHCC1'H a.60 
npHMOBOCTJI ~iei npocToi AO oci X- ie, TO MaTHMeMo c.e:cTemt: 

1) KonH npooTa piBuo6imHa AO oci X-ie: 

y2 = 2px} (a) . . . . . . 
y = n 

2) KoJIH npocTa. npHMOBa AO oci X-ie: 

y2 = 2px} (b) . . . . . . 
x = q 
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CuoreMa (a) Mae poae.RaKH: 

n2 
x = 

2
p ; y = n, a 

OHCTeMa (b) - poaB.RBKH: 

x = q; y = ± v 2pq. 

Auaniayro11H aaraJibHHit BHr.11.R~ CHCTeMH piBH&Hb ua.pa-
6om1 it IIpOCTOi, MH ~OBeJIH, II(O npocTa, piBH06im11a ~o oci 

X- iB, Mae ~Bi TO"IKH nepexpecT.R a na pa60J1010: o~uy - Ha 
fiea11ezuoCTB, a ~pyry ueoaua11euy. 3H&'IHHKH ~iei HeoaHa11euoi 

TO'IIUI it A&IOTb poBB.llBKH C)ICTeMH (a) ' a caMe ( ;; ' n ) . Qi 

SH&tffiJIKH cnp&B]l;i H00BHa11eui, 60 n-e aMiHHHK npocToi, 

i l:OMJ MO>KeMO Ha]);aBaTH pimai ]l;OBi.JibHi eapTOCTH. Arre pa.aoM 

ai a1r1mo10 eapTOCTH n aMiH10BaTHMJTbO.R A eapTOCTH aaatUnrna 
n2 

x = - ' ]);e p AJIH ]);8.HOi napa6oJIH a CTaJia B0JIH11HH8. 
2p 

(pHC. 116). 

Qi THTHBll ( M1 ... 00 ), ( M2 ••• 00) 1 T. ]];. MalOTb HaBBY 

IIOIIepe'IHBRiB napafiOJIH. 

B paai rrpHMOBOCTH npocToi AO oci X- i6 cucTeMa piB· 

H&Hb (b) ~a6 BH&11HHKH ~BOX T0110K nepexpeCTH, IlOJI01KeIDIX 

ua cniJILHiit JiiHii pH~Hoi CHM0TJ>H11HO ~o oci X-ie, a caMe: 

1) x = q; y = 

2) x = q ; y = - v 2pq . 

IlOJioaceHH.R ~x To110K Ha napa6oni, HK ~e noKa.aye auaw11isa

earanbuoi cacTeMH, s Ta.Rom ueoeua.11eue ( x = : ; y = : )· 
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CupaBAi: 
BeJlllllHHS. q - 6 AOBiJILHa a Mome MaTH pi.mui sapTOCTH 

siA 0 AO oo • Pa.aoM a ~M i uapTOCTH auatIHHKa y - Ta.Rom 

AOBiJibHi, 60 y = ± v 2'[Jq' ~e 2p - 6 B0JIHtmHa CT&Jia AJI.R 
A&Hoi napa6oJIH. TaKHM 11HHOM, HaAaI011H q uoi Mommrni uap-

rocm Bi):( 0 AO co ' O):(epmHMO 6eani 11 T.RTHB y 
napa6oJIH, piuuo6imHHx Mim 006010 i npHMO- f 
sux AO oci napa6oJIH. PaaoM ia apocTaHH.RM 

eapTOCTH q apoCTS.6 it B0JIH'IHHS. T.RTHB (AO 

6eSM01HHOCTH (pHC. f 17). 
I(i BCi T.RTHBH nepenOJIOBHHIOIOTbCH Ha 

oci napa6oJIH ti: TOMY MaIOTh uaaBy T.HTHB, 

BA}lymeHHX B BiCCIO napafiOJIB. 

§ 48. S;rq>ymeui nonepe111111KH napaooJIH • 

L 

.HK MH Bme ara;r:cyeaJilI, nonepeqm1KoM napa6oJIH H&BH

B&IOTh HeOfiMemeny TRTIIBY ii, piBHo6imuy AO oci napa6oJIH. 

8ua1111HKH nepexpecTH nonepe11HHKa a napa6ono10 6YAYTL 

{ ;; , n ) i ( co , co ) . 

r x 

Pt11c 118. 
~06 CKJJaCTH piBHaHHH T&Koro nonepeqHHKa, poarJIHHbMO 

piBHaHH.R y = n, npocToi, ~o Ha Hin ~e:f:t nonepetfl!HK JiemnTL. 
3raAaHe piBHaHH.R y = n He Mome BBamaTHCH aa piBHQHH.R 

nonepetraHKa napa60JIH, 60 B HbOMY He J:(S,6TbC.R cpyHRI~iOHaJibHOi 
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88.JI0JKHOCTH MIH\ 3HR'l{}{JIKRMH TOtIOK' ~o JieJKaTb Ha QbOMy 

nonepetIHHKY i aMimumMH, ~o xapaRTep1rnyi<>Tb rrapa6ony, AO 
HROi BiH HaJI0iKHTb. 

Toey nocTaBHMO co6i aaaAaHHH rrepeTaopHTH AaHe pie

HaHHH y = n y npyre, 1.QO BCTaHOBJllOBa.rro6 araAaHy BH~e 

cpYJIRD;iOHRJibHY aaneamiCTb MliK 3MlHHHRaMH rrapa6oJIH T& 

H rronepetII:nt Ka. 

,lJ;JIH ~Loro qepea To11Ky M ( 2
np2 ,n) rrepexpe~eHHR 

nonepetIHHRa a napa6oJimo BeAeMo AO ~isi rrapa6oJIH AOTHtmy 

MP (p:nc. 118). QH AOTBlffia, HK MH BHaGMo, rrepeTHHaG Bicb Y-i,e 

y TOtJ~i N, TaK I.Qo: ON= !!.._ (nonoBHHi pHAHOi TOtIKH AOTHRJ). 
2 

Arre a !:::. ONF MaGMo: 

n p 
- = - ctg a (60 ~ N = ~ P rrpHMOBopaMeHHi), aB~~ 
2 2 

p 
n = p ctg a, a6o n = UJ a , 

;n;e ff/ a 6 RyToenit aMiHHHK AOTHtIHOi: MP, noee)::\eHoi: AO napa-

6oJIH qepea To~y nepexpe~eHHH ii a rronepetIHHROM. ToMY 
p 

n = --. 
m 

TaRHM traHOM, prnHaHHH y = n rrp:nitMas anrnH):t: 

p 
y= -. 

m 

Qe piBHaHH.R aaAOBOJibHR6 Hami BHMOm, 60 3BH3Y6 aaaq
HHKH TOtIOK nonepetIHHKa ia 3MiHHHHOM rrapa60JIH p. 

Illom TOpKaGTbC.fl AO HyToeoro aMiHHHKa m, TO em ~iJI
KOBHTO BHaHatJaG uaa6MHe rroJiomeHHfl nonepetIIDIKa Ta oci napa-
6onH, 60 KOiKHOMY TaKOMY OKpeMoMy IIOJiomeHHIO norrepetunrn.a 

BiAIIOBiAaTHMe it OKpeMa AOTHtIHa 1(0 napa60JIH B TOqQi nepe
xpecTH Qisi napa6onH a norrepetIIDIKOM, i TOMY KomHiii eap· 
TOCTH Kjr.roeoro BMiHHHKa aaaHaqeHOi AOTHlIHOi Bi):(IIOBiAaTIIM0 JIBID0 

O):(H0-6AHHe IIOJIOiKeHH.R rrorrepetIHHKa IU;O-AO oci rrapa60JUI. 

3aMiHa aapTOC'rH n Ha _g_ 3MiHIOG i napTOCTll aHattHHI<iB TOtll<I 
. m 

( ;; , n) , nepexpecT11 nonepe'l.HHKa a napa6ono10 na Talii: 

( 2:2 . ~ ) 
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,L(oae~eMo Terrep, ~o Kom11nft nonepe'IHmc napaooau c 
aAJ)yzenuit a T.HTHBaMB piBHOoimHIDIH ~o AOTH11110i, noue;ri;eHoi 
JtO u;iei napaooJIB 11epea nepexpecTH ii a nonepe11HBKOM. 

MH Bme yMoBHJIHC.R T.RTHBM, ~o MaIOTh cBoi cepeAHHH 

11a oci napa6oJIH, aeaTM am>ymeHHMH a n;is10 Biccro. IloAi6Ho 

AO Toro it RomH1di nonepe11HHK, iqo nepexo;I(BTL 11epea cepewnm 
mepery AaHBX THTBB, Ta1mm auaTHMeTLCJI BApymeHHM a HHMH. 

ToMy Hama TeopeMa Mome 6yTM ccpopMyJihOBaHa Il\e it TaK: 

Roamuit nonepetillllK napaoo:.ru e reoMeTp111muM ocepeAKOM 
cepewin THTHB, piunooimnnx ;ri;o ;ri;0Tn11Hoi, noue;ri;enoi 11e1>ea 
siuen;L none1le'IHBKa, it TOMY uiu aseTLCH BApyzenu~1 a D;HMB 
T8TllBMIH. 

BiahMiM HRHfI-He6yAh rronepetIHHK MN napa60Jrn: y = 2px, 
(p:uc. 119). 

qepea ToqKy M rrepexpe

~eHHH Qhoro nonepeqm1Ka a rra-

pa6ono10 noBeAeMo AOTIItIHY MD. 
Ilp1rnycTiM, ~o KYTOBHfI aMinmrn 
~iei goTH'llIOI s m = f{J a. Togi, 

HK MH AOBeJIH' piBHaHH.R none-

pe'IHHKa MN 6y~e y = _.!!__ 
m 

IloBeAiM meper npocTHX KL, 
PQ, ST i T. A., piaHo6iarnnx 
AO ):tOTHqHoi, TaR ~06 BOHH rre

pexpenzyaaJUI napa6oJiy. Pia-

HBHHHM TaIDix npOCTHX gaMO BHrJI.Rg: y = mx + nv· y = rnx + ll2 

i T. A., Ae m-s KJTOBMit aMiHHHK npocTnx, ognaHoBnii ia 
SMiHHHROM AOTJiqHoi (a x np1Ii1Ma6 aapTOCTH ogHaKOBoro aHaKy 
ai BH&KOM BMiHHHX aaatJHIIKiB oci napaooJIB). 

J.no6 AOBeCTH namy TeopeMy' MH' neaaJieiRHO Big piBHaHH.R 
~aaoro nonepe'llIHKa, 6yAeMo CKJiagaTH piBHaHHH reoMeTpnqHoro 
ocepeAKY cepeAHH gaHHX THT.HB. 

MM aHasMo, ~o aHalffiHKH cepeAHHll ROiRHoro BI;ll;THHKY 
e cepeAHiM apHTMeTJiqfflIJ.\l aHatJHHKIB ttoro KiHI . .\iB: 

X1 +x2 Y1+Y2 
Xo = 2 ; Yo= 2 

0Tme' HaCa!'\Uiepeg' Tpe6a o6tJMCJIIITII 3HaqHHKH KiH1..de 
HKOi-He6yAb 3 ]l;aHIIX T.RTHB '. Hanp.: y = mx + ll1. 
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PoaeHay10qJJ CHCTeMy piBuaHL napa6oJIH A npocToi, MH 

~OBeJIH, ~o aHallHHRaMU RiH~iB ROiKHOi TaRoi THTHBH s: 

a) 

6) 

To My 

p-mn1 + V p(p - 2mn1) 
X1 == ------------m2 

p + V p(p-2mnJ 
Y1 == --------

m 

p-mn1- V p(p - 2mn1) 
X2 == ------'-·-----m 2 

p-V p(p-2m.n1J 
Y2 = --"'-------

m 

aHaqm.umM .-1 cepeAHHH THTMBH 6yAyTL: 

X1 + X2 2(p - mn1) p-mn1 
Xo = - -

2 2m2 ml 

Y1 + Y2 2p p 
Yo== - -

2 2m m 

KoJIH poarJIHHeMo eapToCTH aHaitAeHHX a11B,qllllRiB x0 it y0, 

TO no6aqJIMO, Il(O aHatIH:HR y0 6 BeJIH'lJHHa cTaJia AJIH Bcix 

THTHB, piBH06imHHX AO AaHOi AOTHqHoi'., 60 AJIH I.UiX THTHB 

BMiHHHR m - 6 BeJIHtIHHa CTaJia A JIHIIIe BiA aMiHH BapTOCTH n 
(n1' n2, ll3 .•• ) ' MH OAepmy6MO HOBi it HOBi THTHBH piBHO· 

6imui AO AaHoi AOTH11Hoi. BapTicTb y0 He Mas B co6i aMiH-

HHRa n, a TOMY it BiAHOIIIeHHH.J!.- - 6yAe cTa.na BeJIJiqHH&, a 
m 

paaoM a HHM i y0 = Const. 
3HaqHJIR me Xo SMiHJOBaTHMe csoi BapTOCTH B aaJiemHOCTl 

BiA aMiH BapTOCTeli n (BiATHHKy, ~o TBOpHTb Ha oci Y-£B 
apOAOBmeHHH ROiKHOi THTHBH) i 6yAe aaraJIOM BeJIHqJfHOIO 

aMiHoro. 

PaaoM i npocTa, Il(O cnoJiyqy6 cepeAJIHH AaHHx T.RTJIB, 

MaTHMe BapTocrn aHa'CJHHHa y - cTa.rri, a x - aMiHHi, a TOMY 

BOHa 6yAe piBuo6mrna AO oci x - i8 i BH8Ha11arnMeTbCH piB· 
HaHHHM: 

p 
y -

rn 
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AJie m, Qe caMe piBHaHHH, BIIBHatiae TaKom I AaHMit no

nepemHK, a TOMY BiH e reoMeTpH11HHM ocepeAKOM cepeAHH 
T.RTHB, piBHo6imHHX AO AOTJ1tIHoi, noBe):leHoi AO napa6oJIH ticpea 
ii nepexpecTH a ~M nonepetIHHKOM, HHaKme Ramycm: 

KOZHHit nonepe11emc napaOOJIU e BApymemdt 8 T.HTHBSI\IB, 
pieuooiamBMB AO AOTB11noi, noBeAenol 11epee nepexpecTa napa-
6oHB 8 ~M nonepe11HHKOM. 

§ 49. IloJie Bi~iaKy napafioJiu .. 

BiApiaKoM napa6oJIH aeeThCH qacTHHa nJIOI~i, ~o o6Me
meHa Ayrmo napa6oJIH Ta 11 T.RTHB010. 

Bama10qH 06tJHCJIH'l1H noJie Ta.1mro BiAJ>iBRY, AOBeAeMo 

reopeMY: 

IloJie BiApiesa, o6Mezenoro T.HTBBOIO BAPymeuoro a eiccio 
napafioJiu, pieue 4/ 3 BAOOYTKY AOAaTeix sua111111sie TO"IKB nepe
xpeCT.a AaJIOi T.RTHBB a napa60JI010. 

PoarJIHHeMo nonepeAy noJie noJIOBHHII BiApisKa K 0 A 
o6Memeuoi eyro10 napa6oJIH OA, eicc10 napa6om1 OK i pHA

aoro TOt{KH A (AK = b). BepeMo THTHBY OA, i tiepea cepeAJIHY 
ii Q Be):leMo, anpymeHHit a He10, nonepetIHHK BQ 

KiHe:a;b B nonepellH:nRa cnoJiyqyeMo THTHB&MH a TOtIKaHM 

0 i A. llepea cepeAJIHH M i N THTHB BA i BO BeAeMo 
auoey aApymeHi a BiAnoBiAHHMH THTHBaMn nonepeqHHKH. TotIKlf 
C i D nepexpecTh QHX nonepetIHJIBiB a napa6oJioro cnoJiyqyeMo 
THTHBa:mr a TotIRaMH A, B i 0; a Ho By tiepea cepew·rnH HOBHX 
THTHB Be):leMO 3ApymeHi a HHMH nonepetIHHKH 1 T. A. 
6ea Kpa10 ... 

TaKnM 6ymrBaHHHM Mn oAepmHMo 6eaJiiq TJ>HKYTHHKIB: 

AKO, ABO, ACB, BDO i T. A· 

BeJiu tJHHa noJiiB QHX TJ>HRY'fHHKiB 6y;:i;e yeech 'lJaC cna):laTH 
(aMeHTyeaTnc.n), npocTy1011H AO HYJI.R. HaM Tpe6a aHaitTH aaKOH 
Qhoro cna;:i;aHHH. ByAeMo aBaTH 6. AKO - ocnoBHHIU i nopie
HaE~Mo itoro noJie a noneM HacTynHoro ~ ABO. MH 6a'l111Mo, ~o 

ocaoea OA QHX TJ>HKYTHHKiB cniJihHa, a BHCOTa h nepmaro 

b:. - Ka B tIOT~pi _ paaH 6iJibIIIa aa BHCOTY h1 A}>yroro. ~oBe
AeMo :a;e. 
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TpHKY'fHHKH ~ OLK c.n ~ Q BP (npHMOKYTHi, i rocTpi 

KJTH : ~ BLP = ~ LOK, HKO BHyTpimHi rrepexpecHi). 

ToMy: 

LK OK h OK 
-- - -- a6o - - -- (a) BP - BQ h

1 
- BQ ..... 

x 

Pvic 120 
06tIHCJIHMO OK i BQ. 
OK 6 BiATHHKOBa ToqKH A, a TOMY OK= a; 
BQ = X1 - X2 (Ae X 1, X2 6 Bi]:tTHHKOBi TOl!OK QB). 
ToqKa Q 6 cepeJ:tHHa THTHB~ AO, ~o Ma6 aHatIHHKH KiH~iB 

(0,0) i (a,b=V 2ap). Toey aHaqH.HKaMH TOtIKH Q 6YAYTh: 

Xi = a-; o = ; ; Y1 = b -; o = -: = v~ = v p; . 
~ 
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TaKHM tJHHOM, a,qpymeHHit ia THTHBOIO AO nonepetIHHK 

BQ Ma6 prnHaHHfl: y = V ~a . 

mo6 ::rnaliTH 8Hal!HHKH X2 i Y2 TOlJKH B {nepexpecTH none

pe'IHJma y = V ~a i napa6oJIH y2 = 2px, poaB111KeMo cncreey 

3 D;HX piBHaHb i l\13THM0MO: 

( 1/p;;)2 pa 
I 2 = 2px2 ; T = 2px2 ; 

_ pa _ a . v pa 
X2 - 4p - 4 ' Y2 = 2 . 

a a 
Bi~TIIHOK 

4 4' a TOMY 

a 
BCT&BHBIIIII aHaii~eai BapTOCTH OK= a 1 BQ =- y nponop-

4 

~110 (a), MaTHMeMO: 

TamIM 'CfilHOM, 

h 
-=4 h . 

1 

h 
h1 = - . 

4 

:noJIH none !:::,. 0 KA oaHal!HMO 

S (TJ.e S = A~ .h ) , 
AOh1 AOh 

To none D. AOB = 
2 

= 
8 

IlopiBHaeMo Tenep noJUI D. OBQ i D. ODB. IJ;i TpnKyT
HHKH MaIOTh cniJihHY ocHoBy OB, a BHCOTa: QW y tIOTHpi 

paau 6iJihrua aa s:~rnocy: DR= ha. .D:oBe~eMo n;e: 

!:::,. BQW cn ~ RDN, (60 BOHH npHMORYTHi i rocTp11ii 

KYT ~ WBQ = ~ DNR, RHO BOBHimHi nepexpecHi). 

ToMy: 
QJV BQ h2 BQ 

- a6o-= 
DN DR DN ha 

Mn BiRe ~OBCJUI, I.D;O 
a 

BQ=-. 
4 

~06 o6tm:cJIHTII DN = x2 - x4 [ ~e N ( x3 ,y3), a D ( x,,yJ ] , 
rpe6a o6l!HCJllITH 8Hal!HHRH X3 i x,. 
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3ua1Dl.HKH x 8 ,y3--a BH311HHR3MH T01IRH N, cepe):(HIDf TH

T.HBH OB, ~o Mae aua'DDIKH Kiu~iB: O(o,o) i B ( : , V ~a). 
To My 

a 
o+-; a 

X3= =-; 
2 8 

o+V~ = !_vpa 
Ys = 2 2 2 . 

mo6 BHaA:TH BHalfllHRH T011RH D, nepexpeCTH napa6oJIH 

y2 = 2px i nonepetmHRa DN, ~o BHaaa11a6TbCH piBHRHHHM 

y = ~ v p; . TJ>e6a poBBJIBaTH CHCTeMy ix piBHaHL, OTlRe: 

1 pa pa a 
y2 = - -=2px; X4 = - -4 . 2 8.2p - 16 . 

h2 a a 
TaRHM 11HHOM: h = 4 : 

16 
= 4. 

3 

h2 
a aBi):(~ h3 = -

4 
Terrep, rropiBHYIO'IH rroJuI ~ ABQ 1 ~ A.BC, no6a11HM0, 

M QV h4 BQ 
~O IX BHCOTH - = -- = -- . 

- CS h5 CM 

a 
Ane BQ = 4 , a CM = x5 - x6 ; ):(e x5 , BI):(THHROBa T011KH 

M, 0611HCJIH6TbCH, HRO aHaqHHK cepe):(HHH THTHBH AB, ~o Mas 

(a vp2a). aua11HHKH CBoix RiHI:~ie: A ( a,b) i B 4 , 

a a+-r 
ToMy x5 = 

2 

5a 
8 

b+VT 
; Y5 = 

2 

V~+V~ 
2 

2 V pa + V pa 3 v pa 
2 2 a.6 -

- 2 ' oy5 = 2 2 · 

3H311HHIUI T01ffiH c BHBH31136MO' .RHO BH311HHKM rrepexpecT.R 

napa60JIH y2 = 2px i nonepe'lll1rna CM: y = ! V p: . 
PoaBHaaBIIlH u;10 cHcTeM-y, o):(epiRHMO: 

9pa 9a 
Xs = = -- . 

8.2p 16 



. 5a 
Toey B]JfrHHOK CM= x6 -X6 = 8 

h, _ BQ _ ~ . ~ _ 
4 qepea Te h - CM - 4 · 16 - · 

6 
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9a a 
16 - 16 ' 

a 

KoJIH rrpH OAHaKoBiit ocnoBi BHCOTa ~ ODB y 1IOTHpi 

paaH MeHma, HUR BHCOTa ~ OBQ, To noJie 

1 
BonB = 4 SoBQ 

3 THX caMHX MlpKyB&Hb BHXOAHTb, 1.QO 

1 
SBAO = 4 SQBA 

CyMa 3( IlOJUB ~x TJUIKJTHHKiB: 

1 1 
BonB + SBAU = (SoBQ + SQBAJ - 4BAOB 4 

A.rre MH AOBeJIH, l.QO IIOJie 6. AOB a 11eTBepTa 11aCTHHa 

OCHOBHoro ~ AOK, ce6To 
1 

SAOB = 48. 
TaKHM 11HHOM, 

IlpOAOBmy1011H AaJii 0611HCJICHHH BCe HOBHX ~ -iB, MH 

nepeKOHaGMOCH, ~o cyMa IIOJiie ~ -iB, yrBopeHHX aaaua11eHHM 

paHim cnoco6oM (npoBe~eHHH a~pymeuHx nonepe11HHRiB AO 
THTHB AC, CB, BD, IXJ i cnoJiyqeHHH RiHn;iB ix a RiHD;.flMH 

BiAIIOBiAHHX T.flTlIB i T. ~-) cna~as B reOMeTpH11HOMJ IIOCTYIIi 

(KplloTHicTL JlKOro ~ ) • 

Toey, npo~0Bmyro1111 no~iJI THTHB 6ea RpalO OAepmuMo 

6eaMemHO CIIaAaI01111it IIOCTyrr: 

S S B 
s, 4 , 16 , 64 
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Mema cyMH qneHiB ~horo rrocTyny 6yAe aapTicTIO noJIB 
nonoBHHH BiApia1m, o6MemeHoro npocTHMH AK i OK i Ayrmo 
rra pa6onH 0 A. . 

06llHCJIHMO ~IO Memy cyMH 11J10HiB 6eaMeH\HO cnaAa1011oro 
reOMeTpHtIHOro IIOCTyny: 

s s s s 4 
S = S + --+- +---- + .. = = -S 1 4 16 64 . J-_!_ 3 

" 
IloJie ~iJioro ei,ttpiaKa napa6om1, o6MemeHoro THTHBoro 

AA 1 i Ayro10 napa6oJIH - AOA1 6yAe YABiqi 6iJihIIIe aa noJie 
8 1, ce6To 

8 
= 281 = -8. 

8BiJlp. 3 

AK.OK a.b 
AJie S e piaHe a noJieM ~ AOK = 

2 
= 2 , a TOMY 

8 

seinp. 3 

[ l.JacTo Bm11ea10Th aaopy noJIH, o6MemeHoro Ayroro - AO, 
niBTHTHBOIO AK i Biccio X- ie, ce6To noJIH noJJ.oa11m1 BiApiaKa 81 

A.rre y = V 2px , a6o b = V 2pa ; aBiAIUI a -

BHBIIIll ~IO BapTlCTh a y IIOJie BiApiaKa, OAepmyeMO 

b2 

2p 
Be Ta-

IloJie B~piBK8 napafiOJIH' YTBOpeuoro THTHBOIO npHMOBOIO 
AO oci, piuue 4/ 3 BiABOmeHHSI Kyfiy pBAffOi KiH~H T.8TBBB AO 
BMi.JIBBK8 napa60JIB: 

4 b3 " 

sliOp. 3 . 
2
P . . . . . . (92), 

• 
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06'IlICJIHMO ~e noJie BiApia1m napa6oJIH, o6MemeHoro AY
roro napa60JI11 i HK010-He6yAh THTHB010 MN, uenpHMoBoro AO 

oc1 napa6oJIJI. 
,L(oBeAeMo, ~o: 

Ilmie KOZHoro BiApiBKy napaoOJIH' yrBopeuoro TJITHBOIO' 
uenpru1ouo10 AO oci X-iu, piuue 1/ 6 u~omeHHH syoa pim
suni PHAHHX KiH~iB TSITHBH AO nap&MeTpy napaoOJIH. 

1 (y2-yJ 3 (y2-Y1) 3 

-
soinp. 6 2p 12p 

IloJie BiApiaKy M PN Momua poarJIH

A&Tn, HKO pimHHQIO noJIH niBeim>ia1m ON K 
6ea cyMH noJiiB Tp~u1eay LMN K i niBBiA

piaKa OML. 

SMPN = SoNK - (SLMNK + SoML ) , 

2 
Me: BoNK = 3 X2 Y2; 

y 

0 

S Y1 + Y2 ) 
LMNK = 

2 
· (X2~X1 1 

2 
S ~3X1Y1, TOMy: 

OML 

(93) 

S 2 (Y1 + yJ (x2-X1) 2 
MPN = 3 X2 Y2 - 2 - 3 X1 Y1 

a6o S 4x2 Y2 - 3x2 Y1 - 3x2 Y2 + 3x1 Y1 + 3x1 Y2 - 4x1 Y1 
MPN 

6 
-

= 1/6 (X2Y2-3X2Y1+3X1Y2-X1 Y1); 

BcTaBHBllllf ~i BapTOCTM y BHpaB AJIH noJIH eiApiaKa Ma6Mo: 

1 ( 3 2 2 2 3) 
SMPN = - ~ - 3 Y2 Y1 + 3 Y1 y - }!.!___ 

6 2p 2p 2p 2p 

1 (Y2-yJ 3 

6 2p 

a.60: (Y2-yJ 3 

12p 
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Ilpun.aaau: 

1) 06tJHCJIHTll none Bi]:tpiaKa napa60JIH, ~o TBOpHTb DpOCTa: 

2 8 
y - - x -+- - a napa6onoro y2 = 8x. 

3 3 
2 8 

0611HCJII06MO aHa1.fHHKH KiHQiB TJlTHBH y = 3 x + 3 i p_nfl ~&Oro 

poanRayeMO CHCTeMy: 

y2 = 8x 

2 8 
Y=3x+3 

4 32 64 
y2 = - x2 + - x + - = 8x; a,60 x2 - lOx + 16 = O; 

9 9 9 

3BiAQH: 

0Tme S. 
a~p. 

(8- 4) 3 4 = - KB. OA. 
6.8 3 

2) 06lllfCJillTH none BiJlpi;ma napa60JIH y 2 = 6x, l.qO TBOpHTL 

TRTima x·= 24. 

a6o 

Q6qHC..1IIOCMO 3Ha11BHKH 1:de.qiB TRTHBH: 

y2 = 6_. 24; y = ± V 144 ; y1 = 12; y2 = -12. 

TFJTHBa npRMOBa p;o oci X- it1, TOMy: 

4 
S = - . 24 .12 = 384 KB. OA. 

3 

2b3 

S=-= 
3p 

2.123 

3.3 

2.1728 
- -- = 384 KB. O)'.J;. 

9 

Bnp a BB. 

q-239. Hanucamu Bepw1£0Be piB1tanna napa6o.n,u, UfO e 
nei JtUXHCHa BBecmu piBIWpa.MeHHUU mpu~mnu-,;, a OCIW8010 10, 
a 8UCOmo10 2,5, ma~, U406 Bin Ae:>ICQIJ Bepw"IW.M CBOi.M y Bepw~ 

y napa6o.n,u ; 2) Te.:>1e, 1£0.n,u 8 mux ca.Mux y.MoBax MO:>ICHa 
BBecmu piBH06i'lHUU /:). - HK a 60~0.M 4,5 Mempa. 

q-240. l{oc.n,i8umu BaaeMne no.n,0:>1een11,a, npocmux: 

1) y + 2x = 0 i 2) 2x + 2y + 5 = 0 ma napa6oA: 
1) y2 = 12x i 2) y2 = JOx. 
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q - 241. 81tatlmu a1ta1t1tUIW hi1tqie i 808:>1CUHY rrutmUBU, 

UfO meopumb npocma x = 5
/ 4 y + 1, RIW ci1lHa napa60.1tu x2 = 9x. 

q _ 242. H anucamu pie1wu1t.1l nonepe1l1tu.Ha napa6o.n.u 
y2 = 5x, a maK,o:»c a1taumu aua1l1tuhu nepexpecrrut uoao a napa-
60.1to10, li,O/tU Bill a8py:»celtUll 3 nl.1lmU6010 5x-9y + 20 = 0. 

q-243. Te:>1c,-8.1t.1l nonepett1tuha napa601tu y2 - 5x- 6y + 
29 = 0, a8py:»ceHOZO 3 mRmU8010 X + y = 17. 

q _ 244. H anucamu pie1tan1tR ci1lHO~ ao napa6o.llu y2 = 9x, 
llOJl.ll l.f.1l ci1l1ta nepexo8umb 1lepea mo1lHY ( 3 ,4) i a8py:»ceHa a 

nonepe1lHUliO.M y = 2 . 

q _ 245. 0611,uc.1tumu no1te ei8piaha napa60.1tu y2 = 2px, 

UfO meopumb mRmUBa, nepexo8.1l1lll 11,epea 8021tU'U.{£ np.1l.M080 80 oci. 

q _ 246. Te:>1c-8.1tR napa6o./tu y 2 = JOx, KO.ltlt ei8piaoK 06-

.ue~reeuuu mRmu6010 x = 2,5. 

11-· 247. 0611,uc.1tumu no.1tR eiapiaKiB napa60.1tu y 2 = 12x, 
UfO ymeop1010mbCJl ci1l1lU.Ull 80 napa60.1tu: J) y=-6(x+4); 
2) y=-3(x-10) i 3) 3x=10-y. 

§ 50. PiBHaHHa ~0T111111oi, noBe~euoi 11epea ~any T011Ky 

ua napa6oJii. 

,D;ocJiiAmyrotn1 BaasMHe noJiomeHHH npocToi i napa6omf, 

MH aayaamHJIH Bme Ta1d BJiaCTHBOCTH J.J;OTIPIHOi ):l;O napa6oJUI: 

1) ,il;OTHtraa Bi):l;THHa6 Bi]]; oci Jl- ie Bi):{THHOK, piBHHit 

8 IIOJIOBHHOIO pH;D;HOi TQqKH ):l;OTHKY. 
'· 

2) ,il;oTJftIHa s npHMoea AO npoMiHH, noee;n;eHoro a eor-

HHII~a napa6oJIH B TQqKy nepexpecTH ;D;OTH'IlIOi a BiCCIO y - ie. 

QHMH BJiaCTHBOCTHMM MH CKOpHCTY6MOCH' ~06 HanncaTH 

piBH&HHH }l;OTHqHoi ;n;o napa60JUI. 

BiabMiM napa6oJiy, BHaHaqeHy pieHaHHHM y eepnrnoeiit «f>opMi: 

y2 = 2px. 

l\ypc anaJiiTH1rnoi'. reoMeTpiL InaHee1<0 14: 
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Tpe6a nonecTH AO Hei AOTH11HY qepea ToqRy M ( x1 , yJ, 
~o JieiKHTb Ha ~Hi na pa6oJii. 

H 

PiBHaHHH KOmHoi npocToi, ~o nepexOWfTL 

qepea AaHY T011KY M ( x 1, yJ 6yAe: 

}·,.. ~_.._ ___ .,.~ y-y1=m(x-xJ 

:W:o6 WI npocTa 6yJia AOTHq}IOIO AO napa-
6oJIH, Tpe6a Ai6paTH KYTOBHii aMiHHHR ii m, 
TaK, ~06 BO Ha 6yJia npHMOBa no npo-

Mim1 FN, noBeAeHoro s uormi:~a B To•my N ( 0, ~ ) nepe

xpecTH AOTHqHoi a Bicc10 Jl-iB. AJie npoMiHh FN TBOpHTL 

. P Y1 ... . 6 Ha oc11x BIATHHKH: x = - ; y = - , a TOMY uoro prnHaHH.H yAe: 
2 2 

x Y J 6 Yi Yi -+-= aoy=---x+-· 
L..!!...' p 2 

2 2 

HK ~o npocTa y-y1 = m(x-xJ Mas 6ym np11M0Ba AO 
npocToi FN, TO KYTOBHii aMiHllllK ii m MYCHTb aa]loBOJibH.RTU 

yMoBy npHMOBOCTH npocTHx, ce6-To: 

m=+L. 
Y1 

TaKHM tJHHOM piBHaHIDI ]lOTHqHoi B Toq1d M (x1 , yJ 6yAe: 

• 
p 

Y - Y1 = - (x- xJ . . . . . . (94) 
Y1 

a6o: YY1-Y1 2 = px-px1. 

Arre, ROJIH Totma M (Xi, yJ nemlITb Ha AaHii1 napa6oni, 

y1
2 = 2px1 , a TOMY, BCTaBH~llIH aaMic~b y1

2 aHaitfleHy sap· 
TiCTb MSTHM0MO: 

yy1 - 2px1 = px - px1 a6o 

YY1 = p(x + xJ ...... (95) 

Qe piBHaHH.H flOTHqHoi flO napa60JCH, ]lSHOi piBH&HHflM 

y BepmKOBitt <Pop Mi. 
Mu 6atm:Mo, ~o npaBHJIO CRJiaflaHHH piBHalUIH flOTIPIHOi 

~o napa6oJIH TaKe caMe, HK i ]lJIH KOJia, BHaHaqeHoro piBH&H· 

HHM B aJire6pHqJiifi «J>opMi, ce6-·ro: 
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Illo6 CKJIBCTH piuuauua AOTH11110i AO napafim1u, Tpe6a y 
piuuamuo ~iei napa6om KBBAPST BMiHHOi H&IlHC&TB HBO BAO· 
fiyToK, a nOABiituy BMiHHY nepmoro cTyniua, uo CYMY [ Ha.np., 
AWI piBHS.HHH: y2 = 2px IllfllieMO yy = p(x + x)] i B KOZHil 
uapi ~ BMiHHBX OAHY a BHX BMiBllTll BB BiAilOB~ BH&'lllBB 
~auoi T011KH AOTHKY. 

[ uanp. y yy = p(x + x) po6ttMO aaMiuy yy1 = p(x + z 1) ]. 

II pH Mi T Ka: Moiima c1rnacTH pieHaHHR AOTH1.1uol ~e ApyrHM cno
co6oM, a caMe: KOiKHa ;D;OTH'IHR MYCHTb nepeXOAH'rH •rnpea 2 TO'IKH 1) ;a;auy 
TO'IHY ;a;oTBHY M(x1 ,y1) i 2) qepea To•my Ha oci Y- ill, BiMaJieey ei;a; 

noqaTKY oceA 11a nia p11AHol TOqKu AOTBKY, ce6-To •iepea TOqKy N ( 0, Y: ) 
(puc. 122). 

Pimraua11 TaKol npocTol OyAe: 

a6o 
Y1 Y1-

1/1 
2 

y- -- = ----
2 x1 

y = ...!!L.( x + x ) 9x 1 .., 1 

IloMHOiRHBlllH 001111,Bi •mcTnHn pieHaHHR Ha y1 Mae•m: 

YY1 = ;~: ( z+r1) 
Ane TO'lna ( x1 , y1) HanemnTh no napa6om1 A Touy BaAOBOJibBRE°' 

2 
ii piBeaHHR, oTme y 1

2 = 2pz1 . 3ei.A~H .!!.1_ = p. BcTaBHBWH ~10 napTicu, 
2x1 

I Hawe piBH3HHR ]'(OTH'IHOl, O;I(epmyGMO: 

YY1 = p(x + x1)· 
Cer>-To nonepeAHG pinuaHHfl. 

Tpemiu cnoci6. ,II;ea rrepmnx cnoco6H 

rpyaTyIOThCH Ha reoMerrp1rqHHX BJiaCTH

BOCTHX AOTH11HOi, THM 11aCOM HK Qeit 

TpeTiit crroci6 AR6 MOH\JUIBiCTb ):lOBCCTH 

piBHaHHR AOTI-Itrnoi mJIHXOM aJire6pHtIHHM. 

Tperiii cnoco6 1wp11ctt11ti a 'l'oro 6oKy, 

lqO BiH 6 cniJILHHit AJIH ecix KpHBHX. 

Bi&LMiM Ha Hamitt napa6oJii: y2 = 2px. 
~Bi Toq1m: A ( x1 ,y1) i B( x2 ,y2) i rroBeAeMo 

11epea HHX ciqHy AB. (Pnc. 123). 

- y 

I 
I 
I 

1 P~u.2:;. 
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PiBHaHHH rrpocTo i BaaraJI1, HKO rrpocTo i, ~o rrepexoAHTb 

qepea ;a;Bi aaraAaHi ToqKH, s 

Y2-Y1 y- Y1 = (x- xJ ...... (I). 
X2-X1 

Arre TaKe p1BHaHHR euaHa11as Komey npocTy, ~o rrepexo

AJiTh 11epea ToqKH A i B, i He ;a;as rri,llcTaB TBep;a;HTH, ~o ~e 

s pieHaHHR ciqHoi ;a;aHoi napa6oJIH y2 = 2px. 
mo6 BOHO 6yJIO piBHaHHHM Ci1IHOl napa60JIH Tpe6a KJTO· 

. Y2-Y1 
BHit BMIHHHK BH8HatmTH aa ;a;onoMororo piBHaJIHH rdsi 

X2-X1 
rrapa60JI11: y 2 = 2px qepea aMiHHHK ii 2p. 

To11KH A i B Ha.rremaTh ;a;o napa6oJIH it TOMY aaa11HHKH 

ix noeepTaIOTb piBH8.HHH y2 = 2px y TOTOiRHlCTb. 

Y22 = 2px2 

Y12 = 2pxi 

(1) 

(2). 

3ai;a;~M, Bi;D;JiitiyI01IH TOTOiKHiCTb (2) B TOTOiKHOCTH (1) IIO· 

1IJICHHO, MaTl:IMCMO: 

Y22 -Y12 = 2p(x2-X1) 

a6o: (Y2 +Yi) (y2-Y1) = 2p(x2-X1). 

CKna;a;a1011H nponopQiIO, o;a;epmysMo: 

2p. 
. . . . . . (II). 

Y2 + Y1· 

Jiiea qacnrna Ha Ql61 piBHOCTH s KYTOBHH BMiHHHK piB· 
HaHH.FI ci1IHOi (I), npaeam 1JaCTllHH 6 BHBHa1JeHHH Toro iK 3MiH· 

HHKa qepea BMiHHHK napa6oJIM 2p. 

BcTaBHBIIIH eapTiCTh (II) B piBH&HHH (I), M&THMeMo piB· 
HaHHH citJHoi ;a;aaoi napa6onH, 

2p 
Y -Yi= (x-xJ ...... (III). 

Y2 + Y1 

By;a;eMo Tenep :QIO ci1llly o6epraTH aaBKOJIO T01IKH A e TOM)' 

HanpRMi, ~06 ;n;yra ·AB aMeHmyBa.rrach. B Mipy o6epTaHWI 

T01IKa B aa6mimaTHMCThCH ;a;o A i B Tott MOMeHT, KOJIII eoua 

aiJIJIHeTbCH a T01IKOIO A, cicma AB cTaHe ;IJ;OTH1IHOIO L2 (p11c. 123). 
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.AJie TOAi auatIHJU·rn TOqJ\H B CTaIOTh: x 2 = x 1 i y2 = y1 • Otie

BHAHO, mo, IWJIH MH y piaHaHHID (Ill) aaMiCTh y2 BCTaBHMo y1 , 

ro o]];epmHMO piaHaHHH IIoTpi6Hoi ,noTIPrnoi L2 , $), caMe : 

y - Y1 = _!!__ (x - xJ. 
Y1 

IlepeTBOpHMO Qe plBHaHHH: 

YY1-· Y12 = px-px1 

a6o: YY1 = px + Y12 -2px1 + PX1. 

KoJIH TO'IKa ( x1 ,yJ HaJiemHTh AO IIapaooJTH y2 = 2px, To BOHa 

o6epTamMe Qe piBHaHHH B TOTOiKHicTh, a TOMY y1
2 - 2px1 = 0. 

a6o: 

3ai]:(QH l\laTHMeMO: 

YY1 = px + PX1 
YY1 = p(x + x1). 

Qe Bme BiAOMe HaM piBHaHHH AOTlllIHOi AO IIapa6oJIH . 

.Rn mo Ma6MO piBHaHHH napa60JI11 B aara.nhHHi cpopMi: 

(y-b) 2 = 2p(x-a), 

TO lliJIHXOM piBH06imHoro IIepeHeceHHH oceii B TOtIRY ( a,b)' 
BllaHaqeHHH rrpH THX yMoBax piaHaHHH AOT.l:Pmoi i nepeTaopeHHH 

iioro naaa~ AO CTapHX oceii, OAepiK.HMO Talm piBHaHHH AOTH11HOi: 

(y-b) (y1 -b) = p [ (x-a) + (x1 -a) ]. 

Ce6-To- npaBHJio CRJiaAaHHH piBHaI:IHH AOTHtJHoi Te caMe. 

§ 51. BJiacTHBOCTH ~0T111111oi. 

RpiM yme AOBeAeHJIX BJiaCTHBOCTeii: 

l) ~OTH'lila AO napaooJiu (eepIIIKouo-110Jioaceuoi) BiATRHae 
Bi]); oci Y- iu BiATHHOK, piuuuit s niupHAHOIO TO'IKH AOTmcy; 

2) ~OTH11Ha AO napafiOJID IIp.HMOBa AO npmiiHH' IIOBeAe
uoro a ornHIIJ;a ii B T011KY nepexpem;eHHn :o;iel ;n;oT1111uoi a uiccro 
Y-iB; 

Ma6MO me AB i BJiaCTHBOCTH: 

3) ~OTH11118 BiATHHae BiA oci x - iB Bi;IJ;THHOK' piBHHit 
a BiA' 8MHOIO BeJlllllHHOIO BiATHBKOBOi T011KH AOTHKy; 



214 

4) AoTH'IHB AO uapafioJIH e eBMeTpWILHOIO syTa, yreope. 
uoro lly11eM. BeKTOpOM napafiOJIH it BiA' eMHHM HBilpHMOM none
pe11HBBa' IIOBeAeHHX 11epea TO'IRY AOTBKY. 

3BiAQH BHCHOBOK: BYT CIIBJO' AOTH11Hoi AO uapafiom e 
piemlit a IIOJIOBHHOIO syTa, yrrBopeuoro JiyqeM·BeKTopoM i 
e~' eMHBM uanp.HMOM uonepe11H11Ba, noBeAeHHX 11epea T011BJ 
~OTBBy. 

5) B~HHOK AOTH'IHoi neperroJIOBHHIOeTLCJI uiecro Y - is. 

~OBe):leMO OCTaHHi BJiaCTHBOCTli ;llOTH"IHOi (plIC 124). 

3) PoarJIHHeMo ~ NM A i ~ N PO; 
BOHM cxomi, 60 MA II PO, ToMy: 

AN 

ON 

AM 
OP 

AN 
--=2, 

ON 

Af N 

NP 

ce6-To ON= OA. 

3e~QH aHalJHH1u1 TOtJH'.H N 6y;llyrh ( - x 1 , o). 
~ea ca~mit n11c.rri)'l o.n;epnrnMo 1 myHaroqu TO'IHY nepeTuHy oci X-i8 

D;OTll'IHOIO YYi = p(x +xi). 

Cupae,o;i, UOHJI~aroqu y = 0, MaGl\fO 0 = p( x + Xi)' aoo x + Xi = O; 

MN 
5) PaaoM a ~HM Ma6MO = 2, ce6To BiATHHOK ~OT.Hq-

N P 
Roi neperroJIOBllHI06ThCH Biccro Y- iB. 

4) 3 BmrnatieHHH rrapa6oJIH BiAoMo, m;o FM= MK, roMy 

tJ. K MF 6 piBHopaMe&Hii. HK MH AOBeJIH paHirn, AOTHtJHa nepe
IIOJIOBHHIOG ocHoBy KF ~horo TpHHYTHHHa y TOtJQi P, a ToMy, 

.RRO ocepe.n;H.R OCHOBH piBHOpaMeHoro .':::.. - Ka 6 OAHOtJaCHO i CH

MeTpaJibHOIO Bepm1meoro Kyra ~ J( MF, ce6To itoro 11epeno

JIOBHHI06. 

Ane KM llN A, _TOMY KYT cnaAy AOTHtUioi: a= ~ PMK (.RRO 

BHyrpinmi 11epexpecui); ce6TO - 6 IIOJIOBHHOIO KyTa' YTBopeaoro 

JiycteM-B0KTOpOM i Bi.n;'6MHIIM Harrp.RMKOM nonepetIHHKa, noue,ne
HHX qepeB TOtJKY )l;OTHKY. 
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§ 52. llpHMona AO napaooJIH. 

Mu eme 3Ha6MO' ~o np.FIMOBOIO; .IlO KplIBOi B ]:(aHiA TOqQl 

BB0TbC.H np.HM' IIOCTaBJICHHif AO ]l;OTHqHo i IlOBCACHO i qepea QIO 

TOtffiY. 

Xa:H: pieHaHH.H ]l;OTHqHoi, noeegeHoi qepea TOtJKY napa-

60J1H M (x1,y1) 6y]l;e: 

p 
y- Y1 = - (y-x1); [.IlHB. prnHaHH.R (94)]. 

Y1 
Togi piaHaHH.H np.RMOBoi, mm npocToi, ~o nepexo]l;HTb 

qepea TOtJKY M(x1 ,y1), MaTJIMe BIIrJl.HJ(: y-y1 = m(x-xJ; aJie 

~fl np.HMOBa a rrp.RMOM AO AOTHtJHoi, a TOMY ii nyTonuii 3MIBHHK 

Y1 m=---. 
p 

0Tme piBH&HHR npHMOBO i B mdti: He6ygh TOtJl_\i na pa60JIH 

M (x1,Y1) a: 

Y1 y-yl = -- (X-X1) ...... (96). 
p 

BJiaCTHBicTL npHMonoi napa6oJIB e Ta, ~o Komua npa-
11oea e ciMeTp8JILHOIO KYTY, yTeopenoro ay11eM - eeKTopoM i 
AOAaTubi : nanp.HMOM nonepe'lllBKa, noue~euux 11epea T011KY 
AOTHKy. 

§ 53. ~OBatBHa (BiATHHOK) AOTB11110i Ta ~IliMOTB11110i' 
npHMOBOi Ta niAHPHMOBOi. 

1) Ao:emHHa DiMOTH11BOi piuua: st= 2x1. 
Cnp&B]l;i, st= SN= 80 +ON= X1 + X1 = 2x1. (Pnc. 125). 

2) AoBJKHHa ni,IlnpHMOBOi Sn = p. 
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TOMy: 

PoarJIHHeMo ~ -:nH: SMR i SPF. Mn 6alJHMO, rr~o PF II MR, 

1l1R 

P.F 

SR 

SF 

SM 
---· 

SP ' 
SM 

a.rre ai cxomoc'l'H b. OPS i ~ MNS MM 6atn1JJH, ~o SP = 2, 

TOMy: 
SR 

SF 
-9 - ..,,. 

0Tme Borumqe nepenoJIOBHHIOe nip;THHOK oci X - iB, o6Meme
HBI nepexpeCTJIMH a Hero JJ;OTH'IHOi Ta np~MODOi' TOMy: 

p 
SO+OF=FN +NR, aJie SO=x1; OF= - , F1'1=0N-0F= 

') ,..-

p p 
TamrM 11l·IHOM, x1 + 2 = x1-2 + S,.,,. 

3BiA~H: Sn = P 

IliAHpHMOBB napa6om e Be~111111Ha CTWIB, piBHB a DiB· 

sMiJnnmOM napa6om. 

3 npHM0RyrH11x !::. - iB SMN i N MR OAepmyeMo AOBHmHy: 

1) AOTHtJHOi t = V 4x1
2 + y1

2 

2) np.HMOBoi: n = V p 2 + y 1
2 

TaIDIM qHHOM BIJ:lTIIHinI: 

1) JJ;OTH'IHOi t = V 4x1
2 + y1

2 

2) npnMOBOi It = v p 2 + y 21 

3) ni.JJ;AOTB11HOi s, = 2xl 

4) niµ;npHMOBOi Sn = ]J 

. . . . . . (97) 

§ 54. KpecJieHHa ~om1111oi Ta npaMoBoi ~o napaomm. 

mo6 HaRpeCJIHTH AOTHlJHY IIOB0IJ;eHy AO napa60Jill qepea 
AaHy Ha HHi TQqRy·. cuopncTy6MOCb, a6o: 

1) BJiacT11eicT10 AOTHqnoi BiATHHaTu BiA oci Y- iB Bi;l
THHOR, piBHHH a IIOJIOBHHOIO pH~HOi p;aHHOi'. TQqRH, a6o: 



2) BJiaCTHBiCTIO )l;OTHtJHOi Bi)l;THHaTH 

BiA oci x - ie BiATHHOR' piBHIIH ( CB0610 
a6cOJIIOTHOIO BeJilitJHHOIO) a BIATHHROBOIO 

~aHOi TOtIKH. 

B neprnoMy paa1 RpecJieHHH nepe

BOAHMO TaK: 

PHAHY AMAaHoi TOtJKH ill (pnc. 126) 
nepenoJIOBHH106MO n qepea cepeAHHY AM 
eeAeMo piBHo6imHy KB JJ;O oci X- ifJ. 

ToAi OAepmye~m OB = ~ . 
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y111/ 
ll B I ~I 

-~··' -!i-----
2 l :>.. ~ x 
o\ F A --

!\ i" 
I~~ 
1 r -\,i c 12 G. 

qepea TOtJKH B i M Be)l;eMo npocTy B1W, ~o ii 6yAe 

AOTHtJHOIO ~o na pa6oJIH B TOtJI:d ii M ( x1 ,y1). 

B ~pyroMy paai BiATHHKoey OA AaHoi (p11c. 127) TOtJKH 

M ( x1 ,y1) BiAKJiaJzy6MO no oci X- ie y JiiBopyti Bi~ notiaTKY 

oceA 0, i tiepea TO'I:KH B i M BeAeMo npocTy. 

,I(JIH HaKpecJieHHH npHMOBO i ~o 
na pa6oJIH B )];a Hitt TOtJll;i CKOpIICTY6-

MOCb TOJO BJiaCTJIBiCTIO, ~o BOrHHII\e 

napa60JIH nepenoJIOBHH106 Bi)l;THHOK 

oci X - ie Mim nepexpecTHMH a Hero 

~--+~~-r----X AOTlftJHOi ii npHMOBoi. 

P~c.127. 

A TOMY KpecJJHMO Tan: (pnc. 128). 
BiATHHRoBy!OA naHoi TOtJRH M (x1 ,y1) 

Ha napa6oJii BiJJ;KJia~ysMo Ha oci 

X- ie y JJiBopyq BiJJ; notiaTKY ocett 0 
(HR u;e po6HJJH B JJ;pyroMy BlIIlaAKY 

6yAyBaHHH AOTH'IHOi). 

IloTiM BiAJJ;a.TieHHH BF OAepmaHoi TO'IKH B Bi~ BOrHH~a 

F BiAKJiaAyGMo Ha oci X - ie y rrpaBopyq Bl~ BOrHH~a 
(B~THHOK FC). O~epmaHa TOtJKa C y 

e nepexpeCTHM IIpHMOBOi (HopMaJii) 

a Biccm X-ie, a ToMy, c110J1y-

1IHBDIH TOlffiH M i C npocToro, x 
MaTHMeMo CaMy IIpHMOBY MC. n 

r~c. aa. 
2-u cnoci6. 3 TO'IKH M rrapa-

6onH cnycKaGMO Ha Bicb iRciB 
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npHM MA i B~ Hboro B ;a;o;a;aTHiu HanpHMHOCTi Bl;ll;KJia;a;yeMo 
AC= p. l.Jepea Toq1n1 M i C BeAeMo npoccy, ~o ii e ;a;auoro 

npHMOBOIO. 

fl pH Mi TR a. QqeBH;ll;HO, ~O ROJIH napa6oJia He ;a;a6TbCJI 

y BepmKOBiit cpopMi, TO 6y;n.yBaHH.fl ;a;oTJPIHOi tt npHMOBOi 
ee;a;eTLCH arJuI;a;Ho oci napa6ontt Ta ii BepmKa, TaK caMo HK ~e 

po611JIC.fl ;ll;Jl.fl BepIIIKOBOI cl>opMH arJIH;ll;HO oci x Ta noqaTRY oceit. 

§ 55. ~0T111D1a µ;o napa6.0JI11, npoBeµ;eua 11epea To11Ky 
no-aa uero. 

TipHrrycriM, ~o ;a;oT1.Pma noBe;a;eHa t1epea ;a;aHy ToqKy 
M 0 ( x0 ,y0), AOTJma6TbCH napa6onu B HRi:Uc1> HeBi;a;oMi:U Toq~i 

M(x1,Y1) 

PiBHaHHH ii 6y;a;e yy1 = p(x + x1). Arre a YMOBH ~H ;a;o
THqHa nepeXOAlfTb qepea ToqKy M 0 , a TOMY aHaqHHKH ii no
BHHHi o6epTaTH ;a;aHe piBHaHHH ;ll;OTH11HOI y TOTOH<HiCTb, ce6-To 

YoY1 = p( Xo + X1). ll;H TOTOHrniCTb rrpoBiaopuqHa, 60 MH BBa
mam1 aHaqHHKH x 1 ,y1 aa ;a;aHL 

Jno6 ix BHBH&l!HTH, MYCHMO BBamaTH p1BHlCTb y0 ,y1 = 
= p{x0 + x1) aa piBHaHrur a HeBiAOMHMH x1 i y1• Jno6 MaTH 
~e m>yre piBHaHHH, cKopHcTyeMocb THM, II(O TO'IKa M JiemHTb 
Ha napa6oJrn:, a TOMY aHatJHHKH: x 1 i y1 noBiHHi aa;a;oBOJibHHTH 

piBHam-rn caMoi napa6oJIH, ce6-To: 

TamIM qnHoM, II(06 aHaihH ToqRy )l;OTHKY M, Tpe6a poa

BHaaTH CHCTeMy prnHaHb: 

Y1Yo = p(x1 + Xo) 

Y12 = 2p.x1, 

a6o oaHaqa10q:11 x1 1 y1, HKO Hee1;a;oM1, npocTo qepea x i y, 
CHCTeMy: 

YYo = p(x + Xo) 
y2 = 2px } (a) 

Y = Yo ± VYo2 
- 2pxo 



y2 
TaKHM qHHOM y, a paaoM 1 x = --, MaJOTh: 

2p 
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1) a6o 2 BapTOCTB, KOJIH BttpaaHUK D = y0 -2px0 > u 
(Ce6To, B TOMY paai, a TOlffiH. rro-aa rrapa60JI010 MomHa rro

eecTH AO Hei: ;a;ai ;D;OTllq}{i); 
2) a6o 1 BBpTiCTL (~Bi o;a;HaKOBi), KOJIH BHpaaHaK: 

D = y 0 2 - 2px0 = 0 ( o;a;Ha ;D;OTJiqHa) i 

3) a6o Hi OAUOi peaJILHOi uapTOCTH, HOJJH D = y0
2 -

- 2pxo < 0 (~OTHqHoi IIOBeCTH He MOilma). 

reoM01'pHq}f0 Y.RBHMO co6i 1\0 Talc 

H · · 2 2 >o .x. epIBHICTh, Yo = px0 == MOiRHa uarnrna·rH IT(e n TaK: 
< 

> 
Yo2 < 2pxo. 

A a aHaJIIBH piBHaHH.R rrapa60JI11 aHaGMo, m;o HOJIH aaaq

murn ;a;aHoi ToqKH ( x0 ,y0} , o6epTaJOTb piBHaHH.R rrapa60J111 

y2 = 2px B TOTomHicTh y0
2 = 2px0 , To TOlllia JiemRTh Ha napa-

6oJii. ~JI.R TOqKH, m;o nemHTh no-aa rrapa6ono10, iceys HepiB
HiCTh y0

2 > 2px0 , a ;a;JI.R ToqKu, IT(O nemHTh B noni caMoi rra

pa6oJIH, - HepiBHiCTh y0
2 < 2px0 • 

0Tme, 1) KOJIB ABHB T011KB Jle4KBTL 

IIO•BB napa60JIOIO, TO 11epca Hei MOZHa 

rrouecTn AO ~iei napa6oJIB ABi AOTB11HBX 

(uanp. o~Ha M 0M 1 , a ;a;pyra M 0M 2 

(puc. 129). 
2) KoJiu TO'IKa (M0 ') JitmeBTL Ha 

napa6o~i, TO 11epea Hei 1U03CHB IIOBeCTB 

mme OAffY AOTH11HY AO :u;iei napa60JIB 
(Hanp. L pttc. 129). 

y 

i 3) RoJIR T011B8 (Mo") Jlea\BTL H8 IIOJii napa60JIB' TO 11epea 

uei He M03H8 IIOBeCTB ZSAHOi AOTB'IBOi AO ~iei napa6m1u:. 

§ 56. By)JJ'BaHHH ~om1111ux ~o napaooJIB, npone~euux 
B To11os, ~o JiemaTL no-aa uero. 

IlpHrrycTiM, IT(O MH BiKe noBeJIH ;a;oTHqHi M0 M1 i M0 M2 

a T011KH M0 rro-aa rrapa6ono10. MH aaasMo TaKy BJiaCTHBicT~ 

AOTHtJHoi ;a;o napa6oJIH: 

Komaa ;a;oTutma ;a;o rrapa6oJIH np11M0Ba ;a;o npoMilm rro
BeAeHoro a Borin:11T(a rrapa6oJIH B Totray rrepexpem;eHH.R ;D;OTH11-
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HOi a Bicro Y - ia, a ToMy KYTH ~ F Ail'f 0 i ~ EBM0 a 
npnMi (p1rn. 130). 

IJ;i KYTH cnipaIOThCH Ha :niiud 
BiATHHKY M 0F, ~o crroJryqys Bor

HH~e a AaHOIO ToqKOIO' a qepea Te 
ix BeplI.IKH A i B MYCHTh JiemaTH 

'j.. Ha rrepexpeCTHX' o6BOAY KOJia, a6y

AOBaHoro Ha BiATHHKY M 0}\ HR Ha 

norrepeqm1Ky, a eiccro Y- ie. U:i 
MipnyBaHHH AalOTh crroci6 AO 6yAy-

B3HHH ;u,oT11qHJIX )l;O rrapa6oJIJI, IlOB0A0HHX 3 Toqm-1, I.1.\0 Jie

mHTh no-aa HeJO. A caMe (p:uc. 130). 

Illo6 a6yA)7Ba'rH Aon11mi, noneAeHi AO napaooau s HKoi 
HeOYAL T011KH no-aa Hem, Tpe6a CIIOJ.IY'IHTH BiATHHKOM npOCTOi 

ARHY T011RY a eornmqeM napa6om1 ii Ha ~oMy BiATHHKOBi, 
HKO Ha nonepe11Hl1KOBi, a6yJ07BRTB KOJIO. qepea ARHY T011KY 
Jr! 0 i T011KH A i B nepexpecTL KOJia a eicc10 Y- U1 BeAeMo 

npocTi M 0A i M0B, JllO it 6y;izyTL noTpiOHBMB AOTH11DBMB. 

§ -57. BirynKoBa napaomru • 

.RR 6yJio AJIH KoJia, TaK i Terrep ci11Hy, ~o ii nepe· 
xpecT.a a AaHOIO napa6oJioro e T011KaMH AOTHKY AOTH11nnx, no
BeAenux s asoi ue6yAL TO''IKH no-aa ~iero napa6oJioro, 6rneMo 
BBBTH oiryuKOBOIO (IIOJIHpOIO) 3a3Ha'leHOi T011&U, 8 CaMY T011KY 

OiryuoM • 

.RR BHAKO ia CIICT0MM pisHaHb' ~o BH3HaqaroTh aHa11H1nrn: 

ToqoK AOTHKY, piBHaHBH 6iry1rnoeoi 6yAe: 

YYo = p(x + x0) •••••• (98) 

(Crroci6 HamrnaHHH piBHaHHH HaM yme BiAOMidi:) 

TI p n Mi T Ka: 0tieBl1AHO, ~o piBHaHHH 6iryHKOB01 AO na

pa60JI11: (y - b) 2 = 2p (x - a) 6y)l;e: 

(y-b) (y0 = b) = p [ (x-a) + (x0 -a)] ...... (99) 

BJiaCTHBOCTll 6iryuKoBoi. 
1) Biryusoea e BApymeHa s nonepe11HHKOM napa6onu, no

ne~eHBM 11epes ii 6iryu. 
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,IJ;oBiA: 3HaqHHKH KiHIJ;iB AOTHKOBOI T.FITHBH (BiATHHKY 

6iryHKOB01 Mim TOtJKaMH AOTHKY M 1 i M 2) 6yAyT1> (AllB. poa
BHaaHHH CHCTeMH (a) § 55: 

Y1 =Yo+ V Yo2-2PXo 

Y2=Yo-V Yo 2 -2pxo 

Yo2 
- PXo + Yo V Yo2 

- 2pxo 
p 

Yo2 
- PXo - Yo V Yo2

- 2pxo 
p 

ToMy, aHaqmum cepeAnHH ~OTHKOBOi THTHBH 6yAyT1>: 

a= Yo 2-PX0. b 
' p 

Y1 + Y2 
2 

=Yo 

MM 6atJHMo, IIJ;O pHAHa 6iryHa ii cepeA1um AOTHKOBoi 

THTHBH OAHa:noBi b = y0 , a TOMY npocTa, ID;O nepexo,n;HTb 11epea 
HHX, pieHo6imna AO oci X- iB, ce6To s nonepe1I1nIKOM rrapa-

6om1 (pieHaHHH y = y0). TaKHM tJHHOM, 6iryHKOBa ( cKopme 11 
;rtOTHKOBa T.HTirna) 3ApymeHa a nonepetIHIIIWM napa6oJIH, ~o 

nepexo,n;HTh qepea 6iryH. 

2) IlapafioJia nepenoJIOBHHIOe BiATHHOK nonepe1111uKa, BAPY· 
zeuoro s nom1po10 (Bi,n;THHKOM nonepe~Ka HaanBasMo Bi,n;Aa

JieHHH 6iryHa BiA cepe,n;HHH AOTHHOBOi 1'.flTHBH) 

i 3) ~OTH'llla AO napafioJIH, m;o piuuofiimua AO fiiryuKoeoi 
nepenOJIOBHHIOe )J;OTH11Bi noBe)J;eHi a fiiryHa, a T3KOZ i Bi]l;THHOK 
C8MOi ~iei )J;OTH11HOi' SaMKHeHHii fiiryuoBHMll )J;OTH11BH1'1B' nepe
IlOJIOBHBIOeTLCH T011KOIO )J;OTHKY. 

,il;oBiA. 

1) ~06 ,n;oBeCTH' IIJ;O napa6oJia rrepenoJIOBHHI06 BiATHHOK 
AM 0 rronepe1I1uum, a,u.pymeHoro a rroJinpo10 M 1 lVl 2 , BHaHatJHMO 

8H&1IHHK x TOlfl\H B, nepexpecTH AaHoi napa6oJIH a nonepeq

HHKOM M 0A. Mil aHasMo, IIJ;O piBHaHHH napa6oJIH: y2 = 2px, 
i piBHaHHH nonepeqHuRa y = y0 , TOMY y0

2 = 2px, a aBiAn;n 

x' = ~~ . (PHc. 132). 
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3 ]q>yroro 6oRy 6yAeMO myRaTH BBaraJii BH&11HHRH x" i y" 
cepe~HH BiATHHRY 1HoA: 

,, _ Xo +a _ 1 { Yo2 -PXo )- 1 PXo+Yo2 -PXo 
x- --x0 + --. ' 

2 2 p 2 p 
y 2 

a6o x" = - 0
- • MH 6a1IHMO, ~o aHatIHHR x' nepexpecTH no-

2p 
nepemHRa M 0 A a rrapa6on010 i BHaqHHR x", cepeAHHH BIA

TiHRY M 0A, 6 Tott caMHii (a 11\0-AO aHatnmRa y', TO BiH AJIH 
BiATHHRa M 0A 6 aaBiKAH piBHHii y0). 

0Tme ~HM ' MH AOBOAHMO' ~o napa60.1a nepenoJIOBHIII08 
BiATHHOK M0A nonepe1111111ea, BApyzeuoro a 6iryuKOBOIO. 

2) PoarIDIASIOlJH iKMYT rrpocTHx: M 0M 1 , M 0A , M 0M 2, 

Mr/) 
nepeTHTHX piBao6imHHMH: C If M 2M1 , MH 6atJHMO ~o = 

DM1 

M 0C M 0B 
= = ; ane M 0B =BA, a TOMy: M 0D = DM1 ; 

CM2 BA 
M 0C= CM2 • 

3) HapenITi, npocTa M 0A 6 ocepeAHbOIO (MeAiHHOIO) ocHOBH 

TpHRYTHHKa M 1M 0M 2 , a TOMY BoHa nepenoJIOBHHIOBa.TMMe ROil\

HHH BiATHHOK, aaMRHeHHii 6oKaMH TJHIRYTHHim i piBHo6immdt 

AO OCHOBH M 1M 2 , ce6To CB= CD. 

B n pa B 11. 

q-248. Hanucamu pi8Hll1t1tR aomu1moi, noeeaenoi 1lepea 

8a11,y m01lh1J Ha napa6o.;ii : 
1) y2 = 8x; A (2,4) 
2) y2 = 8x ; B ( 3,y1), 8e y 1 > 0 
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3) y2 = - 6x; C (- 2/a, Y1) ; fJe Y1 > 0 
4) (y-5) 2 =7(x+2); M(5,-2) 
5) x 2 = y ; M ( 3 ,y1) 

n p u Mi m,,., a: 31ta1lH-U1i: Y1 ~iae 6ymu 06'lUC.1te1tuu. 

q - 249. H anucamu pie1ta1tHR fJomu11,noi fJo napa6oAu: 
y1 = 8x, pie1w6i:»cnoi fJo npocmoi y = x-3. 

Te~c, - fJomu11,1t0i fJo napa60.1tu y2 = 5x, pie1t06i31enoi fJo 
npocmoi 3x-2y + 7 = 0. 

q - 250. H anucamu pienan1ui fJom11,11,noi fJo napa6o.ttu: 
a) y2 = 6x; 6) x2 = -12y, npR.Moeoi fJo npocmoi a) 2x + 2y = 9~· 

6) 2y-4x = 7. 

q--251. Hanucamu pienaHHR 
napa601m y2 = 1 Ox 11,e pea mo11,1i,y 
y1 < 0; 2) me:HC- oo napa60.1tu 
mov,1cy B (9, -8). 

npR.Moeoi noeeoenoi: 1) 80 
Ha niu: A (8/5, Y1) ' ae 
(y+3)2=5(x-4) '4epea 

q _ 252. 061lUCJtUmU BifJmllH~U: OOmU"lHOi, npRM060i, nio-
001nU1lJWi ma nionpRMoeoi, noeeoenux 80 napa60.1tu: y2 = JOx, 
'tepea nlO'lhY Ha uiu: M (7,y1)' oe Y1 > ·o. 

q _ 253. 3naumu nepexpecm,JI, u hfJm Mt:HC Npueu.Mu: 

y2 = 8x i x 2 + y2 = 128. 
q - 254. H anucamu pienannR 8omu1(,Jtux, noeefJenux a 

m<JilKU no-aa napa6o.ttmo, Ko.ttu ei8o.M-i: 
1) napa6oAa: y2 = 6x i mo1tKa A (-6,0); 
2) napa6o.tta: y2 = 8x i mo1(,1a·a B (6 ,8); 
3) napa6o,n,a: (y-b) 2 = 2p(x- lll) i mo!l~a O(o,o). 

q-255. Hanucamu pieHllH,HJI, 6ieymwaoi, 1i:OJ1,U oano: 
1) napa6o.tty: y2 = 14 i 6imJH: A(7,8); 
2) napa6o.tty: y2 = 4x i 6ieyn: B(5,-4). 

q - 256. !( oeeC'mu, UIO 8u.pe~mpuma napa6o,n,u e eeo.Mem
pu'tnuu ocepefJo~ 6ieynie, UfO ix 6iayn~oea nepexooumb "epea 
60ZHllUf.e napa6o,n,u. 

II. EJlillCA H rlDIEPBOJIA. 

§ 58. ~eHTpOBi piBHaHHH eJillilCll ii runep60Jill. 

PoaBHmeMo Ta1d aa;r(atii: 

1) 3Ha:ti:Tlf reo""teTplfllHHii ocepe;r(OH TOtIOK' IllO cyMa IX 

BiAAaJieHb Bi;r( aara;r(aHHX ;r(BOX TOtIOK 6 BeJIHtIHHa CTaJia. 
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2) Tem, - aHaiiTH reoMerrpIPIHHit ocepe)l;OR TO'tloK, ~o p1m

HHilfI ix ai;rma.rreHb Bl)]; aara)l;aHHX )];BOX TO'tJOK 6 BeJIH'tJHHa CTaJia. 

BiahMiM 2 TOtIKH: F 1 i F 2 (pHc. 132), 
a eim:~aJieHHHM Mim HHMH F 1F 2 - 2e. 

BBailmTHI\rnM npocTy F 1 F 2 aa Bich 

x - ie' cepe)l;HHY Bi)l;THHKY 0 aa IIOtiaTOK 
oce:ti, a c11MeTpaJ1bHY ~&oro Bi)l;TJIHKY F 1F2 

aa e1c& Y- ie. To)l;i aHatIHHKH To110K 

(-e,o) i F 2{+e,o). 

1.) IlpnnycTiM, mo TOtIKa M (x,y) HaJiemHTh )l;O nepmoro 

r~OMeTpH'tlHOro ocepeAKY l cyMa Bl)l;;u;aJieHb ii Bi)]; TOllOI\ 

F 1 Ta F 2 s 

1) II pHnycTiM TaKom, mo ]];pyrn:tt reoMeTp. ocepe)l;oK Mae 

HKYCh Hmny TOtIKY M 1, TaKom ai aMiHHHMII aHatJHHKaMH x1 i y1, 

mo aa)l;OBOJJhHHIOTh yMoBy ~&oro Apyroro reoMeTJ>IPrnoro oce

peAKY, a caMe: 
r1 -r2 =2a 

(V B nepmoMy i B ]];pyroM paai n1)]; aJ1re6pH11HHM ciM-

6oJIOM a BBamasThCH cTaJia, xoq )l;JIH nepmoro i ,tq>yroro eu

naAKY tt He O)l;HaKOBOi BapTpCTlI, BCJlll'tJHHa). 

3 orJIHAY Ha cxomicTh yMoB: 

r 1 + r 2 = 2a; r 1-r2 = 2a, MH MomeMo i'.x o6's)l;HaTH B 

crriJihHY yMoay: r 1 ± r 2 = 2a l paaoM rnyKaTH 0611;ttea reoMe· 
TpHtIHHX oqepe)l;IDI. 

IIJ;o6 CRJiaCTH piBHaHHH HaIIIHX reOM0TJUPIHHX ocepe)l;KiB, 

Tpe6a amrnaTH aHatimnnr ;u;oBiJibHHX TOtIOK ocepe)l;KiB a )l;aHOIO 

yMoBmo: r 1 ± r 2 = 2a. ll;e Jier1m apo6HTH, KOJIII r 1 i r 2 BHaHa

lfHMO qepea aHatIHHKH i'.x RiH~ia, a caMe: 

r1 = V (x + e)2 + y2 

r2 = V (x-e)2 + y2 

BcT&BHBIDH eapTOCTH r 1 i r 2 y ara)l;aHy -yMoey: r 1 ± r 2 = 2a, 
MaTHMeMo: 

V (x+eJ2+y2 ± V (x-e)2+y2 =2a 
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Qe :H 6y;n;yTL piBHaHHfl 11allll1X ocepe~1de Toqo1~. 

(1-:H ocepe.u;oK iiaTHMe Moo pa.n;HKaJI&MH +, a )1pyrnH:-). 

Ilo.u;BiihmM KBaAJ>aryBaHHflM noa6aBHMO l{l piBHaHHR ue-

:enMipHOCTH it o;n;epiRHMO: 

x2(a2-e~) + a2y2 = a.2(a2-e2) *) 

B .u;aHoMy paai piBH&HHfl o6ox reoMeTpHqHux ocepe;n;Kis 

MalOTb O)l;H&ROBHH BHrJI.R;D;, ane BHJTpinme BOHll .u;yam Bi.u;piiK

HHIOTbCfl' a caMe: 

l) )];JUI nepmoro reoMeTpH'Illoro ocepe.u;Ky r 1 + r 2 = 2a, 
a TOMY, poarJUI.u;amtII-r 6 F 1AfF2, 6aqnMo, mo r1 +r2 > 2e, (6o 
cyr.ia )];BOX 6oKiB 6 - Ra 6iJiblli& Bi,rt TpeThoro 6oKy). 3Bi.u;~n 

2a > 2e i a > e. 0Tme, a.2 -- e2 s .u;o.u;aTHa BemitmHa i Mii Mo

mel\to BeamaTH H aa piuHy: a2 -e2 = b2. 

2) HaBnaRH ;D;Jifl ;n;pyroro reoMeTpHqHoro ocepe;n;Ky: 
r 1 -r2 = 2a., a TOMy, poarn.R.u;a10q11 Toit caMHii ~ l!\MF2 , npu

XOAUMO ~o BHCHOBKY' mo a. < e ii qepea Te a2 - e2 < 0; JiOJlll 

BBamaTu a6coJIIOTHY BeJuP:urny pioouu.,\i I a2-e2 j = b2 , TO 
cnpasmHH eeJilltIHHa :Qisi phKHHI.{i y ApyroMy reoMeTJ>H"IHOMY 
ocepe.u;Ky 6y.u;e: a2- e2 = - b2. 

TaKJIM tfIUI0.&1, piBH8JIHH nepworo ocepeAKY c: 

b2 x2 + a2 y2 = a2 b2, 

a Apyroro ocepep;:ny: 

bl') 2 + I') ., l')bl') - - .-r a .. y .. = - a- .. , 

a6o: b2 xm- a2y2 = a2 b2. 

Ilepuudi reoMeTpH'IHHil ocepeAOK TOtIOn Mae naasy eJri.ue&, 
.a Apyrntt - ruuep6oJIB. 

*) Iloil;a6MO niAnOBiAHi anre6putmi onep~i'i: 

V (i· + c) 2 + y2 = 2a =F l' (:c - c)t. + y 2. h'.Bap,j.JaTyE:MO ii cnpo~y6MO: 
(x + e)2 + y2 = 4,/J =f= 4a ]I (x - e)2 + y2 + (z-e)2 + y2; 

(x + eJ"- (x-e) 2 -4a2 == =t= 4a V (x - e)"" + y 2 ; 

{x + c -1- x - c) (x + e - x + c) - 4a2 = =f 4a v-,-.{.------e-)_2_-{--y-=!, 

aoo (niCJUI Cl<Op0 1JeHHll Ha 4): 

:re-a2= =Fa]l(x-cP~-+u~~ 
Kea;q>aTyeMo D..\e pa3: 

x2e2-2a2ex + a.4 = a2.r2-2a2ex + a2.l:2 + a2y2 

ft: O;'\ep;uyGMO: 

x2(a2-e2) + a2y2 = r:2(a2-e2). 

Hype aHaniT11qnoi reoMeTpil. IBaaemw 15. 
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Bnaua11euun: 

1) EJiincoro sseTLCJI reoMeTpaquutt ocepe}J.OR To110K, iqo 

eyMa ix Bi~~"JeHL BiA }I.BOX aar~BHBX TO'IOK e BeJIB1111118 CT8JI8. 

RR MH ~oBeJiu, ~eBTpOBe pisaamu1 Mincu c: 

b2 x 2 +a" y2 = a2 b2 •••••• (100) 

2) rnnepfim1010 3BeTLCJI reoHeTpH'IBBii ocepeAOK TO'IOR, 
IqO piacBB~B ix BiA}J.aJ:eBL Bi~ ]);BOX aara~aBBX T0110E e B&lB• 

'IDB& CT8J18. 

~eBTpoee pienaHBJI runepfio.1n 6y~e: 

b2 x2 -a2 y 2 =a2 h2 •••••• (101) 

§ 59. KaHOH1111Ha «JtopMa piBHSBL eJiiDCH ii rHIIepfiOJIB. 

IIo~iJIHBnn1 uci 11.JieHH ~eH'l'pOBllX piBHaHh eJiincu it r11-
nep60JIH Ha ix BiJihHOro tJJieHa, MaTnMellO: K&BOBB'IHi piBBBBBH: 

1) e.1Jincu: 

x2 y2 
~ + b2 = 1 . . . . . . (102) 

2) runepfioJIH: 

x2 y2 
- - -- = 1 ...... (103) a2 b2 

~JI H n a M HT u. 

PiBHaHH.fl eJiincH a rHnep6oJIH : 

1) ~0HTJ>OBi: bx2 ± a2y2 = a2b2 ) 

x2 y2 
2) :nauom1tmi: - ± - = 1 J 

a2 b2 
(104) 

+ Bi~noBi~ae eJiincn; - rn:nep6oJii. 

Auwiiaa pieuauL eJiiIICB ii napafioJIB. 

~06 MaTH y.fIBy: 1) ~o-~o reoMeTpH'lHcro o6paay RpHBHX i 
2) ~o-~o BapTOCTett 8MiHHHEiB a i b ~JI.fl ROiIUIOi KpBBOi, 

apo6BMO &HaJIH3Y piBHaHL ~HX RpHBHX: 
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§ 60. AuaJiiaa RaHOHB1111oro piBHaHHa eJJincn. 

B 
. x2 . y2 

H3Ha1JHMO a pIBHaHHfl: - -
a2 I b2 J BapTOCTH X i y, 

l\OiRBY 11epea ~yre HeBi~oMe, a caMe: 

x = ± : v b2 - y2 ( 1) 

y = ± ! V a2-~-~~ (2) 

To~i 6al{J1Mo, ~o: 

1) X i y Ha6upaIOTb mm6iJibmi i HaiiMeHmi BapTOCTH, 
KOJIII B piBHaHHIO (1) BBamaeMo y = 0, a B piBHaBHIO (2)
x = 0. 

Toµ;i: 

1) x = ±a; (y ===OJ. 
2) y= ± b; (x=O). 

I(i BS.pTOCTII. x = + a i y = J_ b' CB06IO a6cmtIOTHOIO BeJill

'lllHOIO 6 Haii6iJihmi BapTOOTH SHa'IllllRiB enincII, 60 rrpH Bap
TOC'rHX x >a i y > b BHpaBHHRH D 1 = b2-y2 i D 2 = a2-x2 

6yAyn, MeHmi Bi~ HYJIH, a TOMY Bi)UloBiJ:tHi eapTOCTH: 

a V' b V x = ± b b2 -y2 i y = ± --;;" a2 _ x2 

6y;zyirL y11Bui, ce6-To TO"IKH, ~o AIDI Hnx x > a, a6o y > b, 
nearnTb no-ea reoMeTJllPDIHM ocepe):(ROM ( eJiincoro). 

TaIDIM lJBHOM, eJiinca Mae Haii6iJI1>mi a a6con10moi ee
RHlJHHH eapTocTH BHalJllHRa. x Ha oci X- ie. IJ;i T011KB BiA

CTOJITb ei~ rro11aTKY oceii Ha B~J:taJieHHi a. IlpocTa AB, ~o 
cnoeyqyG BHaHa11eui T01IRH: A ( + a,o) i B (- a,o) , aBeTLCH 

Bemmoro BiCCIO eJiinCB. 

Demma BicL eJiiIIcu pieua 2a. 3eiA~ll a aBeT1>c11 BeJIBBOIO 
DiBBiCCIO eJiinCH. 

Ta.K caMo, eJiinca MaG Haii6inLmi a a6coJIIOTHO i BeJm-
11HHH eapTOCTH ~JIH auatJHHRa y Ha oci Y- ie. Qi T01IKH BiA-
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CTORTL Bi]); uotiaTRY ooeit Ha BiA]);a.rrenmo b. 11 pocTa GD, 11\0 

ouonyqye BHaHatieH1 Totmn: C(o, + b) i D(o, - b), Ma.a uaaBy 
MaJioi oci eJiineu. 

M&J1a sicL eJiiIICH pisua 2 b. 
3BiAQH b 3B0ThCH MaJIOIO nieuiccro eaincH • 
.RH 6al!HMO, oci eJiiIICH cJiymaTh }:lJUI uei i OCJDUI HO-

x2 y2 
op)lHHaT, TOMY piBHa.BHH a

2 
+ 62 == 1 Mas n\e naaey OCLOBoro 

piBH&BllH eJiincu. RiHQi oceit, Totmtr: A, B, C i D, MaIOTb 
H&BBY BepmRiB CJiiilCH. 

3) To'IKH F 1 i F 2 -asyTi.cn eorumqW\1H e;iincu. BiAAa· 
JieHBa MF1 i MF2 .HKoi nefirni. TO'IRR e.11incu u~ orH111qa 
SB)'TLCll Jl)"l&MH • BeKTOp3MH, 800, llpOCTO,-llCKTOpaMH eJiiIICB. 

3 uonepe)lHix MipRyeaHb 6a'lllIMO. mo: 

C)'Ma Jif'liB • sesTopis eJiiIIcu, noBeAeHH.X AO OAHiei TO'IRH 
loro OOBO}ty, B8BZAH piBHa B BMHBOIO BiCCIO e~ineu. 

r1 +r2 ==2a ...... (105) 

3) 3i Baoprn (1) i (2) BH)\HO, ll\O IWH\Hiii iapTOCTH x Blk 

UOB~ae ABi OAHaROBi BeJllltJHHOIO i pimHi 3H&ROM BapTOCTH y 
i HS.BHaRH. ToMy MOiKeMO apo6HTH BHCHOBOR, ~o eJiinca CDl0· 

TpB'IB3 Iq0-1(0 CBOix oceii (mo e paaoM i OCHMH ROOpJ(HHaT). 

0Tme, oci eJiiilCH e 83H3CAR OCJDIH CllMeTpii, a TO'IKa 0 (no'la· 
TOG KOOPAHHST), iqo e cepCAJIHOIO ~RX oeeit 2a i 2b, SBeTLCH 

~eHTpOM eJiincu i e ~enTpOM CHMeTpii eJIHilCII. 

4) Il~qac ;qoBe)leHHH prnaaHH.fl eJiirrcn, l\lH aaamamt 

b2 = a2-e2, 

e =Va2 -b'1. 

BiMaJieHHH F 1F 2 = 2e Mae nasBy Mez1rnornmqa. Ilis Me· 
ZllBOr.HBJqa e, Ceo-TO niAAaJieHHB ~eBTf»a eJiiIICB BiA HBOrOCb 
is _~eor.muq, 3BCTLCH esc~eHTpBCHTeTOM (B rrepeKJia;\i: BiACTJII 
BiA I(eHTpa). 

Ba.pricTb: 

e = V a 2 - b 2 • • • • • • ( 106) 

886TLCH nluiitHOIO B3pTiCTIO eBC{\eHTpHCHTeTa, 300 JiiniiiHHM 

esc~eHTpHCHTCTOM. 
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KoaH eKc~eHTpRCHTeT ofiMipaTu B OAHBH~.ax ue~HJCoi 

niBOCi a (6epyq:H aa OAHHH~IO MipH J];OBiRHHH niueicL a), TO 

M&TBHeMo TaKy uapTiCTL eKc~enTp11cHTeTy: 

c == _.!!._ = l/--;;)~b2 
a a2 

ToMy e aaBiHAlf MeHm BiJJ: OJJ:HHH~i: E < 1. 
u;ro BapTicTb eRC~CHTJ>HCHTeTy: 

-,/T~b2 
c = ! 

2 
- • . . • . • ( 107) 

a 

seyT& 'IHCJIOBBM, afio aeTpouo11n11uu11 eK~eHTpRCHTeToM 

i ~06 BiJq>iiRHHTH siA niuilHoro, oaaaqaroTb Aoro rpe~LKOIO 

JU1Tepo10 e. 

BacuouoK: Ko.10 e .:1ume ospeMB1'1 DHIIBJJ;BOM eJiineu, JQO 
Mae OAUaKOBi oei. 

CnpaB;a;i, I\OJIH r.taTHMeMO enincy 8 o;a;H&KOBHMH 00.flMB TO: 

a= b, 

a TOMY piBH&HHfl eJiincH npHfiMae BHrn11.n;: 

112 
I 

~2 T a2 

.1 

=1 

a6o· , x2 + y2 = a2. 

~e, 111\ 6a111n10, 6 I~eHTJ>OBe piBHaHHH HOJia. 3 JIY'l0M a. 

e =-== V a2 - b2 

6 uynL, ce6-To o6HABa BOrH1n1~a 8JUIBaIOTLC.R B ~eHT}li eJiiDClt 

TBOpHTb ~eHTP ROJia. 

TaHHM 'IlUIOM, npHXOAHMO AO BHCHOBHY, ~o eJiinca e 
BaMRHeua Hpuaa, BHTHmyTa Ba;a;osm uemrnoi oci li CTHCHeua 

BBAOBH< l\la.rroi. 11 reOMeTpHtIHHii o6paa o;a;epmHMO, KOJIH Bilm -

BeMo aa~maqeHoro HlHRtie cnoco6y HpecJieHWI Rpueoi. 
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§ 61. KpeCJieHHn: eJiincu. 

3 aRaJiiaH eJiiIICH MH 6atJ'.IIMO, mo 

R·r.133. 

r2 + r 2 = 2a. 

ToMy, ~06 HaKpecJIHTH eJiincy, suana
qeey Biccro 2a i Bim~aJieHHHM (Me;mrnorm1-

~eM) F 1F2 = 2e, po6Hl\IO Tau: Bi~KJia}:\ae~m 
B~THHOI~ npoCToi F 1F 2 = 2e i B KiH~HX 

Bi~THHRY B TO'Il\ax P 1 i F 2 (pnc. 133) 
yRpinJII06Mo mIIIIJILKH N 1 i N 2 • l10Tli1 

6epeMo IIHTKY AODiRHHOIO o6Bo~y 6 F 1F 2 A 
(ce6-To AOBiRHHOIO 2a + 2e), 3B.Fl8yeMo ii 

1 HaA11raeMo ua mIIHJILmr. KiHneM oJii.B~n A uaT11raeMo HH'tRY 
i ]\aeMo nLoMy OJiiB~eBi pyx. Bic11p11 OJiiB~H oqepKHe .Mincy, 

60 BOHO 6yAe nopymaTHC11 B3AOBiK reoMeTpHtJHOro ocepe]{Ky 

TOtJOK, ~o Mal01L CTaJie B~AaJieHHH Bi):( 1\ i F 2 (BorHHII~), 

piaae 2a ToMy, ~o y KOiRHOMY 110JiomeHH10 BicTp11 A, )10B

iKHHa HHTKH Fi A +A }"'2 piBHa 3 AOBiKHHOIO niJioi HHTI~II 6ea 
BiATBHKY F 1 F 2 , ce-6To 2a + 2e - 2e = 2a. 

§ 62. AuaJiiaa KaHOHB'IHOro piBHBHRJI rHDepoOJIB. 
x2 y2 

Buaaa.tJHMo a piBH&HHH a
2 

- bz == 1 uapTocT11 x i y, 

KO>KBY 11epea AJ>Yre HeBiAoMe: 

'l,OAi: 

al;----
x = :-~ b / b2 + y?. 

b - ,1---
y = ± -;; ( · x2 - a2 

(1) 

(2) 

1) poarm1Hel\10 TOtJKH nepexpecT.R RpHBOi a uiccro X-is, 
a ~JUI ~Loro y piBHaHHIO (1) IIOJIOiRHMO y = o, 'l'OAi: 

x = ::'c : V b2 -.p o2 = ± a. 

OTme ru11ep60Jia ayc1'pi11ae BicL X - io a o6ox 601ds uo

qaTRY KOOp~HaT Ha BiAAaJieHHIO + a i- a; 
2) poarJIHH6MO TenepL TOtJKH nepexpeCTH RpHBOi 8 eiccIO 

Y-ie,. }:(JUI ni.oro y piBH&HHJO (2) IIOJIOH<HMO x = o, TO]li 

Y = ± -!-V 0 2 -a2 = + bi 
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BapTocru y - e y.ReHi. Ce6-To r11nep6ona He Mas cniJih

m1x TO'IOH 3 BiCCIO y - i6' aJie llOJJOi-KeHa no o6H1(Ba 6oKH 

ei (x= ±a). ToMy TO'IRII x =+a i x=-a MaIOTL uaaey 
uepmKiB rnnepfim1u. 

3) KonH x 6y~e npocTyeaT11 1(0 6eaMemuocT11, To Ta1mm 

6yAe npocTyBal(HTu Ty.[(11 it y . .Il:ittcao, 6epy11H y pieuaHHIO (2) 
x = 00 ' MaTnMeMO: 

b 1-
y = -'- -;-1 a:; - a;! = oo 

Ta:n11M 1111HoM, rHnep6ona 6 IipHBa, J..QO csoiMH ranya.R&IH 

iiAe 1(0 6eaMeHUIOCTH. 

4) KoatHiit BapTOCT i x Bi~nosi.Aae ):(BI, 01(HaKoe1 eenuqH

HOIO H npOTllBHi 3HaROM, eapTOCTII y i HaenaRH. 

ToMy ranepom1a no:iomeua csoiMH ruyaaMn CHlleTpu11uo 
i ~O-AO oci X-ie i ~O-AO oci Y-iB. Bi,ImaneHH.R ua oci 

X- ie (PHc. 133) P 1P 2 = 2a aeeTLC.R (.RK i B eJiincH) BeHH· 
soio, afio roJtoeuoio niccio runepomiu. F 1 i F 2 - BBYTlJC.R sor
moq&MB muepfioau. CepeAUHa Bi.f(THHRY F 1 F 2 , T011K& 0 aseTLC.R 

I(eBTpoM mnepfiom, a. l(OBHmHa s~THHKY F 1 F 2 - MezBBOrBH· 
111eM. IliBMe3CHBOrBDlll8 e (Bi,[(CTyn BOrHHIQa Bi~ ~eHTJ>Y) 3BCTLCR 

esc~eHTpHCHTCTOM rauepfio~H. 

,Ilna r11nep6on11 Mii asaamm1 : 

TOMY c2 = a2 + b2
, 

OTme, JIBR.ilmlii 6KC~eHTpHCHCTeT r11-
nep6onH 6y1(e: 

e - / a u ••.... - l' 2 + 1.2 ( 108) 

KoJIH e e11aaa11HMO B ol(HHH~Hx P111c 133~ 
eemrnoi oci, TO l\laTHMeMO 'IHC;IOBH:lt 

ese~eBTpHCHCTeT r11nep60JIH: 

e = e = v a2 + b2 . . . . . . ( 109) 
a a2 

011eeu~o, mo tIHCJioeuii: eKc~eHTpHcHTeT mnep6onn: 

E > 1 (TOAi, RI\ AJUI eJiincu e < 1). 
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061mCJIJIMO ~e MB-JIY Bi Ch 2 b. 

a2 - e2 == - b2 ; b2 = c2 - a2 

Illo6 ,u;aTH «b» reoMeTJHP1m1ii o6paa, aati:ep1~yG.MO a TO'IBH 

A Jiy11eM r = OF1 , = e ,u;yry CD. Bi~THIIHM OD= b i OC = - b 
1 6y;tYTh Mamuu1 ninoC.RMH, 60 a L ODA Ma61\IO: 

OD2 = AD2 -0A. 2 : OD2 = e2 -a2 ; OD= b = ± V e2 - a2 • 

':. 

, · Ronn a= b, TO rnnep6oJia aBeT1>c11 

\:··----- L .. ,/ piBHOOCLOBOIO, eiio piBn060KOIO. ,Il;Jill 

-~f=--~h;..___,_--::-__,...---x Hei e = V a2 + b2 = V 2a2 = a V :! .. 
) / : n .. i~~- PieHaimll piBuo6o&oi rHnep6o;u 6: 

;- ------,:.. ~--------·\ 
x 2 -y2 =a~ ...... (11.0) 

§ 63. KpecJieHHH runepfioJIH. 

IlpunycTiM, ~o uaM 1'pe6a Ha:npecJIHTH rHnep6oJiy npu 
y1t1oni, ll~O: r1-r2 = 2a (a roJIOBHOIO BiCCIO = 2a). ,rt:JIH I(LOro 
6ep_eMo JiiHiiiHy i ,u;o OJlHOro 3 ii KiH~iB N (pHc. 135) ~pH

RpinJIIOeMo HJITHY ~OBiKHHll MeHmoi' Him ,D;OBiKIUia JiiHiihm 
ua 2a. 

Ha nanepi Be,n;ertto npocTy ii HaMitJyeMo Ha H111 Bor

HHm;a F 1 i F 2 (li\F2 > 2a). V BOrH11u\i F1 npn:npinJIIOeMo 
npoTHJieiKHidi ]:(O aaqiny HllTlUI RiHe~b JiiHHiHH Tan, ~06 BiH 

Mir o6epTBTHC.fl HBBRO:IO u.i6i TOlJRH' HH KOJIO oci' a 1d.Hel.\b 

HJITKH rrpnRpirrJimel\m ~o TOtJ:Hlf F 2. RoJIH Tenep s noJiomeHHH 
MN o6epTaTH JiiHiil:ny mtBROJIO 1\, npoTn c·rpiJIHll ro~HHHHRa. 

ii: npH I~hOMY HaTnrynaTH HHTKY nicrrpHM o:iie1v1, TO ~e sioTps 
oqepRHe rHrrep6oJiy (ropirnmo ;(ol(aTHIO ra .. 1yJh ). 

If" 
IlepeRna;r::t;a101111 BiAilOBi)l:HO JIH

uiliuy: 1) ~oropn, Hanp •. y nono
meHHH F 1 N"; 2) rrpHRJiin.rrIOIOtI.H 

~iHiu:ny ~o F 2 ( ~06 JiiHittKa o6ep-
. F M~'"""""l:=---~1R9br------'N Ta.11ac.JI B TOtIQl 2 HH HaBHO.:JO 

<>ci) i po6JI.JitIH Te caMe, ~o ii 

pa.Hirn AJUI eoruu~a F 1, o~cpamMo 
Bci 4 ra.rrys i rMnep6o:ur. . . ........ 
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. CnpaBAi, B flHiM IIOJlO>ReHHIO Jii11iii1m He 6yJia.6, 38.Bil\AM 

Ta 'U\CTHHa HHTKH BF 2, ~o aHHJiac.R a JiiniitRH, 6yAe puma a 

·mM niMaJieHHflM Ha Jiinitin;i, aBiAim n;ro HHTRY BHHTO. 0Tme 

J1yq F 1B aam1<1v1 a6iJihIIIyeTLca Ha AOBiill·IHY HHTRH F 2B i 
TOMY pimHHn;.fl .uyCJiB F ,JJ-F 2B aaBil\AH e ueJIHqHHa 0Ta.:11a, 

piaua a 2a, a Toro BeJIIPnt.HOlO, Ha HRY HHTKY 6yJio B3HTO 

HOpOTIJIOIO' nhn ~OB»nrna .rriHHiRJf. 

§ 64. IlopiBHRHHH piBHRHL eJiincn ii rBIIepoOJIB. 

~fu AOBemr, mo piauaHHH eJiirrc11 ii rnnep6omr: 

x2 . y2 
a2 ± b2 = 1. 

IloK&H<eMO rrenep reOMeTpH'qHO, .md CS.Me RpHBi BH8Ha-

11aJOTL n;i piuuaHHH. BiRlrnllIH aaam1;qeuHx c11oco6ie KpeoneHHn 
eJiiIICH it rnnep60JIH, MaTllMCMO puc. 136: 

[(i eJI11nca ii r1mep60Jia MaIOTh 
cni~bHi oci: AB= 2a i CD= 2b. ' 

0611HCJIHMO Bim:i;aJICHHfl Ix BOrHHll\ 

P'F1: 

F1F' = F'O-F10 = e1-e; (e1-niuinunii 
eHCl.\eHTpHCU
TeT runepoo.TI n 

(F'F1)
2 == e1

2 + e2 - 2e1e,· · ·n e - .illHl H. 

eHCl.\eBTpucn- / 
TeT enincn) 

aJJe: e1 = Va2 +b2 ,a.e=Va2-b2 , TOMy: 

e12 + e2 = a,2 + //l. + a2-b2 = 2a2. 
0Tme: (F'l\)2 = 2a2 -2e1r. 

A asi~~H: P'l\ == V 2(a2 - ee1). 

§ 65. Ofi11HCJieaua: 1) JiyqiB-BeKTopiB 2) ~eH'rpoBoro BiJl:
~aJieH11n:, 3) sMi..HunKa (napaMeTpa) eJiincH Ta rHIIepooJiu. 

1) Ofi1111eaeana 3y11ie-BeKTopin. 

I. Jlyqj - BeHTOpH eJIHilCH: 

Mn Bme :rtoRo~n:in ~ mo ~onmmra .. l.~7 l!i3 - n~1~Topis e: 

r 1 = Vfx-j-e) 2 +y:!a, r2 ==V(x-e) 2 +y2 

~aMo IJ..HM sapTOCTHM 11~e ~pyr11H, apy1mi11mrn1 Bnrm1;~. 



,il;JIH ~horo IllAHOCHHMO BapTOCT.H r 1 1 r 2 ~o 1rna'Ap&Ty 
BUCJii):'(H Bi~JiiqyeMo O):{HH 3 O'AHOro, TO):'(i O):'(epmymm: 

r12= (x+eJ2+y2 
r22 = (x-. e)2 + y2 

r 1
2-r2

2 = (x+e) 2-(x- e) 2 

a6o: 

(r1 + rJ (r1-r2) = 2x.2e = 4ex (A); 

.A.Jie HaM Bi):'(o.Mo, ~o r 1 + r 2 = 2a, a ttepea Te: 

2a (r1 -rJ = 4ex, sBi):(KH: r 1-r2 = 2
ex . 
a 

2ex 
l\{arotll{ BapTOCTH cyMH: r1 + r2 = 2a i piiRHHQi: r1-r2 = -

a 
MOiKeMO BH3H&1UITH nyqi - B0KTOpH' a caMe: 

ex l 
T1 = a + -;;- . 

ex 
r 2 = a - -

a J 

. . . . . . (111) 

Tam,1M 1111HOl\I, aHa101I11 sapTicT& JIHllie ei~THHKOBoi ~aHoi 

TO'IIm eJiincy' M&eMO 3Mory o6tIHCJJHTH sap10CTH JIY11iB - BeR· 
Topie, noee~eHHX y QIO TO"IKY. 

II. .IJ:oBamua ayqie - BeKTopie rnnep6onH: 

Mn 6a1111Mo a (A), ~o: 

(r1 + r.J (r1 -rJ = 4 ex, 

ane AJUI rHnep6oJIH r 1 - r 2 = 2a, TOMY r 1 + r 2 = 

Poasnqy101111 cucTeMy piBH&HL: 

2ex 
1) r 1 + r 2 = i 2) r 1-r2 = 2a, 

a 

ex 
. . . . . . . ( 112) 

r 2 =---a 
a 

IJ;e 1 e seJ1H11BHll nyqie - BeKTopie r1111ep6oru1. 

2ex 

a 
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2) 0611u~1euu.11 ~euTpoeux e~aneaL. 

BWuuos npocToi R, iqo cnoJif'IYe ~eHTp eJiiucn afio 
muepooJiu a HK010 aeoyw. To11Ro10 M ooeoJcy" ix seeTJ.CJI ~ea
Tpoeun ei~a.11euum1 Aauoi T011KH eJiiucu, aoo runepfioJiu. 

BeJIHlJHHY R JierRo o6tmcJIHTH Y 

a b. Ol'r!B: (pnc. 137, a i b). 
R2 = x2 + y2, 

ane }(JUI eniucu: 
b2 

y2 = - (a2 - x 2) (AHB. auaniay a2 
R3HOHlltJHOro piBH8HH.fI eJiinou). 

To My, J:tJIH eJiiuou 6yJ:te: 

b2 b!x3 

R 2 =-= x 2 + - ( a2 - x3) = x2 + b2 - ---a2 as 

a2 - 62 
R 2 = b2 _t_ --- • x! I ., 

a-

a2 - b2 
.AJie H&M e1no110 ~o ---- == e2 a qepe3 Te: R2 ::=..= b2 + 

~ ' a2 ' 

+ e2x2 i BBiJ:t~: ~eBT})OBe BiAAWieHHJI .RBOi uetiyAL TO'IBB 

eJiiIIcu firne: 
y 

__ r:,·" 
.. · .·· 

P1t1c 137~ 

R == 

a2 + b2 
PiiiHH ----- == e2, o~epm.uMo: 

a~ 

3) 0611acaeBB& aMiaaHBa e~incu, aoo ranepoona. 

3MiBBHKOM (napa1i1eTpOM) eJiilICH a6o maep6onH auyTL jlOB-
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3WHJ, 3ApymeHO i a BeJIHHOIO eicc10 i npHMOBO i ~o Hei, TRTHBII' 

~o nepeXOAHTh 11epea BOrHH~e RpHBOi. 

QeA BMiHHIIR, HR i AJIH napa6oJIH, OBHa11'.alOTh 11:epea 2p. 
(JierRO AOBeCTH, ~o AOBIBHHa THTHBH He aa.nemuTh BiA Toro, 

11:epea HHe eorH1n1~e ii rroBeAeMo, ce6-To A1B1 = A2B2 = 2p). 
,I(osamna l\iei THTHBH i ~JUI eJiincm ii AJIH mncp6oJIH otJe

BHAHO 6yAe pie Ha a llOABiiiHoro BeJIHtIHHOIO pR~Ho i'. y2 To11:n11 B t 
(p110. 138 a i b), D~O Mae BiATHHJWBY x = + e. 

y 

Mu aHaeMo, m;o pRJlHa HOiHHOi TOlfKH eJIHDCH a pieHa: 

Y - ~- !!__ Va2 ~ x2 a rnrrep6om1 y = -!- ab vx·-·2 ~~~, a TOVv, . -- a . -.J 

BCT&BBBIDU y ~i B80pH eapTicTh BiATHHHOBOi X2 == e, o~epH<llMO; 

LlJe 1) lVI R emmc11 e2 = a2 - b2, a TOMY: 

1 2) 'AJIH rHnep6onn: e2 ==a2 +b2 , a ToMy: 
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b'!. 
0Tme, 1 AJUI eJiirrcH it AJUI runep6oJIH: 7J == , n l\imdi 

2b2 

2p == --
a 

....... (115) 

P111c 138~ 

a 

§ 66. BepDIKoue piuuauu11 eaincu ii r1111epooJiu. 

Rom1 aa noqaTo:n oceit 6y~eMo BBaa<aTn BeplllOK eJiiIICH 
a6o rHIIep60Jm, aa BicL X - iB ix B0JIHRY sicL, a aa Bim, 
JT- iB ;r\OTII"IIIY AO ;r\aHOi KplIBOi, IlOBeAeHy qepea aaaHaqeHHit 
Bepmo:n, TO piuuaHHH, 11.lO npH ~nx yMouax BHaHaqaTHMe ei~

noBip;uy up:rrny, 8B0TLOH BepmROBHM, (pnc. 139 a, b). 

y 

P~.139~ 

BepwKoBi pieuauH.R eninc11 Ta rnnep6om1 MomeMo o}\ep
ma.TH WJIHXOM aB1111aitHoro pieuo6iffiHoro nepecyHeum1 1mop]lH

ua.mux ooeii y To11Ry 0, eepmoK RpHBO i. 
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I. BepDIKoBe piBuamu1 eJiincu: 
,I(JI11 eaiIICH noqaTOK KOOp~HaTHHX oce:lt MaTHMe auaq

HBHH: (-a, 0) ' a TOMY BBOpH rrepeTBopeHHH ROOPAHHaT 6YAYTL: 
x = x'-a i y = y' . .•.... (l'rl). 

HOJm B ~eHTpoBe piBH8JIH11 eJiiIIou: b2x2 + a2y2 = a2b2 
BCTaBHTll BapTOCTll ( .ld)' TO o~epmuMO: 

b2 (x'-a)2 + a2y'2 = a2 b2 

3BiJ1~: 
b2 (x' - a) 2 

y'2 = b2 - ------
a2 ' 

a6o: b2 x 2 2b2x b2 
( x ) y2 == b2 - - b2 + == - x 2 -- -

a2 a a a 
TI p ll M i T l\ a: ~DI BH~RHHYJill iHJ:\eKCH npH y 1 i x', - BOBB B ~aHOMf 

paai He D0Tpi6Hi, 60 x' i y' e 3BHtJaitHi BMiHBi auatfHHl\H T0110H eJiiDCH. 

HapewTi, 6epytJH 
b2 

Ha yeary, ~o - = p, 6yf(eMo MaTH: 
a 

y2 = px ( 2 - : ), 

a6o: 
2 

9 p."C 
~py- -- (116) y2 

a 
I(e i 6 BepmROBe piBHaHWI eJiiIICH. 

B II c H 0 B 0 R: Ilapa6oJia G ORpeHHii BHII&~OK eJiinCH, KOJlll 

B Hei BejJHlJHHH oceii Heo6Memeuo apocTalOTL. 
CnpaB;qi, HOJIH BiBLMeMO a = 00 , b = 00 , TO BepmROBe 

piBBaBHH enincu MS.THMe BHrJIH~: 

y2 = 2px - _!!_ x2, a 'IOMY y2 = 2px. 
00 

II. BepmKone piBHaHHH rBnepfioJIB. 
,I(JJ11 rnnep6oJIH, noqaToR 1mopAUHaTJmx ocefi Mae auaq

HHHH ( + a, o). ToMy BaopH i:iepeTBopeHHH noop~nHaT 6y)cy'TL: 
x = x' + a i y = y' . . . (N) . 

Ro.mi B ~eHTJ>OBe piBHaHHH r1n1ep60JIH b2 x 2 - a2 y2 = a2 b2, 

BCTaB~TH Ba PTOCTH (N)' TO OflepmllMO: 

b2 (x' + a)2-a2y'2 = a2 b2, aei~QH: 
b2(x'+a) 2 b2 x2 2b2x -b2 == 

y'2 = - b2, a6o y2 = i b2 + 
a2 a2 a 

= ~ x ( 2 + ~ ). 
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Ane 6epyqu Ha ynary, 
b2 

ll\0 
a 

,,., 
p, oyAeMO Ma TH sepm-

piBHaHHH 
,,., 

l\OBe mnepooJIJI. 

y2 = 2py ---;-
px2 

(117) ....... 
a 

§ 67. YaaraJILHeHHJI BepmKoBoro piBHaHHH AJ"'IH Bcix 
KpBBBX }ij)yroro CTyniJu1 ( CTiacKOBBX nepepisiB). 

p 
OaHatJHBIIIII BemJtmHy '. - = q, MOmer.m cKaaaTn, l.l\O 

a 

aaraJibHa «fK>pMa eepmROBoro piBHaHH.fl KpIIBHX 2-ro OTyniHH 
( CTiiRROBHX nepepiaiB) 6y~e: 

y2 = 2py + qx~ . . . . . . (118} 

1) KoJIH q < o - TO Qe e pieuaHH.fl eJiincn. 

2) Kom1 q > o - To Qe e pieuaHH.fl r11nep6omr. 

I 3) KoJIH q = o - To Qe e piBHaHH.fl rrapa6oJIH, 60 y 
p 

napa6oJIH roJIOBHa Bicb a = oo , TOMY q = -- = o. 
a 

§ 68. llHmHit cnocio TpaKTJBaHHH eJiincu Ta rBDep
fioJIB (meRT})BTa ~x KpBBBX) • 

• 

PoaB11meMo aaAaqy: 

3uaiiTH l,COMeTpH11HBii ocepe~OK T01IOR, iqo ix BiM&JieHHJI 

BiA aarJlA8HIIX T011KH Ta npOCTOi M8IOTL CTane uiwrnmeHHJI )~? 

Xaii aaraA&Ha npocTa e. L, a TO'll\a F. L v 

3a Bicb hwie eiabMiM npocTy, ~o nepe
XOAffTh 11epea Totrny F np11M0Bo AO rrpo- ~L-

croi L. 

QqeBHAHO' l.1.\0 HeBiAOMHH reoMeTPH'll
HUii ocepeAOK nepeTJIHaMHM0 BiCb x - ie 
Y ABOX TOtIRax A i ..4 1 , TaR IQ06: 

.. 

_A_F_ =A 
AD 
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flepenoJIOBHHHMO sim~aJieHHfl A A 1 = 2a i tiepea iioro ce· 
peftHHY 0 noBeAeMo Bich JT - 1;i6, DpHMOBo ~o oci iKoie. To]li 

A 1F AF 
a pisuocTe:ii (a.) MaTHMeMo: A 1D == -- ; A1J = --

). ). 

a qepea Te: 
1 

AA1 ==2a= A1D-AD= -{A1F-AF). 
l 

1-\onH BiATHHOK OF oana111i1Mo tiepea e, 'ro OAepiKHMo: 

A 1F =a+ e; AF= a-e. 
ToMy: 

1 2e 
A 1A == 2a =-;:(a+ e -a+ c) == - . 

A A 
.. e 
A== - • 

a 

Tenepb uoJ111 auaeMo Hpa'I'HOC'l'll Bl).-lHOlll0Hlijl 

e . 
l - - , JierKo BHBeCTH p1eHaHHH caMoro ocepeAnY. 

a 

KoJW 
Jtf {x,y), TO 

BiabM6MO Ha ~bOMY ocepeAKY AOBlJlbllY 

a yMOBH uawoi' aaf{atm lt1YCHMO MaTH: 

MF 1llF e 
lllN = l, ce6To jl/ N = -;; { 6) 

•. 

06l!lteJUl8MO Jr/F i M1'"!" 1Jepea auaqHHKH TO'IKH ~1 i A&Hi 

eeJIHl!BHH a 1 e. 
• 

3 ~ J(MF MaeMo: 1llF2 = 1l1K2 + KF2 , ne JlK = y, a 
KF = x-e, a TOMY OAepmyar.10: 

:Al F 2 = y 2 + ( x - e) 2 • • • • • • ( 6) 

3 Apyroro 6oKy: 

1UN=KD=OD-x 
.AJ:re: 

OD=AD+a, Ae AD 06cn1cJIIOeThcH a piBHOCTeit (a), 

a caMe: 
AF e a . AP a( a - e) 
-- = l == - i AD = --- - ----
AD a e e 

0Tme: 

OD -
a(a- e) 

e 

a2 
+a=

e 
(e). 

• 
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aa 
AJN = OD-x = - -.x ...... (o). 

e 

BcTaBHBillH BapTOCTH (a) i (o) y plBHlCTL (6), nicm1 

cnpoJI\eHHH' OJ'(epmHMO: 

?/2 + ( J: - (') 2 ('2 ,.. 
- == - aoo 

{ 
a2 )2 a2 ' 
- -~t;2 
e 

( a2 - e2) x 2 + a2 y =a( a2 - e2 ). 

Qe piBHaHHH IlOAaHO BiKe paa y § 58. ~fu 8Ha6MO, ~o 

'BOHO 6 QeHT}lOBHM piBHaHHRM a.60 eJiincH' KOJUI a2 - e2 = b2 > 0' 
a6o rnnep6oJIH, ROJIH a2 - - e2 == - b2 < 0. 

3 QHX MipRyBaHL Ma6MO 3Mory TBepAHTH ~o: 

1) EJiirrca e reoMeTpB'IHBM ocepeA£OM To11os, iqo ix s~
~a.1enua B~ AaHOi TO'IKH ii upocToi M8IOTL CT&Jie B~RomeRBB 

). < 1 (60, KOJIH a2 - e2 > 0, To a2 > e2, a6o a > e; ·aBiARH 

e 
I. = -- < 1). 

a 

2) rm1epooJia c reoMeTpB'IHH~1 oeepeW'OM TO'loR, iqo ix 
Bi~n;SJieIIBJI BiA ABIIOi TO''IKH ii IIpOCTOi M8IOTL CT&Jle BiAHOmeHBB 

e 
). > 1 ( 60, HOJin a1 - e 2 < 0, TO a < e i A = - - > 1) . 

a 

TiJih:nu-~o noAaHi BHBHa'leHHH eJiun

cu it runep6oJIH )lalOTL MOffiJIHBiCTL J'(aTH 

aacrynHe cniJihHe BHSI-Ia'leHH.fl J'(JI.R HpH

Bnx 1q)yroro nopHJ'(I~Y: 

EJ1inca, napaooJia ii ruuep6oaa e 
fCOMeTp111111B.MB ocepe~8MII TO'IOR, IqO 

ix BiAA&iJenna BiA sar&A8BOi TO'IKH ii npo
~Toi MaIOTL CTWie B~omeuua. Ko~u spaT

HicTL BiAJIOmenun: I) ; .. < 1- spuua e 
~iincoio, 2) ; .. = 1- spuua c napafioJioro 

ii 3) A> 1-1:puBa e mnepfioJioro. 

Hn MU eme aHaeMo, sem1'IIIHII: a - 6 Berunmro niBBicIO 

:np1rnoi, a e - JiiHifiHHM eKCQeHTpHCHTeTOM. 

l\~'pc aHaniT111rnoi reoMeTpiI. Ieaaemw 16 
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e 
HK BiAOMo, BiAHomeHH.H - == e Mae Haaey q11cnosoro 

a 

eKc~eHTpHCHTecy. 

TaKBM 1111110M B~omeBBH BiMWieBL TO'IOK ar&A&DBX Kpn
BHX s~ soremqa ii A&BOi npocToi, axy sneMo uanpmieoio, aoo 
~peBTpHTOIO, 38BZAJI pisee a 'IJIC~OBBM exc~eBTpHCBTeTOM ~iei 

BpBBOi. (Puc. '142, a i b). 

011eBH1Pf O, ~o eninca ii rnnep6oJia MaTHMYTb no 2 1(11-

peRTJ>HTH, BiAilOBiAHO AO o6ox BOrHHil~. 

Paar.IDIHeMo ix pieHaHHn. 

Mu 6a,11u10, ~o: 

1) ~eRT}lllTH piBHo6imHi ~o oci y-~l6' I 

2) ix: siAAaneHHfl si~ IIO''larny KoopAHHaT I OD I = :2 1= : I· 
ToMY pisuaHHJI ~HJ>eKTilHT :QIIX BiAaHaqaTHMeT1>c11: 

a 
.1_ - = x a6o a ± ex = o 

e 

,,,. e a 
3 piuHaHh AJtpeKT}lHTH MaeMo: a2=ex, aoo - = -. 

a x 

ToMy 6ynyeMo ix TaR: 

L v L 
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§ 69. Bmuaim11 eJiincu. 

reoMeTpu11uux cnoco6is 6y)zy'BaHHJI enincu icuye ne1<ini.Ka. 

Mu TYT aynHHnMoc11 ua onuoMy a unx. 

y 

IlpnnycTiM, mo uaM rrpe6a a6yiuraaTH Mincy, mo Mae 

oci: 2a > 2b. ~JUI JU>Oro nepenoJIOBHHIOeMo BiATDHRH 2a i 2b 
i noMiTHBillll nosiJII>HO ~eH1'p 0 (pnc. 143), 011epKJGMO ;l(Ba 

cniJILHO~eH1'pOBi ROJla Jiy11ia r 1 =a i r 2 = b. qepea ~eHTP 0 
noee~eMO ~Ba npJIMOBHX no11epe11HHKH ii O~H a HHX npuiiMeMO 

sa eicb X - ie, a Apyrnii - aa. Bicb Y- is. ROJIH Ha aos

HimHLOMY ROJii Bi9LMeMo ~oeiJILHY T011RY A i noee~eMo ~o uei 
.:iyq OA, a a nepexpecTH C ~Loro J1yqa a BHyrpimHiM ROJIOM noee

;\eMo pieuo6iimzy ~o oci X- ie, TO TO"In&. D, CTHRY ~iei pieHo6im

Ho i a p111(11010 TOtJRH A , 6yAe TOtIROIO, ~o HaJieau1TL eninci. 

,It;oee~eMo 1.\0: qepea ro11Ry C noee~eMo npocTy CKllAB i 

ToAi MaTnMeMo ei~uomeHHH: 

OA AB 
OC CK. 

06tIHc:r11Mo eem·111HHU OA, OC, AB i CK: 

1) OA = r1 =a; 

2) OC = T2 = fJ; 

3) Rom1 oaHalJBMO ueei'AoMi aua11BHKH T011HH D 11epea 

X Ta y, TO: 

AB2 = OA 2 -0B2 = a2-x2, a6o: AB = V a2 -=...-.x2; 
4) CK= BD= y. 

BcTaBHBIDB auaiiAeHi eapTOCTD y aawe BiAJ1omeBBJ1, 
OAepmnMo: 

a V a2 -z2 -- = , a6o: 
b y 
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a2 a2-x2 

b2 y2 

x2 2 

3BiARH: _J_ ~ = 1. 
a2 I b2 

Mu OllepmaJIH pieHaam1 eJiincH, a n;e CBIAtIIIT&, IllO aaaq
IUIKH TO'IKH D aaAOBOJILHHIOTL }JiBHaHHH enincH, ce6-To ·rotJKa D 
Jie>RHTb Ha ii o6BOAi. 

0Tme' ROIDI 8 ~eHTJ>S, l\OJia 0 (pHC. 144) IlOBeAel\IO HK 

MO>RHa 6iJibill Jiy'liB i JlIDI KmRHOro 8 HHX TaKHM CRMHM cno

co6oM, HK r.tH IIIyRaJIH TO'll\Y D, aHaiiAeMo BiAnoeiJ{Hi Toqrut 

CJiincH' TO I~pirna' II.lO CilOJIY'lRTHMe Qi TOqKH' 6y]{e o6BO]J;OM 
~iei enincu. 

§ 70. BrnYJlaHHn: mnepooJiu. 

IIpunycTiM, II.lO uaM Tpe6a a6yAyeaT11 nmep6ony, mo 

Mae oci: 2a > 2b. BiaLMeMo HKi He6yJlL oci 1mopAHHaT XOY i 
Ha oci X-.iB BiA noqaray 0 BiAKJia~eMo BiATllHKH OA =a 
i OB= b. 'Y TO"IBax A i B nocTaBHMO npHMH AP i BQ. 
RoJIH qepea no'laTOK ocefi noeecTII AOBiJihHY npocTy OJ(, TO 
BiJlTHHOK 11 OK, BiA not1aTRY oceii AO nepexpecT.R a npHMOM 
AK, 6yAe BiAT.Hmmeom ai<oicL TOtJRH Harnoi'. rnnep6omr, a 



eiATHHOK BL, npHMY, nocTaBneuoro B KiH~i B~THHRa 
nepexpecTJI a· AOBiJILHOIO npocT010 OK, 6yAe p11wio10 
T011IDI runep6o.mr. 

To:&iy, Kom1 MH nytieM OK oqepK
HeM AYry, To TOtIHa N nepexpecTH 
]Q7rH a BiCCIO x - ie 6yAe MeTOM 
T011HH runep6oJIH Ha BiCL. 

0Tme, nocTaBHBnm: npHM NM, 
MB aaaliAeMo TOtIHY M runep6onu. 
A caMe, Konu: noBeAeMo qepea TOtIKY L 
pisHo6mrny AO oci X- ie, To nepe
xpecTJI ii a npnMOM MN i 6yne Toq
HOIO M mnep6onu. 

~oBeAeMo ~e: 

y 

AK 
3 6-ie: OKA i OLB MaeMo: BL -

? 

OA 

OB 
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b AO 
Tisim 

x 

OauatIHBmH Bi~THHOK OK qepea x, a B~THHOH BL qepea y, 
M&THMeMo: 

AK --- °VOK2-A02 = V-x2=-a2; AO= a; OB= b, 

TOMy: 
a x2 -- a2 a2 

a6o, ---- -- -
b 2 b2 y 

x2 y2 
- - ·- --- == 1. 
a2 b2 

Qe s pisuaHH1I rHnep6onu, a TOMY ON i JIN eyc.fITb 
no CBOitt BeJlll11HHi 6yTII aHatIHllKaMH TO'tJRll ~iei runep6oJIH' 
60 BOHH aaAOBOJILIDllOTb ii piBH&HHH. 

Ha niACTaBi uaurnx MipHyeanL 6y)zyeMo runep6ony TaK: 
BSJIBillH oci KoopAHHaT i BiARJiaBmH 11a oci ·x- ie Bin 0 
nisoci a i b' CTaBHMO B KlllI~HX ~HX Bi;:trHHRiB npHMH ii qepea 
ll011&TOR ROOp~HHaT BeAeMO .fIK Mora 6iJJbill0 npoCTHX. 

TaMM 11HHOM, oAepiKHMO ~iJmi1 nieper sapToCTeil: AJUI 
BHatIHlffiiB Totiol\ r11nep60JIH i aaaaatJeHHM cnoco6oM BiARJia
~aGMo ix Ha oci X- ie Ta ua BiAnoBi;1nnx pHAHHX. KpuBa, 
~o ononytiaTHMe KiauJ ~Hx p11AHHX 1 6yAe rnnep6ono10. 
(Puo. 146). 
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y 

b p 

B 11 pan u. 

'I- 267. E.11inca Mae 5 3.MiHHU,.iB: a, b, e, e ' p. n,. 
ttepea iJBa a HuX o6'lztc.tiumu pewmy'J 

q-268. Hanucamu piBHaHHll: 
I) uineu, 'l:OAu: 1) a= 12; b = 8; 2) e = 3, a= 5, p = 1.Z. 

II) eunep60.11u, 100.11,u: 1) e = 2, a= li3.: 2) E = 5/ 4 ; b = 3. 

11-259. Hanucamu ocbOBe piBHa1t1t11 e.11incu, iq,o .ttae: 1) se· 
AU"'1J Bicb 2a = 16 i nepexoou.mb 'lepea mo'l.,;y A (3,2); 2) a.AciH-

Hll1' p = 4/ 3 i nt,pexooumb 'lepea moq,,;y (0,2). 

q - 260. H anucamu ma"'o:>sc ocese piB1taH1tJ1 eJtincu, ,.oAu 
BOHa nepe.xooumb ttepea mottRu 1) (4,8) i (-2,4); 2) (4,2) i (2,3). 

11-261. Hanucamu ocboBe piB1ta1t1tJ1 eunep60.11,u, Ro.Au 6oHa 

nepe%ooumb t1epea mo'l1'U: 1) (3,2) i (4~3); 2) (1,2) i (4,3). 

11 - 262. B 11.,;o.w,y no.Ao:>1eeHn10 1J.IO oo: 
1) e,n,incu: 16x2 + 9y2 = 144 mo'l~u: 1) (5,3) i 2) (-10,2); 

x' y2 . 
2) eunep6oAu: 

25 
-

16 
-TOt1R11: 1) (2,3) i (12,4). 



247 

x2 y2 
q _ 263. PiBnan1tR 2unep60Au: - + - = 1; anaumu, 

9 16 
iJAR ... fl1mx mottoJt: ii ,;ym .Mi:>1c AY'4llMU .. se1;mopa.Atu e 90°? 

q-264. /J,.11,11 snmx mo'lo~ e.tiincu BiiJmuH1'06a 6 n paaiB 
6i.Abuta cffJ psiiJHoi ( poae11aamu s sa2a.Ab1lOMY euzJt.Jl.oi). 

B 01;peMOMY eunaiJ1'y ,_ 1'0.1tu eiiJmuHJCOBa eoeitti 6iAbtua aa 
. x2 ' y2 

p.,c1ony i piB11,a1m11 e.1tincu: 
36 

-,--
16 

= 1. 

11-265. llepemsopzimu y eepw"'o8i ma"i pi8Ha1t1u1: 

1) a) 25x2 + 36y = 900, 2) x2 + yz = 4, 3) 16x2 -25y2 = 
x2 y2 

== 400, 4) - - - = 1. 
9 25 

q - 266. H a1CpeCAumu 1'pu8t: 

x2 y2 
- -L - = 1 2 1 x2 -L 4y2 = 4 3) 16x2 + 9y2 = 144, 4 I 9 ' J• I ' 

x2 y2 
4) 9 -

16 
= 1, 5) x2 - 4y1 == 4, 6) x2 - y" = 16. 

1I - 267. H anucamu pienan11,11 Ay'liB - ee1'mopiB e.11incu ii 
OOGecmu, 6 Jl~UX mO'l'ILllX 1tpUBOi 601lU 83ll8M1W nps.4t08iJ 

1I - 268. 06'4uc.nimu ooe~uny Ay'liB • ee1'nwpie: 

1) e.11,incu: 9x2 + 16y = 576, nooeoenux 'le pea mo""Y ( 4,3 V a); 

2) 211nep60.1tu: x2 - 4y2 = 4, noBeiJenux '4epea mott1'!J ( 4, V3J. 

§ 71. 3arwn.ue pinuaHHa eJiincu :ii mneptioJIH. 

Ronn eJiinca a6o runep6oJia MaJOTL ~eHT}l B HKlli He6y;tL 
~oeim,uilt To111d M ( m, n), a roJIOBHi oci piuuo6imiii ~o oci 
X- iB, To piuuauun, ~o u11aua11a10TL ~i RpHBi, uocJITL Haasy 
.aaraJILHHX pieHaHL eJiincH a6o rnn~p6oJIH. 

Ma101U1 RaHon1111ui pieHaHHR eJiincH Ta rnnep6oJIH: 

Y12 

+ -= 1, a2 - b2 -

MO>ReMo CKJI&CTH aaraJILHi piBH&HHfl ~HX RpHBHX WJIRXOM 3Bll

qaluoro pieno6imuoro nepeHeceHH.fl oceii y TOllRY 0, mo ):t.JIH 

Hei n;e1rrp RpHBHX M 6y~e MaTH auaqHHRH m i n. 
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B n;1>0My paai uaopn nepeTBopeHHH 1wopAffHa'l' 6yrorT1>: 

x1 = x-m; y1 = y-n. 

BcTaBHBmH uapTOOTH x 1 Ta y1 y uame pieHaHHH, MaTH.:. 
11eMo TaRHit BHrJu1~ aaraJILHHX piBHRHL eJJinoH A rHnep6oa:e ~ 
(pHO. 147) 

(x - m)2 ± (y-n)2 = 1 ...... (119). 
a2 b2 

y 
'( 

. x 

P1.-1c l't?. 

Il pH Mi T Ka. l\onu aa rOJIOBHY BiOI, KpHBOi BBJITJ.l: 

eioL Y- i..6, a6o npooTy piuHo6iamy ~o uei, TO JierKo AO

BeOTH' ~o piBH&HB.R eJiillOH a6o rH11ep60JIH MaTHMYTL BHrmI]l~ 

(puc. 148 a, b): 
1) b2 y2 -+ a2 x2 = a2 b2 

y2 x2 
2) ~ ± - = 1 

a" b2 

3) (y-n)2 (x-rn)2 == 1 
a2 ± b2 

...... (120) 

y 

Pl-1C.H8~ 
I(e, RnO a~aqy, . DpODOHYeTbCH AOBeCTll caMHl'trf tfHTaqaM.~ (,r(oRig 

llOH(Ha apOOHTH 'IH 6eauocepeAHiM CKJI3AaHHRM piBB3HHn, tfH o6epaeHBRM. 
ocel Ba 90°) . 



249 

§ 72. A~reopu'llle piBHaHHa eJiineu ii mnepooJIB. 

I. 3Be;a;eMo aaraJihHe piBHaHHH enincn: 

(x - m.)2 

a2 
...L 

I 

(?J - n)2 = 1 
b2 

j];O aJire6pRtIHOi «IK>PMJI: 

b2x 2 -2b2nix + b2m2 + a2y 2
- 2a2ny + a2n2 = a2b2 

a6o: 

b2x 2 + a2y 2 -2b2mx-2a2ny + (b 2m2 + a2n2 -a2 b2) = 0. 

,I\JIJI 8BCACHHH piBuaHHH AO 6iJihlII aaraJibHOro BHrJIHAY t 
DOMHOmIIMO BOi lJJieHll iioro Ha J(OBiJihHOro llHHHIU\a ~2 ' nicnn 
qoro MaTHMCMO: 

b2n,2x + a2~2y- 2~2b2mx - 2~2a2ny + 
,.,2( b2m2 + a211,2 - a2b2) = 0 ...... (1) 

Te caMe OAepmHMO, IWJIII aaraJibHe piaHaHH11 runep6oJIH: 
(x - rn) 2 (y - n) 2 

SBeAeMO ~o aJire6pHllHOi ~pMH: a2 b2 

b2x 2 -a2y2 -2b2my + 2a2ny + (b 2m2 -a2n2 -a2 b'') = 0, 

a6o: 
b2n,2x - a2n,2y2- 2b2~2mx + 2a2-,.2ny + 

,.,2(b 2m2 - a21i2 - a2b2) = 0 . . . . . . (2) 
~e 1~2 - Ta1mm 'AOBiJILHHfi AOAaTHiii llHIIHHK. 

BiaLMeMo aaraJI1>He aJire6pi-r'IHe piBuaHHH Apyroro cTynim1 

Ax2 + By~+ Cxy + Dx + Ey + F = 0 i nopiBuaeMo iioro a piB
HaHHHMH (J) i (2). 

~IH 6allHMO, ~o: 

1) i B piBHaHHIO (1) i B piBHaHHIO (2) HeMa llJieHiB, ~o 

MiCT.RTb BAo6yToK ueBiAOMHx, ce_6-To COllHHHHK C = O; 

2) piBHaHHH (1) i (2) BiAPDRIDIIOTbCH BiA aJire6pHqHoro 

piBHaHHH ROJia TIIM, ~o B HHX COlUIHHHRll npH HeBiAOMHX y 
~pyroMy czyniu10 pimui A =I= B-=/= O; 

i 3) piBHaHHH ( J) i (2) BiApDRHHIOTbC.fl MllK 006010 THM, 
~o BHaRH C0111IHHHKiB npH 1rna~paTax HeBi)l;OMHX B 1-My piB-

lla.HHi OAlfauoni ( A ~ 0 , B ·~ 0 } , a y piBHaHHi (2) - pi>KHi 

( A~ 0. B; 0 )· 
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TaRHM 'IHHOM, lJ.\06 aJire6pu11ue piBHaHWI ~pyroro cTyniHn 
6y.TJo piBHSHHHM e.TiillCH a6o rHnep6oJIH, Tpe6a: 1) ~06 CO'lllH
HHK npH B)::to6yrKOBi HeB~OMHX c = 0 i 2) ~06 CO'IHHHJIRH npu 
1rna~paTax HeBi)::tOMHX 6yJIJI HepiBHi Mim co6010. 

RoJIH. ~i coqnaHHRH npH RBa)::tpaTax HeB~OMHX OJ]Horo 
aaaKy, TO piBHaHWI BH3Hatia6 enincy' ROJIH BOHll pimuoro 
aHaRy, TO - r11nep6oey. 

AoBe)::tel\IO, 11(0 ~.fl yMoBa e ii BHCTap'laJI&Ho10, ce6-To -
noee~eMo, 1.QO l\OH\H0 piBHaHHH A}lyroro cTyniH.R 3 ABOMa He

B~OMHMH, ~o aanoeoJILH.R6 noCTaBJieHi yMoB11, suauaqae He

onMiauo OAHY 3 ~IIX naHHX KpHBJIX ( eJiincy' a.60 r11nep60.rry). 

Bia1>MeMo aJire6pu11He piBHaHHH: 

Ax2 ± By2 + Dx + Ey + F = 0 

1 nopiBHaSMO a piBH3HHHMH (1) j (2) 

MH 6a11HMO, ~o : 
A= Jcl b2; ± B = ± k2 a2 ; D = -2b2 k1 m; E = ~ 2a2 k2 n 

I F = k2(b2m2 ± a2 n2-a.2b2). 

l\oJIH 3 ~IIX piBH8rHb BMOJReMO BHBH311HTH peaJILHi Bap
TOCTH 3H&11HHRiB ~eHTpa m i n, a Tal\OH\ saproCTH niooceU: a 
i b, TO naue aJire6pHtIHe piBH&HH.fl 6yne aaBmAH BHB&aqaTH 
a6o eJiincy' aoo runep6ony. 

D 
D = -2Am as1TTTTu· m = - -·-· 1 ~~ • 2A' 

E 
E = ± (=F 2Bn); E = --:2Bn, aeinqu: n=---

28 

(i ~JUI enincu i ):lJI.R rnnep6onu). 

Buaaa11asr.10 nieoci a i b: 

F=k2b1(m2± at n2-a2); F=A[D2_ _J-(+B. E2)-a2]= 
b2 4A 2 -J... - A 4B2 

(
D 2 E 2 

) F D 2 E2 
=A 4A2 + 4AB -a

2 
; oTme: A== 4A2 + 4AB-a', 

BD•+ AE2 -4ABF 
a2= ------------------4A2B asi.q~: 



oTme: 

BD2 + AE1 -4ABF 
b2= 

4AB1 

·11B[)I + A.El - 4ABF. b - 11 BIJI + AE' - 4ABF 
a = 4 .A2B ' - 4 AB' 
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TaRIIM 11HHO.M, nepe1muysMoc.R, 11..(0 aaem~H MOHrna suaua-

1111TH qepea COlJHHHHIGI )];aHoro anre6pH'IHOro piBH&HHfl HI\ 3H&'l

HJIRH n;eHTpa., Tan i oci RpHBHX. 

A TOMY MO>ReMo TBepAHTH, ~o ROiliHe aJire6pHq&e pie

uaHHH )];pyroro cTyniHH a )];BOMa HeBi~OMHMH, 11..(0 nil(J111ras 
~oBeAeIUtM yMoBaltf, aaBiRAH BHaHa11ae a6o enincy, a6o rH

rrep6ony. 

§ 73. MexaJ1111111Bii cnocio nepeTsopeuua a.11reopa'IBoro 
piBHaHHB eJiincu, aoo mnepooJIH B saraJILBY tftopMf. 

fioHCHHMO n;eii cnoci6 Ha npHRJiaAi: 

AaHo piBH&HHH: 25x2 +16y2 -18x-14y + 5 = 0. 

1) y qneHax, u~o MiCTJITh OnpeMO x, a6o y BHHOCHMO 

COlfilHHHRa npn KBaApaTi HeBiAO?tlOro aa AJHUQI ii y )zy>RRax 

~onoBHI06Mo MHC>rotfJieHa no noeuoro RBaJlpaTy : 

25 ( ,x2 -- -
18 

x ) _j_ 16 ( y2 ---
14 

y ) = -- /j ; 
25 I 16 

26 (x1_18 x+ 81 _ 81) +l6 (y2 _14y _i_ 49 __ 49 )=-S 
25 625 625 16 I 256 2S6 ' 

3ein1d: 

25(x-- ~ r 81.25 . 7 )! 49.16 
625 + 16 ( y - 16 - 266 = - 5 

a6o: 

25 ( x - !!_ )2 + 16 ( y -- !__ )! = -- ; _j_ 81 + ~~ == 521 
25 16 I 25 16 400 • 
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2) IIo;zi;ineMo Bci qJieHH ua BiJILHoro qJieHa: 

10000 ( x - !!_ )
2 

6400 ( 4 --- !_ ) 2 = 1 . 
521 25 + 521 16 

3) IIepeHocHMO C01UIHHHKH qJieHiB AO aHaMeHaTeJIH: 

(x-:ar 
521 

10000 

_J_ 
I 

(y-~) 
521 

6400 

== 1 

1(e G piBnaHHJI emmcu a ~enTpoM ( :
5

, :a) i niaaicJIMn: 

a== vm. b = vm 
100 ' 80 . 

2-u npuKAaa: PiirnaHHH: 9x2 - 49y2 + 72x + 98y - 346 = O; 
.. . 

9 (x2 + 8x -1-16)-49(y2 -2y+1) = 346 + 9.16-49; 

9 (x + 4) 2 -49 (y-1) 2 = 441. 

,Il;i.nHMO QC piBHaHHH Ha BiJILIUdt qJieH i Ma6MO: 

(x + 4) 2 (y-1)' ---- == 1. 
49 9 

- Qe pieHaHHH r11nep60JI1I a QCHTpOl\f (- 4' 1) 1 niBBiCllMll 

a=7,b=3. 

§ 74. IloJIOaceBHSI npOCTOi IllO-~O eJiinCB afio runepfimm. 

IlpunycTiM, ~o HaM AaHo eJiirrcy a6o runep6ony, ~o 

Bl!SHa'lalOTLC.fl piBHaHHHMH: 

b2x2 ± a2y2 = a2b2 (1) 

l npocTy' BHBHaqeHy piBHaHHHM y = mx + n (2). 

~06 BHBHQ"qHTH cniJILHi TOtIKH ~HX RpHBHX 3 ~aHOIO npo

CTOJO, Tpe6a poaBHaaTH Bi;zi;noBiAHi cucTeMH pisuaHL. BcTaBHBIWI 

a piBHaHH.fl (2) BapTicTL y y piBHaHHJI (1) i pOBBHBaBmH Bi]l

llOBi;IJ;Hi 1rna;xtp~TOBi pieHaHHH, OAepiIDIMO: 

-a2 mn ±ab V b2 ± (a2 m2 -n'J) 
X1,2 = ; 

a1 m2 ± b3 



253 

a y1,2 = m. x 1 ,2 + n (Ae aHaR ± DIA 1mpiHeM i y aHaMeHaTeJii 

emHBaeTLCH TaK: , , + '' A.TUI eJiincH i , , - " i:.taH r11nep60JIH) 

PoarJlHAaroqn BHpaaH.HR: D = b2 ± ( a2 m 2 - n''), 6a"l'..HMO, 

~o: 1) npocTa s ciqaoro KpHBoi, KOJIH D > 0 (x, a paaoM i y 
MRIOTb no 2 sapTOCTi) 2) npocTa 6 AOTJI1IHOIO AO Rpusoi, IWJIH 

D = 0 (oAHa ea.pricTb x i y) i, HapemTi, 3) npocTa He Mae 
cniJibHHX TOllOK a Hp HBO IO, KOJIH D < 0. 

IloKameMo Qe reoMeTpHtIHo: 

Mu 3Ha6MO, ~o m = tg a, Toey: D = b2 ± ( az tg! a - n2) = 
b1 cs2 a ± ( a2 sn2 a-n2 cs2 a) > 

cs2a :~O. 

b2 cs2 a ± (a2 sn2 a-n2 c,s2 a) ~ 0, 

aJie e2 = a ± b2 (,, - ' ; ]J;JIH eJiincu, , , + ' ' AJIH nmep6oJin), 

a TOMY b2 = ± (a2 -e2). l.Jepe3 Te: ± (a2 -e2)cs2 a + a2 sn1 a ± 
± n2 c.s2 a~O, a6o: ±(a2 -e2)cs2 a±a2 sn2 a~ ±n2 cs!a. ' 

a6o: 

Po3rJIHHbMO Qi uepiBHOCTH oKp~Mo: 

1 ) ~JUI en incH: 

(a2-e2) cs2 a+ a2sn2 a 2:n2 cs2 a ... (a) 
< 

2) AJIH runep6onH: 

( a2- e2) cs2 a+ a281i2 a~ n~ cs2 a ... (b) 
> 

3 HepiBHOCTH (a) OAepmHMO: 

a 2 C89 a - e2 cs2 a + a2 sn2 a ~ n2 cs~ a < ? 

a2 {C82 a+ an2 a)~ (n2 + e2} cs2 a. 

a2 ~ (n2 + e2) cs2 a . . . . . . ( c). 

Tan ca~m a uepiBuocTH ( b) OAepamMo: 

a2 ~ (n2 + e2) cs2 a ... (d) 

~06 BiHTepnpeTyBaTll Baopu (c) i ( d) reOMeTplPIIIO, lH\

IipeCJIIIMO eJiincy ii rHnep6ony Ta oqepHHeMo na 1x ro.rroBH1~x 

oc11x, HKO ua nonepetIHHKax, 1mJia nyqeM a. Qi I\ OJI a 6y~e!Ym 

388TH npu1'.MemHUMU, ROJiaMH AaHoi RpHBOi. 

0611HCJIHMO BeJUilJJIHy: ( e2 + n2) cs2 a. 

360BF2 , (PHc. 149-a), Ma6MO: OB=ec.sa~A1Af1 
3 6 A10K MR6MO: OA 1 = ncs a 
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A a f::. ..4 10.JJ Ma6Mo: 0~112 =A 11lf12 + 0...4 1
2 

a6o O.U 12 = e2 cs2 a+ n 2 c.s2 a= ( e2 + n 2) cs2 a. 

TaRHM 'IHHOM 

A.ne 0 Jl! 1 - 6 BiMaJieHHH ro111n1 M 1 BiA Q0HTpa KOJia, a 
BCJJJl1DIBa ,,a'' - G .ny11 Torom npHRMeTHOro KOJia. 

ToMy, ROJIH: 

1) 0.ill1 < a - TO'IKa .J.'11 JieaatTb 1m Hpya 1, 

2) 0Jll1 = a - T011l\a .ill 1 (Ha. pnc. -- Al 2) JieH\HTL H& 

o6Bo~i HOJia, 

3) OAI 1 > a- T0111<a M 1 (ua pnc. - il/ 3) JieiHHTb no-aa 
KOJIOM. 

3Bi~QH ara~aua npocTa: 

1) e Ci'IBOIO eJiinCB, KOJIB MeTll Ha uei BOrBBIQ BpDBOi 

Jlea£8TL BB nmii DpllKMe'l'HOro KO:Ja; 

2) e )J;OTR'IHOIO AO eJiincu, KOJIH MeTH Ha eei BOl'IDllll 

~eacaTL na ofiBOAi npRKMeTBoro KOJIB. 

i 3) e MRMOfiimBOIO eaincn, ROJIR MeTB BB uei BOrHBllt 
~ez&TL 00•38 npBBMeTBBM KO~OM. 
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II pHHJiaAeMo aHaJioru11Hi Mi pRyeauwt ii ~o runepooJin 
(pHC. 149-b). 

s 

··-............. -···· 

P~c.149~ 

1 ) 3 t:. F 1 RO Ma6Mo : 0 R = ecs a = K 1 ~T 1 

2) 3 t:. K 180 Ma6MO ~ K 1 OS= a; OS= n, TOMY OK1 = 
= OScs a= ncs a. 

0TiK0 3 ~ K1N10 MaG!\IO: ON1?. = K1N12 +OK12, aoo 
ON1

2 = e2 cs2 a+ n 2 cs2 a= (e2 + n2) cs2 a. 

TaRHM tJHHOM a2 < ON1
2, a6o ON1 ~a ::>- ', 

IJ;11 HepiaHicTL 11o:naay6, IQO AJ11l TpLox piamnx noJiomeH1> 

~a.Hoi npocToi IQO-~o rHnep6oJIJI TOtJl\a N 1 Jieil\HTL a6o noaa 

IIJUIHMeTHHM Roaol\1, a6o Ha o6BOAi iioro, a6o Ha Rpyai iioro, 

a ToMy ):laHa npocTa: 

1) e ci1111010 reuepom1u, soan MeTB na sei nomuiq Rpu
noi ;ieacaTL 110-sa npBBMeTDBM K03o:w rHDepfio;;iu; 

2) e AOTll'lllOIO ruuep6o.=ie, so;iu MeTH Ba Bel eoreum 
~eacaTL ea ofiBOAi npHKMeTHoro so~a D 

3) e MRMOOiZBOIO rnnep60JIB, BO;JD lleTB ea uei BOimllll 
:reacaTL BB Kpyai DpBBMeTBoro ROJJ8. 

BB cu o u o R. Ilpnu, cnyiqeni a uoreeiq e:1incn a6o ru
ne1100J1e na ix ~OTH'IBY, aasac~u nepexo~aTL 11epes. uepexpeeT11 
uJei ~OTH'IHOi a npBKHeTBUM KOJJOM KpllBOi. 
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PoarJUIHLMO Tenep suna,t(OK, KOJIH e aHaMeH&TeJI i sa pTo

cTe:H aua"!HHKiB x1, y1 (T011KH nepexpeCTH ;r(aHoi: npocToi a ru
uep60.rro10) ,t(Boq.rreH: 

a2m2-b2=o ...... (a) 

3 l\LOro piBHaHHH MOmHa BH3HaqHTH l\YTOBHH BMiHHHK 

npocToi: 

b 
m= +· 

a 

Ko.rrH BCTaBHMO 6earrocepe~HLO ~IO sapTicTb m y BHBHaqen-

0 
H.ff X1,2 , TO O,t(epiKHMO HeOaHatieHHiCTb 0. Il{o6 noa6aBHTIICH 

Bi,t( aei, TPe6a noMHomHTH tJHCJ1HTeJu1 it anaMeaaTe.TIH iu>o6y sa pTOCTll 

-a2 mn ±abl/ b2 -a2 m2 +n:! 
X1,2 = --

a21n,2-b2 

Ha tIHHHHK: - a2 m-n -t- ab V b2-a"!.m~ + n 2 • 

3Bi,t(~ O,t(epmHMO: 

....-.. ........-...... 
a4 m2n2-a2 b4 + a<tb2m2 - a2 b2 n2 

........... 
_ ... 

(a2 m2-b2) (-a2 mn+ abVb2-a2m2+n2) 

HoJIH-}K arpynyaMo qJieHu piBHOCTH napaMH if BHHeceMo 

crriJihHHX 'IHHHHKiB aa Jzy1KKY' TO O,t(epmHMO ( niCJI.fl CRpoqeH

HH Ha a 2 m 2-b2): 

a(n2 + b2
) a{n2 + b 2) 
====-======== - ---~--v b'> ., ., 2 - amn :::r: bit ' - amn =f .. -- a .. m... + n • 

a6o: 
a(n2 + b2) a(n2 + b2) 
------. X2 = 
-- n(am + b) ' - n(a-m- b) 

b 
BcTaBHBmH CIO,t(H sapTiCTb m = ± 

a 

a(n2 + b2) • a(n2 + -b2
) 

.Xi = - 1 X2 = - - C( 

2nb o 

~a.n:i: 

. b ( a(n2 +l/!.)) 
y1 = mx1 + n = - -· .· + n = 

a 2nb 

I) b" n .. - .. 

2n 

y2 = mx2 + n = m.. oo + n = :o • 
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Buua~oR a2 mn -b2 = 0 xapaKTepHaye rrpocTi, II(O MaIOT& nsi 
TOqKH nepexpecTH B rRIIep6oao10, a caMS O~Hy, 

'·-- a(n
2 +b2

) n2
-b

2 
) 

~ 2nb ' 2 n 

a Apyry Ha 6eaMemHocTi. Qi npocTi piaHo6imHi Mim co6010 i 
b 

MaIOTL RYT cnazy a= arctg ± - . Ta a ~x npocTHx, II(O ne
a 

pexo~HTh qepea noqaTOI\'. ROOp~HHaT (Ma6 n = 0) aBeTLCH acHM
DTOTOIO runepoo~H. 

06tnICJIHMO TOtJRH nepexpeCTH aCHMilTOTH 3 rnnep60JIOIO. 

~JIH I.\LOro y BapTOCTH x1 i y1 BCTaBJU16MO n = o i Ma6MO: 

2.o.b. == 00 ; Y1 = 
o-b2 

--=co; 
i.o. 

A BapTOCTH x2 Ta y2, HR i paaim: x2 = oo ; y2 = oo. 
b 

AcHMIITOT ABi, nepma Mae KYTOBHii aMiHHHR m = + -,a~pyra: 
a 

b 
m = -- - . AcHMllTOTll nepexpenzyi<>TLCH a runep6ono10. y neox 

a 

lfO'IK&X Ha 6eaMe>RHOOTi (pHC. 150). 

§ 75. ~0TH1111a AO eJiincu Ta ruuepoom. 

BiaLMiM Ha eJ1incH, a6o Ha runep60J1i ):(Bi ToqKH JJf 1(xu y1) 

i fl,J2(x2 , y2 ) i noee~eMo 11epea Hnx ciqey (PHc. 151 a i b). 
Hype auaniT111111oi reo&rcTpil. leanemw 17 
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PiBHaHHH Ta1mi npoc'foi'., ~o nepexo;ttHTL qepea ;ttBi aara
-J(aHi T011RJJ, 6yAe: 

Y2-Y1 ( ) ( ) y-y1= X-X1 .•• a 
X2-X1 

AJie n.e e piBH&HHHM ROiKHOi npocToi, ~o nepexoWJTL qepes 
W1i AOBilILHi TOllRH, a ~06 Mam pisaa.HHH caMe citIHoi AaHHX 

RpHBHx, 1J>e6a KYTOBHfi aMiHHHR Y2
- Yi nepeTBOpHTll TaR, 

X2-X1 

~06 BiH SBHayBaB BMWHHRH (napa'MeTpH) ;ttam1x RpHBHX. 
Xail piBH&HHHM ;ttaHHX eJiincH a6o rttnep6omr 6yAe; 

b2x2 ± a2y2 = a2 b2 ••• (6), 

(;tte« + )-)lJUI enincu a«-» - ;ttJUI ranep6onn). 

'l 
'l 

P~c.~s1~ 

KonH npocTa M 1 M2 , ~o BHauaqasTLCH pisaaHIUIM (a), 
e oi11uo10 o;ttHiei a n.:ex RpHBHX, TO aua11lll1RH TOllOR M1 i Ma 
ROH110 o6epTaTHMJTL piBHRHHH ( b) y TOTOiRHicTL, a TOMY 

JrlaTHMeMo: 
b2x22 ± a2 Y22 = a2 b2 
b2 2 2 2 - 2 b2 • . . ( 8) • 

X1 ±a Y1 - a 

Bi;ttniqysMo n.i piBHOCTH no11J1eHHO o;ttHa a o;ttHoi it o.I(ep-
mysMo: b2 (x2

2-x1
2) ± a2 (y2

2-y1
2) = 0, a6o · 

=F a2 (Y2 + Y1) (Y2-Y1) = b2 (x2 +xJ (x2-x1)· 
TI o;ttiJIHBllIII o6HABi 11acTHHi p iBHOCTH Ha: 

=f a2 (x2-X1) (Y2 + Y1) 
y2-yl ·b2 X2 + X1 

o~epmysyo: = =f - • (a) 
a~2-X1 a2 Y2 + Y1 

;tte. ~,-'' Bi;ttnoui,n;ae eJiincn, a , , +'' - mnep6oni. 

Tenep MomeMo o;ttepmaay BapTicTL RJTOBoro aMiHmma 
ci11uoi .(e)" BCTaBHTH y piBB&HHH (a) i TOAi M8.THM0MO piB

HaBHH caMoi cillHOi: 
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b2 X2 + X1 ( ) 
y-yl = =f -. X-X1 

a2 Y2 + Y1 
(~e ai aHaKOM , ,-'' 6yAe ci~Ha ;n;o eJiinc11, a al aHaRoM , , + '' - AO 

nmep6on11). 

Rom-1 06epTaT11 ci'lHy M 1 Al2 HaBROJIO TOtJ1n1 M
1 

TaR, 

11\06 BoHa Bimi;aJUOBaJiacH BiA ~eirrpy Rp1rnoi, To TO'Il\a M 
2 

6y;n;e Ha6JIHmaTHCH AO TOlJRll M 1 i HacTaue MOMeHT, ROJJH T01IBa 

.M 2 aiJIJI6TLCH 3 TO'IHOIO jJ 1 ii TO):J;i citJHa CTaHe AOTHlJHOIO ;n;o 

HpHBOi. .Ane B ~LOMY pasi x2 = x1 a y2 = y1 I piBHaHHH AO

T111mo i 6yAe: 

Y-Y1 == I 

a6o: 
=t=-a2YY1 = a2y12= b2xx1- blx11 

3BiAD;H: b2 XX1 ± a2 YY1 = b2 X12 ± a2 Y11 • 

Arre a TOTOIRHOCTeii (e) Bi;D;OMO, ni;o b2 x12 ± a2yl2 = a2bl; 
a TOMY: 

b2 XX1 ± a2 YY1 = a2 b2. 

TaRom, no;n;iJIHBWH Bci tJJieHH Ha a2b2, o;n;epmy6MO: 

PiBHO.BHH: 

XX1 + YY1 == 1. 
a2 - bi 

b
2
xx1 ± ayy1 == a

2 
b

2
] • .• 

X-X1 _!_ YY1 == 1 
a2 -- b2 

(121) 

c piBHaHHHMH ;n;oTH'llHHX: 1) ;n;o eJIHnc11 ( +) i 2) AO rnnep6oJIH (-). 

QqeBH~HO' rqo npaBHJIO HaIIHCS.HHJI JJ;OTH1IHHX ]J;O CJlinOH 

Ta rnnep6oJIH e OAHaKoBe a npaBMJIOM HaIIHCaHHR ;n;oTHlJHHX 

AO Rona ii napa6oJIH. 

Ilo aHal!orii HallHWeMO piBHaHHH ;D;OTH'llHHX ;n;o eJiinCll ii 
rnnep60JIH' ni;o BHBHalJaIOThCH IffiIIIHMH piaHaHHHMH: 

1) ~JJH aaraJibHoro piBHaHHfl: · 

(x - m) (x, - m) _i_ jy_- n) (Y1 - n) =--= 1 . . . . . . . (122) 
a2 b2 

2) ~JI.JI BepmROB_oro piBHaHHH: 

yy1 = p(x + x1) -t- !_ xx1 • • • • • • (123). 
a 
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Pie&8HilJI AOT111111oi ~o somuol xpRuoi ~pyroro nop.~y. 
BHaRaqeuoi piBRaHRRM: 

Ax2 + By2 + Dz+E11+F= 0 ...... (<t) 

y 

o-----------------___.x 
IlpHnycrht, ~o smacL np1rna AB (puc. 151, c) euaaaqasT1>C11 pie· 

uauHRM (a). BiaLMiM Ha uiA ABi ToqKH M i N i uoeeAiM qepea Hux citJBy. 
HaM ei}l;oMo, ~o pieuauea Komuol upocToi, 11(0 nepexop;HTb qepea 

sara]laHi ABi TO'IKlt 1"1(z1,y1J i 1V(x2 ,y2), 6yp;e: 

Y2-Y1 
y-Y1 = (x-z1). ~ .... ({J) 

.Z3-Z1 

'raKe pieuanua MaTBMe R0>1ma npocTa, I.QO nepexop;HTL ttepea p;ni 
mrnaaqeai To1iKH, ueaanemao eip; Toro 1111 G eoua ci'IH010 11HoicL HPH· 

BOi, qB Hi. 
Illo6 MaTH pieuauaa enacue ciqaoi ]l;aHOi Hpueoi MB 11r1ycHMO nepe· 

TBOpHTH HYTOBHil ii a~fiHHBK y2-y1 
TaR, moo Bill SBRSYBaB COlfHH· 

.X2-X1 • 

HBKB pieBaBHR JtaHOi KpBBOI. ~nR J..tLOrO MH 6epe&tO Di]]; yeary' Il\O, nO· 

na npocTa MN e ciqaoio Hp11eoi1 TO TOllJ(B M i N aemaTL ua ~Ht 1ipH

eia, a qepea Te 8Ha1UIHIUI IX MYCRTL o6epTaTH Calile piBHaHIIR Kpuuoi y 
TO>KHiCTL a caMe: 

Ax22 + By2
2 + Dx2 + Ey2 + F = 0 ) 

Az12 +BY12 +Dz1+EY1-l-F=O f (y) 

BiAni11yiotta 3 nepmoi TOTomaocTn p;pyry, MaTHMer.10: 

A(z22-x12J + B (Y22-y12J + D (x2-x1) + E (y2-111J == 0 

IlepeTeop101oqu pimWII,\i l\Ba):tpaTiB y 3]l;OOYTKH cyM Ha pimHH{li li 

BBBOCI01111 aa AYJRKU a Bi~UOBiAHJIX l{Jle&ie 'lllllHHHll: ( X2 - x1J i ( Y2 - y ! ), 
o~epJRBMO: 

(z:1,-·?:1) ( A(:c2 + x1) + D] = -fy2-Y1) [ B(y2 + Y1) + E]. 
A aei,q~e, cKn&J(aI01111 nponop:qiIO, MaTBMeMo: 

Y2-Y1 A (z2 + x1J -f- D --
Z2-X1 B(Y2+Y1J-. E 
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3Bai1AeHy sapTiCTL KY'fODOro 3MiHIIIIHa BCTaBJI.Fl6MO y 
X2-X1 

pieHaBBR npOCTOl f PJ i OAepmyGMO piBHaHHll noTpi6uoi ci1moi a CaMe: 

A (x2 + x 1) +n 
y-yi=- B(112+Y1J+E (x-x1) ...... (~). 

1-\oJIB Tenep IlO'IBeMO o6epTaTH ciqny .MN HaBHOJIO T0111CII .M. TaH, 

11\06 TO'IJ<a N na6numanaca AO M' TO HaCTYIIHTb MOMeHT' HOJll:I TO'IHa N 
ainJIRGTLCJI a M (ce6-To, crane: ~~2 = x1 i y2 = y1J. ToAi citJHa 1JJN spo

ORTLCR AOTHllHOIO Jrl p AO HpHDOI. 

QqeBUABO, l.l.\O l\IH o~epmHMO piBHaHmI l\iGi ~OTHqHol, HOJJB B pis

HaHH!O ( 6), enamaTHMeMO: 

CnpocTBMO :ll ynopRAHYtMo Qe piBHaHHR: 

1) 8BOAIO'IH AO cniJILHOro auaMeBaTeJill, MaGMO: 
I 

2Byy1 -2By1
2 + Ey-Ey1 + 2Axx1-2Ax12 + Dx-Dx1 =0, 

aGo: 

2) AOAaMo no o6ox 11acTnH piaHanHa MHoro1meu: 

D:i·1 + Ey1 + 2F, 

tl TO}:d MQTlUrlCMO: 

2Axx1 +2Byy1 + D (x + x1) + E (y + y1J + 2F== 

2(Ax1
2 + By1

2 + Dx1 + Ey1 +FJ 

Ane Ha OCHOBi TOTOiRHOCTei1 ( i') l\IHOrO'IJieH B AY'f<Hll. G piBHlfii J 

11yJJe~1, a TO:Yy, ocTaToquo: 

piBII8BHH JJ;OTH'lllOI JJ;O KpHBOi ,n;pyroro nopa,n;Ky ( nnaua11enoi 
piuuauunM Ax2 + ny2 + Dx +·Ey+ f = 0), 11ae nurm1JJ;: 

2.Axx1 +2Byy1 + D (x + x1) + E(y+y1) + 2F = O, 
afio: 

Jin oa1mMO npann:io CKJJ~aBHJI piBHaBHR AOTH'IHOi JIBWQGTLCJI TeiH 
caue 1 ll\O R: Mann. 
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§ 76. BJiaCTHBOCTH ~om11uoi ~o eJiincH. 

BHaHa'IeHH.R: 

1) Jlyqi-BeKTOpB eJiincu, npHMOBi AO AOTD11110i, CBOiM npo

AOBZeHHHM nepexoA.JITL 11epea _nepexpecTJI 1~iei AOTH11Hoi a up&· 
KMeTHBM KOJIOM. 

2) ~OTB'llla AO eJiirrcH 11epe110Jioenuroe aoeuiumHi KYT no
Jlim Jiy11aMH·BeKTopaMD, noee)J.eIIHMn 11epes TO'IRY AOTHKY. 

3) ~OTB'IB8 AO eJiinen TBOpHTJ, 3 JIY'l8MH. BeKTOpaMH, 

noBeAeHBMH 11epes T011KY A OTB KY, KYTH, pieui Mim cofiom. 

4) Jly11- BeKTOp e;iineH, npSIMOBHit AO AOTD11Hoi, ni~THHae 

BiA APyroro Jiy11a BeKTopa, noBe](eHoro 11Ppea T011Ky AOTHRY, 
BiATllHOB, pieeuii 8 BeJIHKOIO BiCCIO (2a). 

Rono, oqepKHyTe ~HM BiATHHKOPtl (2a) a eorHu~a, mm 

~eHT}>a, Mae HaaBy uanp.R!IHOro. 

Ilepma BJiaCTHBicTL Aon1qHoi yme AOBeAeHa HaMH npu 
poarJI.RAi naaeMHoro rroJiomeHHR rrpoCToi Ta eJiirrmr. Teneph AOBe

~eMo pemTy BJIQ.CTHBOCTeii, a caMe: HOmHa rrpocTa, ~o rrepeXOAHTb 
11epea To11Ky nepexpecTH Ha eJiirrci JiytiiB-BeKTopie i rrepenono

BHHIOS 30BHiwHiit Mim HHMH KYT' e KOHqe ):(OTM11HOIO eJiincu. 

IlpnnycTHM, ~o (pHc. 152) 11epea TO'IKY /Jf nepexpecTH 
ABOX nyqie-BeKTopiB F 1 /Jf i F 2 M IIOBe):(eHo IIpocTy 1\r K, ~o nepe

noJIOBHHI06 ~ LMF2 = 2a, aoeHimHiti Mim ~aHnMH JiyqaMH. 

Ha IIPOAOBmeHHIO Jiyqa-BeKTopa F 1M BiAKJia):(eMo eiATll

HOK ML= MF2• To):(i yrBopioerLc.R '-" F 2ML piBHopaMeHHHil, 
a TOMY IIpocTa MK, m;o e f1oro cnMeTpaJILHOIO, s OAHoqacuo 

ii ocepef(HbOIO (60 uepenoJIOBHHIOC LF2 , ce6-To F 2K = K~) A 
BHCOTOIO TpHKYTHima (ce6-To MK 1- F 2L}. Taruw 'IHHOM NK 6 
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c11MeTpa.rrhHOIO Bij..tTHHnY F 2L. ,Il;oBeAeMo, u~o npocTa 1Y K a AO

THqHoIO eJiincn, ce6-To HpiM Toq1n1 M BOHa He Mae HHWIIX. 

Toqo:n' cniJILHHX a eJiillCOIO. 

BiaLMiM HKY He6yAh ~oei.;1LHY ToqKy 1V Ha npocTii1: NK. 
lfopea Te, ~o IIJ>OCTa MK e cnMeTPaJILHOIO Bi,rrrHHKY LF2 , TO 

noxnJii: .. .YF2 =NL. PoarJIHAaIO'Ill 6. F 1NL1 Mn 6atnuro, ~o 

F1N +NL> F 1L. AJie J.lL = NF2 ; F 1L = F 1A1+1l!L = F 11Jtl + 
+ MF2 = 2a, a ToMy: 

F 1 N+F2 N> 2a. 

Orrme cyMa BiAAa.rrenL Toqru1 N BIA eorHH~ 1\ i F 1 

6iJ1hma aa 2a, a TOMY TOtJKa N JiemRTL no-aa eJ1i11co10. AHa
JiornqHIIM crroco6oM MOiKHa AOBeCTH, ~o KOiKH& ToqKa npoCTOi 

N K (KpiM ToqKH M) JieiRHTh no-aa eJii11co10, a TOMY N K e 
~OTH'lJHa eJilIICH. 

Ta1mM lfiIHOM: 

AOTB11118 AO eJiiIICH B snditeL :itoro TO'IDJ nepenOJIOBHHIOe 
BOBHinIHiii KYT Miac JIY'lllllH-BeRTOpa11H, IIOBeµ;eHHMB 'lepea TO'IKY 
~OTBKy. 

1-i1 B n c Ho Bo Ii. ~ N Jt/F1 = ~ LM K, .HKO eepmKoei, a 
TOl\IY Ma6MO Tp0TIO BJl&CTHBOCTb AOTHqJIQj eJiirrcu: 

AOTH'IH3 eJiiIICH TBOpHTL piBHi K)'TB 3 JIY'l311H•B0KTOpaMH, 
DOBe~eHHMH 'lepea TO'IKY AOTBKY. 

2-ii B H c Ho Bo K. Mn Bme AOBeJin, 11\0 BiATHHOli F1L = 2a. 
TaKHM 1nmoM, 

B~HHOB JIY'IB·BeKTopa, noBeAeHoro 11epea TO'IKY AOTBKY µ;o 
ayeTpi'li a µ;pyr1m ey11eM-BeBTopoM, npaMoe1u1 AO µ;oTB'lllOi, 
e piemrlt a BeJIHBOIO uieero eJiiucu. To11Ka nepexpeeT.11 ~x eeBTo
pie Mae BSSBY aepBBJILHOi TO'IKH Bormuqa Iqo-µ;o )(3HOI AOTB'IHOi.· 

§ 77. BJiacmeocTH ~0Tu1111oi ~o rHHepfioJiu. 

BllaHaqeHHH. 

1) Jly'li-BeKTopu rH1rep60Jiu, npnMoBi µ;o µ;0Tu11uoi, nepe
xo~aTL 11epea nepexpeCTJI ~iei ~OTH'IHOi a npHKMeTHHM BOJIOM. 

2) AoTH'IHB µ;o runepom1H nepenoJioeuu10e BHfTpimniit syr 
Mim JIY11S.MH•BeKTOp8MH, UOBeAeHIDIH qepea TO'IBY µ;oTHKy. 
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3) Jly11-BeKTop runepfim1u, npm1onuJi AO AOTB'iHoi, B~· 

TBBae BiA Apyroro JJY'l8•BeKTOpa' IlOBe~euoro 11epea TO'IICY AO
TBRy, BiATHHOI; piBHHI S OCBOBHOIO BiCCIO (2a). 

Ilepma BJiaCTHBiCTh BH\e AOBeAeHa HaMH IIpH poarJIHAi 

B3a6MHOrO IlOJIOH\0HHH npOCTOi Ta rnnep6onn. ~OBeAeMO ~c 

Jlpyry BJiaCTllBiCTh ~i6i J(OTJI"IHOi'., a ca~rn: 

Kozua npocTa, noee,n.eua 11epea TO'IKY nepexpecT.JI J1y11in • 
aesTopin na rnnepfimii e AOTB'IHoro, Ko~u nepeno~OBHHIOe euy
Tpimnil KYT Miac BBMH. 

Be;I(eMo B TOtiHy J(OTJmy Jiy11i- BCHTOpll: F 1M i F 211l 
(pnc. 153) i Bi~ T011RH M Bi;I(KJia;I(aaMo BiATHHOK ML= MF2• 

O~epmyBMO piBHopaMem1ii 6 LMF2 , J(e npocTa MK a CMMeTpaJih

uoro ~ LMF2 ii o~uo11acHo CHMeTpa:tbHOIO LF2 OCHOBH 6 - a. 

~aJihmnii J(OBiA m;o-f(o Toro, m;o npocTa MN He Mas 

HHllIJIX cniJihHBX TO'iOK a rHnep60~010, RpiM M, G aHaJ1on111HH1i 

a nonepeAHil\I AOBOJ(OM AJUI J(OTH11HOi enirrcu, a TOMY MJI 

itoro He noAaeMo. 

BiATHHOK L.Jl = J.lJF2 = r 2; TOMY LP1 = r 1-r2 = 2a, mp 

CTBep;I(mya TpeTIO BJI&CTH'.BiCTh AOTHtIHOi. 

To11Ka L BBeTLcn aepKalLHOJO TO'IKOJO nornniqa iqo-~o 

~OTB11noi runepfioJIJI. 

Ko=io, 011epKBJTC a eorHBIQ;a F 1, uo ~euTpa, BiJfFllHKOM 

F 1L = 2a (aoo a eomnnta F 2 BiATHHKOM F 2R = F 1L) &Be'l'LCH 

nanpHMBIDI &OnOM runepoOHB. 



§ 78. PiBB8BHH DpSIMOBOi (BOpMMi) eJiiIICB aoo 
mnepoom. 

PiBHaHWI AOTH'IHOi AO eJiinou ii runep6~lIH c: 

b2xx1 ± a2yy 1 = a2b2 • 

BHaHa1:1a10q11 a HLoro y, Ma6MO: 

b2 x b2 
:r: } I y=-. 

2 
XI-· 

a Y1 Y1 
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3 Apyroro 6oRy, pieuaHH.R npocTo i, ~o rrepexOAHTL qepea 

TOtJRY M, 6y;rte: y-y1 = m (x-x1) 

~06 n;11 npocTa 6yJia npHMOBOIO Rp1rnoi, Tpe6a Ai6paT11 
BapTiCTL SMiHHHRa In Tai\, ~06 CIIOBHIOBaJI8 CH Yl\lOBa rrpHMO-

. I 

BOCTH ~i61 npocToi'. a AaHOIO AOTU1:JHOIO, ce6-To B AaHOMY BH-

na~ny MYCHTL 6yTH: 

m = - { T :z: ) = ± ::~: 
0 rme piBHaHHH npHMOBO i AO eJiincH, a6o AO n1nep60J111 6y]le: 

a2JJ1 
y-yl = ± (X-X1) ...... (124) 

b2x1 

3BOAHllH AO cniJILHoro anaMeHaTeJUI i po6JI111:111 aeeAeIIH.R 

cxomHx 1:1J1eHis, OAepmuMo: b2yx1 =r= a2xy1 = ( b2 =f a2)x1y1 • 

AJ1e AJIH eJimcH: a2 - b2 = e2, a AJIH rH11ep60JUI a2 + b2 = e2, 

TOMY b2yx1 =f a2xy1 = =f e2x1y1 , a6o nicn11 n0Jti .. 11y qJleHie pin
HaHHH Ha BiJILJioro 'lJJieHa, MaTHMeMo: 

a2 x b2 y 
- -- =l= - -- = 1 . . . . . . (125). 
e~ :i·1 . e2 Y1 

Bme a porJIHAY TeopeM npo BJlacTMBOCTll J:lOTRl:JHHX Jier1-lo 
](OBOOTJI, ~O: 

I) npaMona Min cu nepenoJion11u10e Boyrpimaiii KYT, 
8UIKHeHBit ~Y'l&MB•BeKTOpa~m, IIOBe~eHllMH 11epea T011KY ~OTHKy; 

2) npmrnBa mnep6m1u nepenmmeunroe aoeainmil syr, 
aausaennB: Jiy11aMn-neKTopa11u, noBeJJ;eHnMH 11epea TO'IKY AOTHKY. 

TI p 11 Mi TH a. IIp11MoBi e:iincu ii rurrep6o.rrH rrepexo~HTb 
11epea ix :a;eHTpll .rrmne TO;lli' HOJIH TO'lilUI )lOTlmy Jleil\aTL y 
Bepnmax RpHBIIX. 
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§ 79. By~BaHHH ~OTH1111HX Ta npn:MOBHX eamcu afio 
mnepfioJIH. 

ByzyeaHH.R ;IJ;OTH1IHHX, Ta npHMOBHX, noBe;n;euux .qepea 

RKY ue6y;zi;b TOtJKY Ha eJiinci a6o ua rH~ep60J1i, Jzyme npooTe, 
60 8BO;IJ;HTLCH ;zi;o 8BHqaiiHoro reoMeTpHquoro 6y;n;yBaHHH CHMe
TpaJibHHX 80BHinmix Ta BHyTpinmix Kyris Mim nyqaMH - BeKTO

paMH' IlOBe,t\eHHMH 11epea TO'CJKY ;IJ;OTHKY. 

§ 80. ~0TB1111a ~o eJiincH afio ~o runepfioJIH, npoBe~eua s 
TOqsu no-aa KpHBOIO. 

~JIH CKJia;n;eHHH piBHaHHH ;IJ;OTH11HO i ;zi;o eJillIOH a6o ;zi;o rH
nep60JIH, noBe;n;euoi ;zi;o HHX a Toqnn no-aa KpHBOIO M (x0 ,y0), 

CKOpHCTYGMOC.fl aaraJibHHM cnoco6oM, I.QO ttoro MH mKe BiKH
BaJIH )(JJH CKJia~eHHH piBH&Hb Ta1mro po;rzy AOTH'IHHX ;zi;o l\OJia 
ii napa6oJIH. By;n;el\m THM'lacoBo BBamaTH TOtIKY AOT1rny TaKoi 
)(OTH'IHOi ;zi;o enincH a6o ;zi;o rnrrep60JIH aa Bi;IJ;OMY tt aHaqHHKH ii X1 

Ta y1 aa ;zi;aui. 

To;zi;i pieHaHHH ;n;oTHtIHoi, 11.\0 nepexo,1v1THMe 11epea QIO 

TO'IKY' HK ni;n;OMO' 6y;zi;e: b2 XX1 ± a2 yy l = a2 b2 (;zi;e BepxHiti aHaH 

, , +'' Bi;n;nos~a6 ;IJ;OTH'IHitt AO enincH, a HHmHifi , ,-" - AO
TH'IHitt AO rHnep60JIH). 

Anem I.VI caMa AOTIPrna MJCHTb, ari;zi;uo a yl\10eoio, nepe
XO;IJ;HTH tt qepea ;n;aHy TO'IRY M ( x0 , y0}, TOMY aHaqHHKH ~iai 
ToqKH M Trumm aa;zi;oeoJILHHTHMYTb piBHaHHH ;IJ;OTHqHoi, ce6-To: 

b2 X1 Xo ± a2 Y1 Yo = a2 b2. 

Q.R piBHiCTb, a orJI.RAY ua Te, 11.\0 B l(ilicuocTH x 1 Ta Yt 
ue ;n;aHi, 6 pieHaHiu1 a HeBi;n;oMHMH x1, y1. 

I.D;o6 BHBHatJHTH ix, HaM Tpe6a poaunaaTH CHCTeMy: 

ib2x1Xo ±a2Y1Yo=a2b2 
b"x12 ± a2y12 = a2b2 

(60 ToqKa· A (x1, y1) nemHTL i Ha o6uo;zi;i :np11Boi). 

QR cucTeMa piBHaHL ,npyroro ii nepmoro cTyniHH A&CT& 

H&M ABB poaBHBRH, a caMe: 



( ± a2 b2xo) ± a2yo Va2yo2 ± (b"1.zo2-at.b2) 

a2 Yo2 ± b2 Xo2 

a2 bl - b2 ( X1,2J Xo 
Y1,2 = ± --------

a2yo 

·(Ae MH BCTaB.JUl6l\IO no qepai eapTOCTH X1Ta X2) 
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[ IIOJJ:BiiiHi BHaKH ± "IHTaIOTbCH TaK: '' +'' JJ:JIH TOl{KH JJ:OTHKY 
( x1, y1) Ha e.rriIIoi, a ,,-'' JJ;JIH riai m T011RH Ha mnep6oJii]. 

PoarJIHHhMO Bnpaam·m: D = a2y02 ± (b2x02-a2b2): 

1) Ronn D > 0, 'l'O T01IOK AOTHKY JJ:Bi [a TOlJKll 11! (x0 , y0) 

.MOilIBa noBeOTI~ JJ:Bi JJ:OTH"IHiiX JJ:O enincu, a6o JJ:O riu1ep60JIH ] . 

2) RoJIH D = 0, TO TO"IKa AOTHKY OAHa (oAHa AOTHqHa). 

i 3) Ronn D < 0, To ToqoR AOTHKY HeMae (BapTocTu x1 

'Ta y 1 YHBHi). 

~JI.fl reoMeTp1Itrnoro YHBJieHHH Uboro, poarJUIHeMo nonepeAy 

BHII&JJ:OK D = 0. 
ToAi: a2 y0

2 ± ( b2 x0
2 - a2 b2) = o, a6o ± a2 y0

2 + b2 x0'1. -

- a2 b2 = O, a 881JJ:l.l;H: 

b2xo2 ± a2yo2 = a2b2 

IlopiBHIOIOqH OAepmaay TOTOiKHiCTb a piBH&HHHMH b2 x 2 ± 
± a2 y2 = a2 b2 eninc11 Ta runep6om1, MH 6a 'tfifMO, m;o npH 

D = 0 aHaqHHKH TOtJK": M(x0 ,y0) aaJJ:OBOJihHHIOTh ui piBIIaHHR, 

-ce6-To ToqKa M JieiKHTh ua KpHeHt (o~Ha AOTHtJHa). 

IlpH D > 0 M:aaMo: b2 x0
2 ± a2 y0

2 - a2 b2 > 0, a ue noKa

-aya, ~o TOtJKa M nem1u1> no-aa RpHBHMH (Aei AOTHqHi) i, 

HapemTi, npn D < 0 Ma6MO: b2 x0
2 ± a2 y0

2 - a2 b2 < o, ce6-To 

TO"II\a M JiemnTb na noJii Rp11Boi (maAHOi AOTHllHOi). 

~JIH rHrrep6omr poarJIHHeMO ~e TOi'I BHII&AOK, . KOJIH .. aHa

MeHaTeJib: a2y0
2-b2x0

2 = 0 (ce6-To auatJH1um TOqKu ilf (x0 ,y0) 

•..;t. • • 6 Yo b B bOM r nponopu1nu1 a n1BBOC.RMH rrrnep OJIH: - = - = m. u; . ~ · 
· x

0 
a 

paai aaaqumrn: ToqoK JJ:OTHRY x1 = oo i y1 = oo , ~ ce6-To OJ:tHa 

a J:{OTHqHHX AO rHrrep6oJIH, noBeAeHa a uiai Toq1n1, AOTHK&6TLCR: 

~o Hp1rnoi Ha 6eaMeamocTi (a ii acHMllTOTOIO). · 

~pyra Toq:na x 2, y2 6y~e peaJibHOIO Ir Ha o6MemesoMy 
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CnpaBAi, DOMHOiHal01Jl·I ~CJIRTeJIH ii BHaMeHaTeJIH Bap-

a2b2xo ± a1Jo V a2yo2 - blxo" + a2b2 . 
TOOTH X1 ,2 = Ha AB011JieH. 

a2yo2_ b2xo2 

- a2b2x0 =f a2y0 V a2y0
2 - b2x 0

2 + a 1b2, rpyny101:1u 11nem1 tJHC.ITH

·reJIH ii BHHOCI011H cniJI1>m1x 11HHHHKiB ea AYffiKH, OAepmnMo: 
ac( a2yo2_ b2xo''J (b2 + ?/02) 

X1,I = - ----- ----- - == 
(a2yo2-b2xo2J [-a2b2xo =i= a2yo V atyo2-b2xo2+a2b2 

a' (b2 + Yo2J 
--·----- ----- ---------- . . CHopoqymtJu 11a a2 i 
a2b2xo ~ a2yo V a2yo2_ i2xo2 + a2b2 

aaMiHIDIO'IH ni~ KopiueM pimm1Q10: a2y0
2 - b2x 0

2 tiepea HYJih 

a2(b2 + 1/02) a'J(b2 + Yo2J 
MU, OOTaTO'lJHO, Ma'l'·HMeMo: X1, 2 = b2xo + abyo = b(bxo =f ayo) t 

a2(b2 + Yo2J . 
0Tme, x1 = ) , IQO, npH p1BHOCTH bx0 = ay0 , Aas: x1 = oo 

b(bx0 -ay0 

. . a2(b2 + Yo') 
(a paaoM 1 y1 = oo) 1 x 2 = , ~o npn Till me piB-

b(bx0 + ay0) 
• a2(b2 + Yo2) a(b2 + Yo2) 

HOCTH A&6. X2 = = 1JJICJIO o6MemHe. 
2aby0 2by0 

Ro:u16 TOtJHa. (x0 , y0) 6yJia noqaTKOM Koop~HHaT, TO ii Bap

TiCTL X2 6yJia 00 • Mu MaJIH6 cnpaBy 8 ;llBOMa aCHMilTOTaMH. 

HK Bme pauim 6yno AJIH KOJia A napa6oJIH, TaK cll,,MO ii 
Tenep Jl:IH eninc11 ii rHnep6oJIH, npocTa: 

b2xxo ± a2YY0 = a2 b2 
a6o: 

XXo -I- YYo = 1 
a2 - b2 

e 6iryHKOBOIO (nonHporo) eninc11 ( +), a6o rHnep6oJIM (-) 

arJIRAHO TO"IKH M (x0 , y0), RHO ii 6iryHa. 

§ 81. 3fiYJU7BaHHH fl:OTR1DIOi fl:O eJillICH, afio mnepfiOJIB, 
DOBe~eHoi B T011KH II0•3a HHMH. 

)]:JUI 06y107BaHH11 ~OTH11HOi, noBeJ(eHoi a TOqlfil A (no-aa 
RpHBOIO) AO eJiincu a6o AO rnnep6oJIH, CKOpHCTY6MOCR nepIIIOIO 

BJiaCTHBicTIO ,I(OTII1IHHX, IIOBeJ(eHHX ~o ara,I(aHIIX HplIBHX, a 

caMe, ~o: 
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JIY'l·Bewrop, 11oeej:\euuit a nsoro nefiyAL nornuiqa e.1iucu aoo 
l"HnepfioJ.DI 11epca 11cpexpeCT.H JJ;OTlfllHOi 3 11pn1=MeTRHM KOJIOM, 
e npmrnM AO AOT1111uoi. 

TaRHl\I 'llHHm.t, ROJIH npm1yoTium, ~o A.Lll (puc. 154a-b) 
6 ~OTHtJHa l(O eJiinmi a6o ~o rnnep6oJiu, TO Jiyq - BeKTop F 2 JJI 6y~e 
upnMoM ~o ~OTHqHoi A .Al, ce6-To Mim r~HMll npocTHMH aau~n 

yTuopro6ThC.fl np.HMllii RYT AJJ1F2 , ~o cnupaaTLCH Ha TO'IKH 
A i F 2 • 3 reoMcTpii HaM Bi]:(oMo, ~o uepmoR ·raRoro npnMoro 

Ryra. Ro1111e aeamTL Ha o6BoAi ROJia a6y~onaHoro Ha BiATHHKY 
AF2 , HRO Ha nonepeqmnwsi. Arre a BJ1acT1rnocTH noTHtJHoi'. .RcHo, ~o 

y 

I 

PV1c154° 
~eif caMHii BepmoR np11Moro RyTa MYCHTL Jiema.TH ii ua npnK
MeTHOMY HOJii. ToMy To1rna JJf (Apyra ToqKa ~oTnqaoi, RpiM A) 
6yAe nemaTH Ha nepexpecTi ~nx ABOX KOJI: KOJia, a6y]:(oBa.Horo 
mt AF2 , mm ua nonepe'IIIHROBi, i npHRMeTHoro :noJia. 

To110K nepexpecTH ABOX ROJI a nsi: JJf i Al1, TOMY O,tlep
muMo ft ]:(Bi ]:(OTHqHMX: AM i A JU 1 • 

Qi IlOHCH0HHJI naIOTb TRRH:lt cnoci6 6yAf BaHHfl AOTH11HHX 
J(O eJiincH a6o AO r11nep6om1, noBe]:(eHHx ]:(O HRX a ToqKH A no-3a 

RpIIBOIO: (pn:c. 152 a i b). 

1) 011epRJ6MO nplll\MeTHi IWJia. 

2) Crrony11aeMo OAHO a BOrHH~ HpHBOi'. a ToqKom A ii Ha 

~hOMy BiATHHKY AF, HKO Ha nonepeqmrny, 6yAysMo KOJIO 

i 3) a) qepea ToqRy A i To11uy JU, 6) qepea ToqRy A i 
T01IBY M 1 (]:(e M i Jtf 1 e nepexpecTH a6y~oeaHoro no.na a npHK-
1\leTHIIM) BeAeMo npocTi. ~i npocTi ii 6y,IzyTb ):(OTHqHHMH ~o 

~aHIIX HpHBHX. 
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Bn pa B n. 

1I - 269.. H anucamu pienanHR: 

I. EJl,incu, 1'0,/1,U: 

1) eeJ1,uKa eicb pieno6i:Hcna oo oci X- ie, qenmp i"i - (3,5) 
a nieoci: a= 7, b = 4. 

2) ee.n,uRa eicb pieno6i;Hcna 80 oci Y - ie, qenmp 
e.tiincu - (2,3), a nieoci a= 5, b = 2. 

11. I'unep60J1,u, ~O,/l,U: 

1) ee.n,ux;a eicb pie1t06~11,a oo oci X- ie, qeump- (2, - 5) ,. 

a niBoci a = 4, b = 6; 

2) se.riziKa eicb pieH06i:Hcna oo oci Y-ie, ,,,,eump - (3,2),. 

a nieoci a = 6, b = 4. 

11-270. Ilepemeopumu oaui pl8H,lll(,H,JI, 6 3ll2QJl,bH,'£: 

1) 4x2 + 9y2 -8x-36y + 4 = O; 2) 9x2 + 16x + 36 + 
+ 96y+36=0; 3) x 2 -4y2 -6x-16y=11; 4) 9x2 -16y2 -

- 90x-64y + 17 = O; 5) 4x2 -y2 + 24x + 32 = O; 6) 9x2 + 
+ 4y2 -36x-24y + 36 = O; 7) x 2 -9y2 + 7x + 9y + 10 = O; 
8) 5x1 -4y2 -j-10x-16y=0. 

1I - 271. BuaHa11umu eaae.Atne noJ1,0:>1eeu1ts xpuBoi a npocmo10: 

1) x 2 + 4y2 = 4 i 2x + 3y- 5 = 0; 2) 25x2 - 9y2 = 225 
i 12x+25y=45; 3) 25x2 +36y2 =900 i 10x-9y-75=0, .. 

x2 y2 
4) 

25 
-

16 
= 1 i 4x-5y+2=0; 5) 4x2+9y2=36 i 

8x=9y; 6) 36x2 +100y2-360=0iy=0,6x. 

q - 272. H anucamu pienaunR eunep6o.,iu, UfO .. Hae acu.Mu
momo10 y = 2x i nepexooum1> 11epea mo'l"Y ( 1, V 3). 

11-273. 3naiimu mo'l1'U nepexpecm11 e.aincu: 9x2 + 16y2 = 
= 144 a n.pocmu.Mu: 1) y . 3x + 5; 2) y = x + 5 i 3) y = 2x-9. 

Te~C-OJl,J& eunep6o.n,u: 4x2 -9y2 = 36 i npocmux: 1) 3y = 
= 4x+6; 2) y=2x-8 i 3) y= 5/ 6 x-65. 

11-2~4:. lJ l/epea mott~y (-3, '/5) noeecmu oomu"ny ao 
uincu: x2 + 25y2 = 25 i Ha'ICpec.n,umu ii; 2) me:HC, - 'lepea mo'l"&]J 
62/ 3 , 4 noeecmu oomU'lHY 80 eunep60J1,U: 9x2 - J6y2 = 144 
i na1'peCJtzimu ii. 
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11-275. l/epea mottx:y (3,8) noeecmu aomuttni ao e.n,incu: 
9x2 + 16y2 = 144. 2) Te:>1c, - 'lepea mott-ny (8,51/J noeecmu 
oomu'4Hi 00 eunep60AU 9x2 -16y2 = 144. Hanucamu ix pienaHHR, 
pienannSJ npJt.MOeux y mott~ax 8omu,;y i nax:pec.ltumu ix. 

q - 276. H anucamu piJJHaHHJI 8omu11,noi ma npJf..MoBoi ao 
OQHllX Kpueux y aanux mO'lAllX." 

1) 4x2 + 25y2 = 100· (3 y > 0) · 2) (x + 3J2 + (y- 5
)2 = J 

, ' ' 100 64 ' 
( 5 ,y > 0); 3) 4x2 

- 6y2 = 36, ( 5 ,y < 0) . 

q - 277. H anucamu pienannSJ oomuttnux (a ma1Co:HC eu
ana11,umu mD't1£U 8omu1"g) ." 1) 80 Kpueoi: 4x2 + 9y2 = 36, 1£0.till 

aomu11,na pieoo6Wlc11,a ao npocmoi 2x + 4y = 15; 

2) ~ - 00 1CpUBOi: 4x2 - 9y2 = 36, 1'0.tlU OOmU'tlla 
pien06-i:Hcna oo n pocmoi y = 8/ 15 x + 2. 

3) m,e:>#C - 00 1CpUBOi: 9x2 + 25y2 = 225, 1£0,/1,U OOmU'lllll 
npJUtoea ao npocmoi 4y-5x = 6. -

4) ffle:HC - 00 1CpU80i: X2 - 4y2 = 4, 1£0.tiU 8omU1lff,Q, np.R.M08a 
ao npocmoi 3x + 2y = 5. 

q-278. /(o e.;iincu: x2 +4y2 =100 noeecmu oomuttni 8 

mottliax (8,3) i (6, --· 4). 3naumu mo1lh1J ix nepexpecmJJ ma 
,;ym MWIC HU.MU. 

q-279. Hanucamu pienan11,si OOmU'lHUX noee8eHUX: 

1) a mo'lnu (3,72/s) 00 1'pueoi: 9x2 + 25y2 = 225; 
2) » » (3,0) . » » » x2-y2 = 25; 
3) » » (0,-3) ),) » » 5x2 + 9y2 = 45; 
4) » » (2,5) >> » » 4x2-9y2 = 36. 

11 - 280. H anucamu ocboee pienanHJI 1'puBoi: 
.1) e.nincll, KO.ltll e = 2, a pienaHH.11 8omU'lltOi 2x + 3y + 

+ 9=0; 
2) eunep60.1tu, Ao.n,u e = 5, a pieuan11,.q, 8omu111wi 15x

- 16y = 36. 

lJ-281. Hanucamu pienaHHll 6ieymwBoi, xo.au: 

1) pieH.aHHJI 1'puBoi: 5x2 + 9y2 _ 45, a 6ieyuo.u e mo'lKa 
(2,-12/a): 

2) pienamtJ1, 1Cpueoi: 9x2 - 4y2 = 36, a 6ieynoM m0tt1£a 
(-2,-3); 
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3) piBuanmi 1a.puBoi: 9x2 + 25y2 = 225, a 6izyMM mo'l~a 

(-5,9); 
4) piBHa1£wi 1'puBoi: x2 - 2y2 = 1, a 6ieyHOM mo"~a (-1,3). 

11 - 282. 3naumzi h-ymu nepexpe?.qe1u1,11 1tpu6ux: 
J) 3x2 + 5yz = 15 i x2 + y2 = 4: 2) 9x2 + 9y2 = 544 i 

9.c2--16y2 = 144; 3) x2 + 4y2 = 4 i 4x2 + y2 = 4; 4) x2 -4y2 = 4 
. 4 9 C) 4 i x--y""= . 

1I - 283. 0611uc.;iumu 6i~: 1) ~Baa pamy, BBefJenozo B e.:iincy 
9x2 +4y2=144; 2) "BafJpamy, B6eiJenozo 8 e.iincy: 4x2 + 9y2 = 144. 

11-284. IlifJ 11,;zui "lt'Ymo.u, aopy BuiJ~o e.ltincy x 2 + 4y2 = 4 
a mo11,.u (5,3); 

2) me:»c - e.riinC1J: 9x2 + 16y2 = 144 a nw1,,.z,, (6,1). 

§ 82. Oo1111cJieuua AOBZllll ~om'llloi, niAAoTH1111oi, 
npHMOBOi Ta DiWJPHMOBOi eHiIICH aoo nmepfiOJIH. 

I eJiinca. (puc. 155a). 

3 '~ ~!CB Ma6MO: st = Y1 ct,g (180° - a)= -yl cl{/ a= 

Jli 
=---. 

llJa 

3 ~ AMC M8t6MO: Sn= y1 cllJ {J = Yi . 
tg{J 

Ane MH eme J:(OBeJIB, ~o Kyroei aMiHHHRII: 1) J:lOTHqHo i 1(0 

. b2x1 . - . a2yt 
en1ncB: m = - -- 1 2) npRMOBOI en1ncu: J; = 

a2y1 b3x1 
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TOyY: 

A ROmiiR BCTRBllTH . bv eapTlCTL y1 == ----;; a2- x 12 , TO MOiKBa 

oJ(epmaTn : 

. . . . . . (6) 

3 Di. MCB i Di. AMC aa TeopeMoIO IliTaropa MaTBMeMo: 

a6o: • 

3e~~: 

1) t2 = Y12 + s,2; 
2) n2 = Y11+8n2; 

r= a'1J12 + blx12 
at 

Hype auaJiiTHqeoi reoMeTpii. IeaueuKo 18 
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Arre 

n ranepooaa. (PHc. 1556). 

y 

Y1 3 ~ BCAI Ma6Mo: S, = y1 Ctg a= --
tg a 

y 
3 .6. AMCMasMo:S,.,,=y1ctg(180°-{J)= -y1ctg{J= ---1 

.. 
tg {J 

b2x 
RyrOBHH 8MllIHHR J);OTHqHoi p;o runep60JIH: m, = tg a = --1 ,. 

a"y1 
a RY'fOBHH aMiuHHK IIpflMOBO i p;o runep60JIJf: . 

1 
~=---=tg{J 

m 

Toacy: 8 1 = :~: , a ucTaunum11 y1 = : V x2-a2 , 

MO,THMeMo: 
x2 __ a2 

s, = ---

TaK caMo: 

a2-x2 
. . . • • • (p;) 

. . . . . . ( e) 

3 THX caMHX TpHKYTRHRiB aa reopeMOIO IliTaropa Ma6MO: 

t =V 2 ( a2yi'· )2 - ~ V' ' 2 4 2 Y1 + b2 X1 - b2x1 b X1 +a Yi . . . . . . (m) 

n = v ( b::l r + Y12 = :2 v b• X12 + a' Y12 • • • • • • (a) 
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TaRHM 1111uoM, BeJIB1UIHH AO'J'Hq}f OCTH 6yAyTh: 

BiATJlllOK: 

1) AOTH11110i eJIBIICB ii rH• y v t= _1_ b' x t + a' y ' 
uepfim1u 

' ' " " 
blx 2 1 1 

1 

a2-x 2 
2) DiMOTH11HOi Bi= I l ,, 

" " :c x2 
1 

!_ v b' X 2 I a'y 2 

(126) 

3) DpBMOBOi 
' ' " " 

n a2 1 I 1 

I b2 x 
4) ni~pmlOBOi ,, s = 1 

" " n a2 J 
,ne no~BlllHHA 3HRK ± Bi,u;noBiAae: +" ](JUI eJJiDCH, a ' ~ ,, ,, 

):\Jiff rnnepoo:m. 

§ 83. Ilonepe'llUIKB • 
:ii rBnepfioJIB. eJIIIlCll 

B H a H a 'I e H u H. Ilo11epe11eBKOM eJiincu afio rBIIepfiou 
SBe'l'LCS BiATBBOK IIpOCTOi, iqo nepexo~TL 11epea ix ~eBTp i 
CDOJJYlfYe T011RB' B3HTi Ba ofieow ~BX BpBBBX. 

~OBeAeMO TaRi TeopeMH: 

I) KoacBHil: nonepe'llUIB uincu afio nmepfioJJB nepeuoao
uaeioeTLM ~eBTpOM BpBBOi. 

y 

PiBHaHHH nonepe11HBRa (enincu it rHnep6oJiu), BKO npocToi, 

~o nepexoj:\HTL qepea no'l&TOK oceA: 0 (puc. 156a i b), Mo11rna 

118 DHC&TH T3R: 

y == mx. 
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3 ;rq>yroro 601iy' B8HBIIIH piBH&HHfl cam1x KpHBHX: 

b2 x2 ± a2 y2 = a2 b2 

1 poaeaaaemH ix cniJihHO a nepIIIHM, auaifAeMo BHS.lJHHRll RmQie 

~Loro norrepe11H11Ka, a caMe: 

y 

b2x2 ± a2 m2 x2 == a2 b2, 

MH 6atJHMO, mo AJI.H BHBHatJeHHH x 
MH OAepmaJIII HCI10BH0 RBaApaTOBe pie
HaHHH, ;1w COllHHHlil~ IIpH nepmoMy Crj

niHIO x e nyAb. 0Tme fi cyMa poaeas-

1da ~horo piauaH1u1 6 HYJih. A 11epea 

Te BiATJllUWBa cepeAHIUf nonepe'IHHRa 

X1 +x2 
x0 = 

2 
6 Ta1wm HYRh. Rom1 

J.~0 = 0, TO ii y0 = mx0 Ta1mm e piaHe a uyJiel\1, ce6To y0 = 0. 

Taru1M 'IHHOM, no11aToK KOOPAHHaT neawTL y cepe~HHi 

nonepellHHRa enincu a6o rHrrep6oJIH, ce6-To I(eit uonepe11HHK 

nepenOJIOBHHI06TLCH ~eHTpOM RpHBOi. 

2) A0Tu11ui, none~eui ~o e.11incu afio rnnepfim1u 11epea siu~i 
asorocL nonepe'lmIRa ix, pisuo6iami. 

3 AOBOAY nonepeAHhOi TeopeMH MH .6a'IHMO, ~o RO.Jiil 

aHa1DUIRH Of\HOro Rm~ norrepe11rurRa enincu a6o rHrrep6oJIH 

oaHatJllMO qepea x', y', TO aualJ.HltRH ;t\pyroro 1dm:~J1 6yAyT1> aae
IBAH pieHi ai SHatJHHHaMH rrepmoro Klll:QH CB06IO BeJIHtIHHOIO 

i1 npoTHBHi IM SHaIWM, ce6-To 6yAyTL: - x'' - y' (oo cyMa 

ix e HYJIL ). 

HamnneMo piBHaHHH AOTllllHHX AO enirrcu ii r11nep6onu, no

ae11eHHx qepea RiHI(i HRorocL nonepetIHHRa, ce6-To -11epea To11ru1: 

A (x',y') i B (-x', -y'). 

Qi piBHaHIUI 6yAYTh: 

1) b2 xx' ± a2 yy' = a2 b2 

2) ~-b2 xx' ± (-a2 yy') = a"b2 , a6o 
b2 xx' ± a2 yy' = -a9 b2 
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Mu 6atJHMO, ~o pieHaHI·m :QIIX AOTH11HHX pimHHTLCH JlHille 

aHaIWI\l niJILHOro lJJieHa (ce6To MaIOTL Kyroei 3MiHHJIRU O]l;HaKOBi), 

a TOMY BOHH pieH06UKHi. 

3) Kommdi: nonepe11IIBK eJiincu aoo rHIIep6m1u c B;lij)ymeunii 
a 'f JITBBaMH, pieuooiawHMII ~o )J;OTR'IHHX IIOBe~eHBX 11epea 

siH~i ~oro nonepe1111BKn. MHaRme Kamytm, Romuuft no11epe11-
HBK eJiincu a6o runep6oJin e reoMeT})H'IIIHM ocepewcoM cepe~HH 
THTHB, pi.Buooiamnx ~o AOTII11HBX, IlOBe~eHHX 11epea KiHI~i ~oro 
nonepe1111mca. 

IlpHnycTiM, mp Ma6MO meper, pieuooianmx Mim co6oro, 

THT.UB: y = 11lt'C + n; y = mx + nl i T. A. 3Hait]l;eMo 1dHI::\i HROicb 

ia :QUX THTHB, Hanp. y == 'lnX + n. ,IJ:JI.fl :Qhoro HaM rrpe6a 6yf(e 
poaB.RSaTH CIICTeMy piBH&Hb: y = mx + n i b2 x2 ± a 2 y2 = a2 b2. 

BcTaBHBllIII uapTicTL y y ~pyre pieuau1m, MaTJIMeMo: 

b2 x2 -!- a2 (mx + n) 2 = a2 b2 , 

a6o: b2 x2 ± ( a2 m2 x2 + 2a2 mnx + a2 n2) == a2 b2
, 

a6o: x2 ( b2 -+- a2 m2) ± 2a2 mnx- ( a2 b2 ~- a2 n2) = 0 

8Bi)l~ Ma6MO: 

a2 mn a2 b2 -+- a2 n2 

x2 ± 2 x- - == 0 
b2 ± a2 m2 b2 + a2 m"" 

~e nepxHitt anaH niAnOBi)l;ae eJiincu, a nnmtmti rnnep60.1i. 

3 BJiaCTHBOCTH liB&JJ;paTOBOro pieHaHHH Ma6MO: 

. a2 mn 
X l + X2 === -t- 2 b 2 2 <> ' + u 1n .. 

a TOMY BiATHHRoea cepeAHHH T.RTHBII 6y]:(e: 

a2 mn 
b2 :!: a2 m2 

Ane x0 Ta y0 IIOBJiHHi aa]:(OBOJILH.RTH pieHaHHfl T.RTIIBl!, ce6-Tor 

Ya= mx0 + n, n, 11epea Te: 

a2 m2 n 
Yo == =f b2 2 2 + n = ±am 
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Konn pieHaHWI THTHB Bi)tpimHHIOThCH JIHwe eapTiCTIO 

eiJI&HHX 'IJieHie, TO i1 BapTOCTll x0 Ta y0 6yAyr& AJIH pimHHx 

THTHB BiJ:~pimHHTllCH JIHme B3J>TOCTHMH ~x BiJILHHX 'IJieHiB 

a TOMY: ~06 aHaitT11 reoMeTp1111HHii ocepe~oK cepe~HH ~x 

ycix THTHB' Tpe6a 8 BapTOCTeii Xo Ta Yo BHKJIIO'IHTH eapTicTb 

BiJILBoro llJieHa n. ~Loro AOCHrHeMo, IlOAiJIHBIIlH :eapTiCTb Xo 

Ha y0 , a caMe: 

x0 a2 m.n (b2 ± a2 m2) as m 
-==i= -=+ 
Yo b2 n (b2 ± a2 m2) bl 

3e~u;H pisHaHHH reoMeTpuqaoro ocepeAKY cepeAHH pieno-

6iHOUix T.RTHB enincH a6o rHnep60JIH 6yAe: 

bZ 
- x .... (127) 
a2 m 

y = =i= 

(Ae ',-'' - AJIH enincH '' +' - AJIH runep6onH). 

3 cfK>pIDI pi.eHaHHH MOmeMO apo61UH BHCHOBOH' ~o I.t1I 

npocTa noBHHHa nepeXOAHTH 11epea no11aTOK ROOPAHHaT, ce6-To 

11epea ~eRTp ABHOi KpHBOi, a TOMY BOHa e nonepeqHHKOM :Qiei 

KpHBOi. 
HaM- n:umaaThCH ~e ~osecTH, ~o u;1 THTHBH s TaKom 

pieHo6iJKHi AO AOTH'lHHX' Il0B0A0HHX 11epea 1dueu;L OAepmaHoro 

HaMH nonepellHHKa.. 
0aR&1UIMO aHaqHl{KH HKOrOCb KlHl.VI norrepe'IHHl\a qepea 

x 1 i y1. ToAi AOTH'!Ha, noBeAeHa 1:1epea u.10 TOqKy, M&THMO 

piBH3HHH: 

b2 2 2 b2 ( ,,+" -- eninca ) xx ±ayy=a 
1, 1 , ~-" - mnep6ona 

A 3BiAIJ;H: y=+ 
b1 x a2b2 

1 _,L --x I --

a2 Y1 - a'ly1 

3 . ~ 
H&iiA0MO BapTiCTb Blit;HOWeHHJI - • 

Y1 

aH&llHHKH x 1 Ta y1 noBHHHi aaAOBOJibH.RTH u;e pieuaHH.R, ce6-To: 

b2 
Y1 = =t= 

a2 m 
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a2 m 
- == --t-
Yi 

BcTaBHBIWI aHa~eHy eapTicTh 
X1 

AOTHttHOi, y plBHaHHH 
Y1 

b2 a2 m b'A 
'()~epmHMO: y - -;- I - .x ± -1 

a.2 
. I bZ Yi 

IlicJIH cnpOII.\eHHH pieHaHHH noTH"IHOi Mae BHrJUIA: 

y = mx ± 
b2 

Y1 

KJTOBHii aMiam1R noTHtJHOi m o;:tHaKOBHii a KYfOBHM 
31\liHHHROM THTHB, a TOMY AaHi THTIIBH pieHo6imHi no AOTHtf

HHx, npoeeneHHX 'lepea :niHr\i anpymeHoro a HHMH norrepetIHHRa. 

4) Ilonepe11HHK eJiiDCll 800 rnnepfiOJIH, piJmofiiaCHBit ~O 

THTBB, sµ;pymeHHX B .RKBll HeornL µ;pyrBM nonepe11HBBOM, T8KOZ 

fiyµ;e aµ;pymeRnii a TJITBB&MR, pieuofiiznJDUI µ;o ~Loro µ;pyroro 
nonepe11ausa. 

Mu MaJIH IIieper piBHo6iamnx THTHB: y = mx -i- n; y == 
= 1nx + n1 i T. A.; oqeeHnHo, m.o norrepel.JHJIR, pie1;106iarnuit no 
l.\IIX 'l,HTHB, MaTJIMe pieHaHHH: y = mx, a npyndi rronepetIHHK, 

anpymeHHH a l.\HMH THTHBaMH' MaTnMe piBHRHHJl: 

KoJIH a6ynysMo meper Honux THTHB, piBao6imHHX no no

nepe'IHHKa y = m1 x, anpymeHHoro a nepmHMH T.RTHB&MH, TO ix 

pieHaHHH M&THMYTh BHrJIHA: 

IloCHJI8.IOlJHCh Ha rronepeAHIO Teopeey' l\tomeMO TaKO>K 

HaIIHCS.TH ft piBH&HH.R rrorrepetIHHKa' anpymeHoro 3 IUIMH HOBH

MH TJITHBaMH' a caMe: 

y - -t- x. 
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b2 
Ronu B u,e pisuaHHJI BcTaenMo BapTicTL m1 = =F -- TO 

a2m' 

[ 
b2 ( b2 \ -, 

y = =f - : =F ) J x, a6o: 
a2 a21n 

y=mx 

TaRHM qnHOM uepeKoHySMOCH, ~o u;e 6 piBHaHHH none

peqHHKa, piBHo6iilmoro AO nepworo mepery THTMB. 

'f aid nonepe'IBBKH H&3HBaIOTLCH a;a:pyacelUUIH' a '118TBBH' 

piBHOoia;ui ;a:o HllX, - B888MHO a;a:pyaceBBMH. 

b2 
2 

OAepmysMo oaHa:ny aTq>y1ue-
a m 

BOOTH. ABOX nonepe'l.BHKIB' a caMC: 

y 
d . 

y b 

c 

Pll1c 15?0 

~Ba nonepe1111mcu runepom1B afio eJimcu a;a:pyzeui, Kmm 
3;a:ooyrroK ix ItyrrODBX SMiBHHBiB piBHllii 3 Bi~omeHBml KB~·· 
paTiB MWIOi nisoci ;a:o ueausoi; AJI.fl runep6om1 ~e ei~HomeHHH 

~o~aTHe' a ~JUI eJiiIICH-B~' 6MHe. 

IU;o AO rHnep6oJI.H, TO H TJI-rHBH (pnc. 157-6) 6yAeMO no--
1-tinJITll Ha TflTHBH BffYTpimHi i THTJIBJI 80BHiWHi. 



281 

HoiRHOMY mepery pieHo6iaurnx Mim co6010 BHytpirn
uix THTHB B~noB~a6 meper pieuo6imm1x Mim co6010 so
DHillIHix, eaa6l\-tHo ,tq>ymeu11x a nepnn1M.11. To My BAPYiReHoMy 
3 BHyTpimHiMH THTHB&MH nonepel{}IHI\OBi ab aaBiHAH Bi,I\IlOB~as 

3;lpymeimii a HHM nonepetim1R cd BOBHinmix THTJIB. Ta1mM tIHHOM 
3ApymeHi nonepeqHHRH r116ep6omr aaBm~1 JICiRR.TL no o6HAB3. 
001\11 aCJIMilTOM. Ilorrepe11HHK, Jq>ymemdi si SOBHimHh.m TflTl1-

Ea~UI rnnep60JIII' 6eaKOHetIHllii, 60 HiKOJUI He aycTpitia6 rn
nep6oJIIT. 

PoaBHBYIOlllI piBHaHHH nonepe1U1Hmt: y = mx i pieHaHH.fl 
rimep6oJIH: b2x 2 - a2y2 = a2b2, .RHO c11cTeMy, l\lll OAepmrum suati-
11n:n11 To110R nepexpecTH ~Loro aoBHimHLoro nonepetiHmm a 
caMOIO rn:nep60JI010, a caMe: 

ab abm 
1 Yi,2 ± V b2 __ m,2a2 

AJie aoBBimuifi rronepoqmIK saB~n .JieiKHTL Mim aciM
IITOTaMH runep6oJIH, a TOMY Mae: KYTOBHii aMiHHHK a a6conroT
Hoi BeJn111.HHH 6iJ1Lmnii 2a HYTOBoro aMiHHHKa caMHX achmTOT. 
0Tme (§ 74): 

b 
m=tga > 

a i 

b2 b2 
ToMy: ni2 > -

2 
, a6o ni2 == -- + k2 , Ae /.;2 - BiAnOBiAmI 

a a2 

BcTaBJIHI01UI BapTicTL ni2 y e:epaamrna poaBH3KiB x i y,. 

( b2 k" ) Cl a caMe n D = b2 - rn2a2 OAepiRHl\IO D = b2 - -- + - a-~ 
' a2 

D == - k2a2 < 0. 

~e cBiAqHTL, ~o poaBHSKII x1 , 2 i y1 , 2 G yHBHi ii ro~rnu 

nepexpecT.fl noeaimHLoro nonepellH1rna. a rnnep60J1010 6 TaKOiK 

J"HBHi (peaJILHO He icHyTL). 
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ToMy aoeHiIIIHi nonepetIHHKH rHnep6onH MalOTb n\e Haaey 
ynBHRX nonepeqHHRiB rHIIepOOJlll. 

B § 71 MH poarJIRAaJIH TaKom i rn:nep6o.rry, ~o Mae aa 
CBOIO OCHOBHY BiCb no6i1111y AaHoi tt, H&BII&RH, aa CBOIO no-
6itmy Bici, ocHoeHy A&Hoi. TaRy rHnep6ony H&.SHBD-JIH BApyze-
0010 a ASHOIO it BHSH&'laJIH piBH8HHRM (120), a, caMe: 

x2 y2 
-1 ----= 

(Ae ronoeuoio nieeiccio ~iei rnnep6oJIH 6 eapTOCTb b, a no6i11-
HOJO nieeiccio -a). 

KoJJH MH poaeameMo, .RKO CHCTeMy, pieHaHHR A&Horo no-

x2 y2 
nepe'IHHRa: y = mx i piuHaHHR Qisi runep6on11: - - - = -1, 

a2 b2 

TO MaTHMeMO aHa'IHHKH TO'IOR nepexpeCTH ix Tani: 

ab 
1 Y1~2 = 

± V m2a2-b2 

abm 

AJie s QbOMY paai uapTiCTb e1tpaaHHRa 6yAe: 

ii ToMy TO'IRH nepexpecTH aoeHirnH1>oro nonepe'IHHKa AaHoi 
rnnep6oJIH a rH11ep6ono10 SApymeuoro iii 6 pewu.ui. 

MomHa Ta:n caMo J:tOBOOTH, ~o H: BHyrrpimniii nonepe'IHHK 
~aHoi rnnep6on11 6yi:te ROH'le yHBHHM AJIH ]q>yroi r11nep6om1, 
3AJ>Y>K0HOi a nepIIIOIO. Qi MipRyeaHH.R AalOTb niACTaBy Teep
_nHTH ~O: 

RozUBI nouepe11uHK, euyrrpiumiii: A~u1 AaHOi rauepooJIB e 

OAUOqaCBO BOBBilllBiM . AJUI nmepOOJIH B ueIO BApyaceuoi it, BBB· 

nasu, aouuiumiii: .nonepe111111s Aauoi rHDep6ooo e uuyrpiIIIlliM 
J~JUI runepfiom a 11eio BA))yzeuoi. 
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§ 84. ~e mti BJISCTHBOCTR nonepe'lllHRiB eJiinCB ii 
rHIICpOOJIH. 

I. 

KOCHBH Dp8MOK)7THHK8, aornoB8HOfO Ha OCJIX CcliDCR HR 
ua cepeAJIBKax, e a~pyaceHHMH nonepe'IHusaMH n;iel e:1incH. 

K C' N 

Puc. I. 

36ynyei10 Ha oc.Rx e.:1i11cu ABCIJ (Puc. I) RR ua cepenauKax apaMo
KYTHHK KL11fN. Qqeeunno, ~o ~euTp eniac11 0 6yAc a qenTpoM qhoro 
apRMOKY'fHHKa, a TOMY Koc11n11 A:oro KM i LI\" GynyTL i noaepeqnu1m1'm 
caMoi enincH . 

.D;oee,t:teMo, ll\O id noaepeqnHKH & anpymeuumm. 

3 6, OMB MaGMo; ll\O nyToenil 3MiHHlln nonepeqeuKa KM 6~e: 

BM b 
ml = ig «1 = OB :-- a 

A a ~ AOL MaGMO, D.(o: 

a aei,t:tQH: 

tg (1800 - «2J 
AL b 
-=-
OA a 

b 
m 2 = tga2 = - -, 

a 

Baaewn ano6yTon KY'fOBHX aMiHHHHiB: 

~ . (-!!_) = - b~. m1. m2 = -, a a a~ 

MH 6aquMo, D.(O yMoea snpyme11nocTn nonepequ&Kie cnose106T1>Cfl 
<nun. eaip 128), 

TaKHM quuo&r, l\1oama TBepnHTn, ll(O KOCHRH nanoro, oone.I(enoro 
ua eniaci, npRMOKYTHHKa e nnR Qisi eniacH 3ApymeRHMH aonepeqnuKaMH. 
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II. 
TsTuue cnouueuuJI. 

B113Ha11eHHR: 

KoJIB B eJiinci, aoo e runep60.1i BaHTD AOBiJlLHBii nonepe11-
HllK i KOH~ iioro CilOJIY'fllTH a .RGOIO HeOfAL TO"IKOIO KpHBOI, TO 
o~epacaui npu IJPOMY THTHBD MaIOTL naany THTllB CIIOBHeHH.JI 
(Puc . II , a i b) . 

~oeep;eMo TeopeMy: 

Ilonepe11111mn e.TIIlCll aoo rnnepOO:IH, piBHOOiami JJ;O JIKBX 
6y~L ABOX TSITHB CilOBHeHHfI c a;ri;pymeni. 

3 rcoMeTpii eip;ol'rn, ~o npocTa, noee;a;eua 'Iepea cepe;a;nHy mwro He
Gy;~L 601m TpHKYTHHHa pieuo6imuo ]J;O 11.pyroro 6oHy, 3aBatAH nepenoJio
numoBaT1rne 3-fi 6iR IlLOro Tp1mym1ma (ce6-To 6yp;e cepep;unHOM tioro) _ 

Pnc. II-a 

I 
I 

I 
I 

I 
I a 

Pnc. II-b 
Hon11 na.RTH ii e~incy (pnc. II-a) ii rnnep6oJJy (pHc. ll-b), T<> 

nonepe111111H ab 6YAe nepexoi(HTH 11epea cepe,u;uuy 6ony AB e ~ - oni AB.M 
It 3ri:r;110 yMoui 6yµ.e pinHo6immdi J:\O 6oHy BM, a TOMY nepenonoBHHJOBa
T1rne TRTHBY A.M. 011eeu;a;no J nonepe:r;HLoro, ~o nin 6y;a;e aApymem1M 
:J TRT1rnal\m pieuo6iimnrnu l~O TnTnm1 AJJ:f. TaK caMo ;r::\OBep;eMo, ~o :tt 
nonepe11HHH cd nepenoJIOBHHJOBaTHMe THT1rny BM, a TOMY 6yp;e a;a;pymeHHii 
:.ii nchia T.RTHBaM11 pinHo6immnm ;ri;o B.JJ. Ta1nm 11nnoM: 1) nonepe•muK 
ab G o,u;pymeRHA 3 TflTIIDaMn piBHo6i;munm ;ri;o A.M it caM pieuo6imuH.il 
11;0 TRTHBII B.lf-1, a 2) nonepe11mm cd ap;pymemdt a TRTHBaMu pinuo6imHHMH 
AO B~l i caM pinno6iamHif ~o THTHBll A..ilf, a TOMy, Ha ni;ri;cTaBi BHBHU
'108811 BaaSMHOi a;ri;pymeHHOCTll nonepettHHniB, l\I0'1\HO TBep~Tll ~o none
petlHHH ab s aApymeun:lt a nonepet!H:UKOM ed. 

,U:one;ri;eno10 TeopeMoIO crrnpHCTasMOC.R ;IJ;JIR poas11aann11 TaKo1 aa;ri;atJH: 

3a8a•ta: 

36JAyBaTH nonepe11n11K eJJincu, aoo rHnepoo~u a~pymennii 
a ~anm1. · · 

(3 orJIHAY ua ~inRODllTY cxomiCTL Mel'O;IJ;iD 6yp;ynaHH.R araAaHOrO· 
nonepctimma it ;D;JIR eJiincH ii A:JR rnnep6om1, ?tra aynHHHMOCR mnue ua 
mma,u;ny enincn). 
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Tip1mycTh.1, ~o Aano nonepeqmm AB (pHc. III) ii Tpeua a6yltyaa.
~rn ]'(pymtt nonepet1111m a uuM 3Apymeuuli. 

BeAeMo ]'(OBiJILHY THTHBY MN pieHouhKHY AO noneputtu11-na AB i 
~iepea HiHeQ Qit;i'. T.RTHBH eeJJ;eMo nnnepe•rnHK MK. 

HoJIH Tencp cnoJiytmMo Hii-IeQb K nonepettmma 3 -ninQe;\t N TRTHBU, 
To P.faTHMeMo ,ll;pyry TRTIIBY cnonnemrn K JI. 

y 
K 

Puc. II I. 

ToMy nonepeqmm CD DOBe,u;emlit piauot5imuo AO TRTHBH x ... ·r .. ; i 6y,rte 
uoTpi6HHH nonepequnKOPtl BJq>ymeHHM a AaHHH AB. 

TeopeMa: 
KOJIH B e:iinci' aoo rnnepooJii THTHBH CilOBHeHHH TBOpSITL 

MiZ COOOIO npnmrii KYT' TO BOHll e pisnooimui AO Bi~ouiAffix: 
ocett RpHBOI. 

Bi3LMiM na eninci Cpuc. IV'-b) a6o Ha r11nep6oni (pnc. JV'-a) fmHlt 
ue6yAL nonepeqmrn AB, Ae A (x1,y1) .! B (-x1,-y1). 

y 

Puc. IV-a. PHc. IV-b. 

XaR 1'HTHB11 AC i BC e eiAnoai;:tuHMH TBTBBaMu cnosaeHHR, mo 

n 
MaJOTL KYT ~ ACB = 2. Pa:J 1'YT ~ C c npRMRA, TO eepmoK Uoro C 

&iaa nemarn aa Koni aoy;qoeaHoMy ua AB fm nonepetmimoni, a ToMy: 

OA=OC=OB. 



286 

Ane: OA =OB= Vx1a + y12 ; OC = V x,,a + y2' 

ToMy: 

x12 + Y12 = x22 + Y22 •••••• (a) 

To1mu (x1 ,y1) i (x2,yJ JiemaTL ni~oB~HLO ea enioci a6o uar11-
nep60Jii' a 11epea Te MH MYCHMO Ma TH TOTOiHHOCTll: 

A aeiAl.\ff: 

b2 (a2-x 2) 
Y22 = -+- 2 

- a2 

BcTaeJJ.RJ011H ~i napTOCTH e pieHiCTL (a}, OAepmHMo: 

b2(ri2-~-r 2) b2(a2-x 2J 
x2± 1 =x2-L 2 

1 2 2 -- ' a a 2 

a6o: a2x12 'a2b2+ b2x12=a2x22 ±a2b2=t= b2x22, 

a 3Bi;D.QU: x12 (a2 + b2) = X22 (a2 =t= b2)' 

a6o: 

OTH<e: 

X 2-x2 1 - 2 

X2= + Xl. 

'faK caMO OAepmHMO, 11\0: 

Y2= + Y1· 

Ue noKaayG, 11\0 TO'IHH A i C, C i B noJiomeui CHMeTpaJILBO ~O-A<> 
oceit KpHeol, a TOMY AC c pieH06imao10 ;o;o oci X-ie, a CB-;a;o oci 
Y-ie A TeopeMa uawa e ;r\OBeAeHoJO. 

BHCHOBOn. 

RoaceJdt npJJMOKYTBBK eeeµ;eeuii y eJiincy, afio runepfim1y 
Mae fiosi pieeo6iami ~o oceii cuMeTpil Kpneol. 

Ba aa 'la: 

3oyµ;yeaTn e ~auux Minci, afio runep6mii Ix oci cHMeTpii. 

Ha niACTaBi oonepe)J;Hhol TeopeMR ~10 a~a11y ;ttyme ner1<0 poaen
aaTu TaHHM cnoco6oM: 

1) eiabMeM ;IJ;OBiJILHHit nonepe'IHIIK i a6y,a;y6MO ua HhOMY ;o;ei B3a6MHO
npRMOBi TRTHBD CDODHeBHR (Ha nonepelJHHKOBi 011epKy6MO HOJIO a TOqKy 
nepexpecTR ~Loro 1mna a Aaeo10 H£J11BOIO cnonyqaGMO a KiHT-'RMH eamoro 
nonepeqnuKa) ~ 

i 2) ee)::\eMo nonepe11mrn11 pieuo6imui ;a;o a6yl(oeaHHX uaMH TRTBB 
CDOBBeHH.R. 

Ui nonepe11HHHH, 3riAHO ;a;oeeAeHoi TeopeMB A 6YAYTh oc.RMH 

CHlleTpiJ. 
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III. 

3BB30K MiZ 3H81111BKa~IB KiB~iB a~pyzeenx nonepe'IBHKiB 
e~incu a6o runep6o~u. 

II punyc1 iM, ~o HaM AaBO AO a aApymeuux nonepe'IBHHB A'/ 1N1 i 
J.ll 2 N 2, npu 'IOMY aHa'JHRHH HiHl.\iB ix 6yAyr& BiADOBiABLO: 

J.1111 fx1,Y1) i NI (-x1,-Y1)· 
M2(:r2,YJ i N2(-x2,-Y2)· 

Oana'IHMO HYTll cna]{y l.\HX nonepe,nurnin ua eich X-ie 11epe3 a 1 i a2• 

ToAi: 

Paa nonepe'IHllHll 6 3):{pymeui, TO Ma6 CDOBHIOBaTHCR yMOBa 3APY· 
meuuocTH, a caMe: 

(Ae uepxuiR auaH BiADOBiAaG eninci, a nmK'IHfi - reoep6o:iiJ 

Y1·Y2 .Tl X2 

b2 - :j: a2' A 8BiAl{i: 

a6o: Y1 Y2 J:l a·2 
-

b b a =fa 

C1mQAattro nponopl.\iJO il MatMO: 

'' ,,- eiAIJoni.AaG eninci, a , , +'' - runeptioJii) 

IliAHOCHMO eci 'IJieHll oponop~ii AO 1rna):tpaTy n CH:J~aGMO Ta1\i 
noxiAHi nponop~i i: 

a) AJIR eJiincu : 

(1) 

xi Y1
2 

1 + - Ta a2 
-

Y22 2 

+ %2 

b2 a2 
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6) ~JI.fl muep6onn: 

(2) 

aoo: 

(1) 

(2) 

X12 Y12 
o2 - bi 

Xl . 1/2 

a · b 

Y2 Y1 X2 as 

b = b = ~- = ±v --;=y=b~=,====:=~~=, (t 

Oot1HC.11HM0 p~Ra.1111: 

·I) HoJin Hpnsa 6 e1Iinca ii: ToqKu M 1 i M 2 nemaTL Ra Ritt, ro 
ana1unmn ~x ToqoJ< AaIOTL TOTO>KROCTll: 

x2 y 2 
_!_ + _t_ = 1 
a2 bl 

x2 'I/ 2 
l 

2 -t· . b~ 1, 
a2 -

a TOMY piBHOCTB (1) MaTHMYT& a11rn11~: 

.rt •. 1.12 Y1 :r2 
a b = b : -a = ± 1 · · · · f3) 

II) Ho.n11 Hpnna G rHDep6ona ft To1ma M 1 .ne>RRTL ua uiA, ro 
Toq1\a M 2 6~e (aK 6yno AOBe,tteuo e § 83) .nemaTR Ra rauep5oni a,ctpy· 
mcHHt 8 naHOIO, a TOMY Ma6MO TaKi TOTO>RHOCTR: 

i 

a6o: 

x 2 
2 

a2 

,, 2 
.I) 

b2 -1 

y 2 
__!... =-1 
b2 ' 

:r 2 
2 - 1. 

a2 

OTiKe, pianoCTB (2) MaTBMYTL anrmm: 

Yt Xe, - -:-- = ±1 ...... (-J:) 
b a 
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Pi.BHOCTH (3) i (4) cniJibHO MOiKHa aanucaTH TaK: 

x y y x2 
_l . _2 = _1 ·-- - ...L 1 
a • b b • -r a - ...J.... 

3sm~u MaGMO 3B.R301\ µ;JI.JI 3BatfHHKiB KiH~iB 3ApymeHHx aonepet1HHKiB: 

1) emnc&: 

Xl = _J_ Y2 
a b 

l 2) runepoonu: 

Xl 
I Y2 -- :::r::-

a b 

• Y1 
l b 

- :C X2 
- I 

a 

i Y1 X2 -=+-b - a 

IV. 

(5) 

(6). 

IloJie TpHKfTHBKB afi)'AOBauoro Ha a~pyaceHHX niBimnepe11-
BHKBX eJiincH afio rmiepfimm. 

Xait MN i PQ e am>ymeui norrepetfHHKR enincu (pttc. Y-a), a6o 
r1mep6onH (pHc. V-b). 

y 

PHc. V-a. P11c. V-b. 
Oauat1HMO aaatfHHKH TOtfOK: M- qepea x1 i y1 , a P- qepea x2 i y2 

A o6tJHCJIDMO nonfl TpHKYTHHKis ~MOP (AJifl o6ox KpHBHX) qepea aHaq
HBKH ix sepw1ds. To Ai o~epmHMO: 

2S = X1Y2-:r2Y1 
(i ]l;Jlfl eniIICH it ]l;JIH rimep60JIR) • 

BcTaB.ilmotm a pisuocTett (5) i (6) sapTOCTH x2 i y2, (oepf'IH JIHwe 
sep:xui aaa1m), MaTHMe~IO: 

!}.60: 

2S=x1.: x1 -(=i=: Y1)Y1• 

2S =ab (x12 + Y12) 
a2 - b2 

.JJ;e ,,+" - AJUI enincu, a ,,-" - ]l;Jifl rnnep6oJrn. 

Hype auaniTH'IHOi reoueTpii. lsaaeeKo 19 
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0Tme: 

x 2 
_l_ -L 

a 2 ....L 

2S =ab, aoo: 

1 

ab 
S= 

() 
w. 

l\onu Bl3bHCMO none b,. OBC s6yp;oBauoro ua n1socRx HpHsoI, To 
BOHO Ta1<0m 6yp;e piaae: 

S= 

A ToMy: 

ab 

2 

fio;ie TpHKyrHHKR, 30YAOB8HOrO Ha a;i;pyzeHllX IIiBHOpepe11-
BBK8X eJ1incu aoo rHHep6m1u, e piuue a nmrnM TPHKJTHBKa, aoy
AOBaHoro Ha caMHX niBOCHX KpHBOI. 

l\oJIH6 MH BBHJIH aaMio~1> ~-Ra· MOP iioMy cyMiiRHHii 

~ PON, To TBepAmeHHH reopeMH He nopyIIIHJIOCH6,. 60: 

2SMoP =OM. OPsn <p 

a 2SNoP =ON. OPsn (180°-cp) = Olfl OPsn <p 

(60 ON= OM, a sn (180°- cp) = sn <p) 

0Tme: SNoP= SMoP= ScoB 
OaHa'IHBIIlll OM= (X, a OP= {3; M&THMeMo: 2SMoP = a{3sn<p, 

a TOMY: (Xp sn <p =ab, 

a6o: (X{J = ab cosec <p • • • • • • ( 129) 
ce6-To: 

3Aofiyros aJJ;pyzeuux niunonepe11HBKin e;iincu, afio rBBep
fioJJR e piBHH:it fa aAofiyrKoM ix niuocett Ha Kocexaec KYTY Miz 
~ nonepe1111BKaMH. 

v. 
§ 85. Teopexu Ano~ouiH. 

I TeopeMa 

3u.aaoK Mim a~pyaceBBMB nonepe1111HKaMH ii ocmm eJiiIICB, a6o 
r11nepfimm noJI.arae B TOMY, m;o: 

1) CyMa KBSAP&TiB 3Apymeuux niunonepe1111uKiB eJiincu e 
pieua a CJMOIO KB&ApaTiB niuoceit ii 

i 2) Piamun;H KBaApaTiB aApymeuux niunonepe11Hmciu rHHep· 
OOJIB e piBH8 a pimHBn;ero KBa]J;paTiB niuoceit n. 

06qucnuMo AOBmHHH ni.imonepequHKiB Olrl i OP (pHc. V a i b), 
~epc3 auaqHHRH ix Hiu~iB i MaTHMeMo: 

A.M2 = a2 = x12 + Y1" 

0p2 = p2 = z22 + Y22 
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ToMy cyMa, a6o p:imHHQR HB~paTiB J.\HX nienonepetJBHHis t5yAe; 

ti
2 ± /12 = f x1

2 + Y1
2J ± f xl• + Y2

2J. 
BcTaBJIRJOtJH a piBBOCTeit (6) i (6) eapTOCTH x2

2 i y22, OAepmH110: 

a 2 ± fl2 = (.r1
2 + Y1

2J ± ( :: Y1
2 + !: X1

2
) 

auo: 
a2 ±bl a2 ±bl 

a2 ± p2 = x 2 ± Y 2 
a~ 1 b2 1 . 

To11y: a2 ± pz = (al ± b2). ( :~2 _'._ Y;: ) 
ToqKa M (x1 , y1) nea<HTb Ha HpHBiD, a TOMY MycnMo Mam TO-

TO>KBiCTb: 
x 2 y 2 1 1 I 1 _ 
a:t = b'L. -

(Ae , , +'' BiADOBiAas eniuci, a , ,-'' - runep60:1i). 
TaKHM 'IHHOM; 

a2 + p2 = n2 ± b2 

(Ae eepxuiR. 3HaK BiADOBiAa6 BHDaJJ;Ky eJJincH' a HH>R'IHA 8B8K - BH

n~HY rnnep6onu). 
II TeopeMa 

IloJie o6BeAeHoro ua 3ApyzeHBX rBDep6m1ax piBuofiiacHBKa, 
~o Mae 6osu piuuo6iami ;a:o Biwiouiwmx BApyzeHBX nonepe'lllB
xiu' e piBHe B HOJI0M np.HMOKYTHHKB a6yµ;oB8HOro ua OCJIX ~x 
rimep6m1. 

IJ;R TeopeMa s BHCHOBKOM TeopeMH IV 
npo napTiCTb noJrn f).-Ha a6y;nonauoro 
Ha a;npymeunx uienonepe11unHax. 

CupanAi: 
3 eneMeHTapuoi reoMeTpil MH auasMo, 

lllO (puc. VI) If SOP; SLQO; OQMT i 
TNPO e pineo6imuHHH, ~o nepeAiJIJO- .----H--~~~t----~x 
IOTbCll BiAilOBiAHiMH HOCBBaMD SP, SQ, 
QT i T P ua .pieui Mim co6010 TpH
HYTHHKH. 

Ane none 1tamAoro a ~x f::l. - is, RK 
ab 

~oBeAeBo TeopeMoro IV, G pieue: T , 
a To11y none ~inoro piBuofiimHBKa KLMN 
6)'J{e: ob 

S =8. - =4ab. 
2 

PHC. VI. 

3 Apyroro 6oHy none npflMOHYTHHKa a6yAOBauoro Ha OCllX, RK 
cepe;tUIJIHax TaHom 6~e: 

S1 =2a. 2b = 4ab. 

Ta:KHM 11.HBOM TeopeMa AnonouiR ;u;oseAeBa. 
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§ 86. IloJie eJiincn. 
~oBe;n;eMo rrorrepe;n;y TaKy TeopeMy: 
Pa;I{Ri T011os, iqo JiemaTL Ba enirrci Ta BB ii npnmemoxy 

BOm :It M810TL cni.m.:uy B~OBY' Bi)(HOC.HTLC.JI Miac COOOIO HE 

xa.11a niJrnicL ;I(O uemmoi (p11c. 158), ce6-To: Yi = !!._ 
n a 

Pl-1c.15B. 

PiuaaHHH eJiirrcH: b2x 2 + a2y2 = a2b1• 

BcT&BHBnm B qe piBHaJIHH uapT icTb u1;n;

THHKOBO i X1' 8Ha~eMO pa;n;ey: 

Y1 = ± ~ v a2-x12. 

Ilo;n;i6WIM llllHOM a piuHaHHH I·\OJia: 
x 2 + y2 = a2 8H&XO;D;HMO BapiriCTb p.a;n;Hoi: 

n = ± V a2-x12· 

Baaunm ui):Ulomemm auaA;n;eu:ux 
sapTocTeA y1 Ta n, MBTHMeMo: Yi 

b 
±-Va--x;! a i b 

n a 
Terrepb yue;n;eMo B npHKMeTHe KOJIO rrpaBHJILHHii MHoro

KYTHHK i a Beprrmiu iioro cnycTHMO rrpHMH Ha Bich X - iB. 

Ay 

Ilepexpe~TH ~:ux npaMiu a o6uo;n;oM enmcH (A1 B1 i T. A·) 
CUOJIY'IHMO Mim co6010 THTHBaMH (pHC. 159). To;n;i o;n;epamMo, 
e · KomHiit 11uepTqi KOJia it eJiincH aoKpeMa, meper Tpaueaiu i 
O;IJ;HH IIpHMOKyrHHA TPHKYTHHK. 
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KomHoMy AOBinbHO BB.RTOMY T}laneay AA2BB2 , yrBope

HOMY ~M cnoco6oM y Roni, a&BiKJlH BiJlnOB~S.THMe B enincH 
MlYrH:H Tpanea AA1BB17 ~o cn:upa6TLCH 6oROM Ha Toil caMHI 
e~THHOR AB oci X-iB. 

3 reOMeTpil BiJlOMO, ~o: 

1) none Tpaneay AA2BB2 6yAe: P = KK2 • AB (Ae KK2 

e cepeJ(HHK ~Loro Tpaneay). 

2) none T}larreay AA1BB1 TaKom 6yAe: S = KK1 • AB (Jle 
KK1 s cepeAJIHR ~horo T}larreay). 

ToMy BiAHOmeHH.R ~HX rroniB 6yAe: 

s 
p 

KR1 ...... (A). 
KK2 

8 BiAHomeHHHM MaJIOi nisoci AO BenHROi. 

AA1 + BB1 ·, KK
2 
= l

2 
= AA2 + BB'}; CnpaBAi: KK1 = l1 = -----

2 2 

AA1 + BB1 Y1 +Y2 
-TOMY 

KK2 l2 AA2 + BB2 y' + y" 
a.ne Ha niAcTaBi nonepeJ(HLOi TeopeMH MOffi0MO uanHC8TH nponop~iIO: 

Y1 Ys 
y' y" 

I a Hei OAepmaTH TaRy noxiAny: 

KK1 l1 
TaKHM 'IHHOM -- = -

KK2 l2 

JBB T}laneaiB (A) 6y){e: 
s 
p 

b 

a 

Y1 +Y2 
y' + y" 

b . 

y' b 
=- =-· 

Y1 a 

- , a 11epea Te BIJtHOmemm no
a 

b 

a 

Ta.KUM caMHM 11HHOM Mo>1ma AOBecTH, 11.\0 :ti uiAnomeBHH 
noniB np.RMOKY'fHHX ~ - iB: C1CD i tJ. C2CD s Ta.Rom pieae: 

Sn b 
- - (60 ~i TJ>HKYTHHRH MaIOTL cninLHY BHCOTY CD1 a 
pn a 
OCHOB&MH eel i CC2, ~o 6 p.RJllli T0110K enincu A KOJI& ai 

cniJILHOIO BiATHHKOBOIO OC). 
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IIpunycTiM AaJii, ~o rrpaBIIJILHHH MHOroKyrHHR, yeeAeHHI: 
HaMn: y npHRMeTHe ROJio, Mae 4n 6oKiR. ToAi noJie qsepTKH 

~Loro ROJI& MiCTHTHMe B co6i (n-1) TparreaiB (TaRHX, .RK 

Harrp. AA2BB2) i O;l{HH IIpHMORYTHHH TPHKYTHHR (Hanp. 0 2CD). 
:QHM TpaneaaM (i TJ>HRYTHHROBi) 3aBiKAH BiAIJOBiAaTHMe (n-1) 
T{>aneaie (TaRHX HK Harrp. AA1BB1) i O,I(HH TPHKYTHHR (Hanp. 
CC1D, ~o 6yJzyTL aaMKHeHi y BiAIIOBiAHiit qeeTpQi enincH). 

Mu eme AOBeJIH, ~o BiAHOmeHHH noJiie AOBiJILHO yanToi, 

a TOMY li ROmHoi napH, TaRHx T}laneaie (i TpHRyrHHKiB) a 
S a 

CTaJie, a caMe p = b , TOMY MomeMo HanHC&TH rrporropo;no: 

81 82 83 s" b . . . . . . -
P1 P2 Pa pn a 

a6o ( CKJiaAaIO'IH IIOXiAHY nporropQiIO): 

8 1 + 8 2 + 8:3 + S_1 •••••• + Sn b 
-

P1 +P2 +P3 +P4 •• •• •• +Pn a 

HuaRme 
n 

KamyqH: L s 
1 b 

-n a 

L p 

1 

ByAeMo noABOIOBaTH 'DfCJio 601iiB MHoroKyTHHR& AO 6ea-
n n 

M0lRHOCTH 1 TOl{i + 8 i + p 6y1{yTb IIpOCTJB&TH 1 HK 1{0 CB06i 

Mem1, nepma-Ao noJI.R "IBepTKH eJiirrc11, a ]JJ>yra.-}::(o rron11 

qeepTKH KOJia, a TOMJ: 
n 

Ls 
lim 1 b 

n ..•• oo n a 

LP 
1 

~6-To, B~HomeHHH DOJIH 11eepTKH enincH AO IIOJIH qeepTKR 

b 
rrpHKMeTHOro ROJI& pieue - a aei~QH MOH<Ha TB0PAHTH, ~o: 

a 
IlOJie eJiiDCH Bi):lHOCHTLCH AO npHKME\THOrO Kpyra., HK Mana 

aicL enuncH AO eeJIHKOi. 
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3 e.rreMeHTapHoi reOM0'I'pii HaM Bl~OMO, ~o IlOJie KOJI& 

(Kpyr): 

---
na2 a 

a 8BIAQH: 

Se= aab . . . . . . ( 130) 

~HM cnoco6011 MOmHa o6tJHCJIHTH it IlOJie KOH<HO i' ;n;osiJILHO 
B8HTOi, qacTHHH I10JIH eJiiIICH. 

Illo m TOpKaeTbCH ;n;o IIOJIH Bi;n;piaKy rHnep60JIH' TO ene
MeHTapHa MaTeMaT1-nm He ;r::r;as crroco6y ;r::t;JIH iioro o61IHCJieHHH. 

§ 87. AcBMilTOTH :runepfioJIH. 

I. PiBHaRH.H SCHMIITOT rHIIepfiom. 

II pH poarJIHAi Baa6MHoro noJiomeHHH rrpocToi ii rnnep

OOJIH, MH HaaBamr acHMIITOT&MH rimep6oJI.H TaKi npocTi, ~o 

nepeXO;D;HTb 1.1epea ~eHTp ii (1101.1aTOK oceii:) i ;D;OTHK3IOTbCH ;n;o 
b 

Hei Ha 6eaMeiKHOCTH, Ma101.111 Kyroenii aMiHHHK m = + 
tl 

Bepy1U1 Ha yeary Bci ~1 rrpHRMeTH acnMnTOT, ;n;yifm JierKo 

CKJiaCTM ix pieHaHWI, a caMe: 

1) RCHMIITOTJI rrepexo;n;HTb qepea II01IQTOK ocel:, a TOMY ix 

pieHaHHH Ma6 aara.JibHHH BIUJUI;D;: y = mx. 

b 
A To My ( acTa-2) KYTOBHii aMiHHIIK acHMIITOT: rn = ± 

a 

BHBmH ~IO eapTiCTb m), OAepmHMO TaKi piaHaHHH aCHMllTOT 

rm1ep60JIH a OCHMH 2a I 2b: 

b 
y = ± - x ...... (131) 

a 
a6o: 

ay =t= bx = 0 . . . . . . (132) 
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II. KpeCJieRH& acHMIITOT runepfionn. 

moo Ha:npeCJIHTH aCHMIITOTll rnnep60JIJI, ;r(OCHTb IlOBeCTH 

ROCHHJI npHMOKYTHHKa, a6y;r(oBaHoro ua OCHX rnnep6oJIJI, HRO 

Ba cepe~HHKax. 

,L(oBe;r(eMO ~e: eepllIKH QbOro npHMOKYTHHKa HaJieil\aTHMJTL 

p;o T0110K aCHMIITOT' 60 8H8 'IllHKH ix (a6COJIIOTHOIO Bem1111IHOIO) 

piBHi a niBOC.RMH ii 11epea Te aaJtOBOJlbHHIOTb Bi;tIIOBiJtHi pieHaH

H.R, l_QO JierKO nepeROHaTHCH aa:u11amro10 BCTaBKOIO (pnc. 160). 
'{ 

P~c.160. 

§ 88. AcBMDTOTH'llle pi.BuaHHa nmepoom. 

(PiBBBBBH runepfimm, BiAJicceuoi AO acBMDTOT ii, BK AO 
aoop~aTBux oceit). 

Puc. 161. 

HaABBHqaifHo npocTy «f>opMy Mae pieHaHH.fl mnep6oJIH, 

Bi)'.uieceHoi. AO acHMIITOT (ce6-To, ROJIH aa oci ROOpAHUS.T 

B8.flTO caMi acHMIITOTH). ~o ~boro 11acy MH yimRaJill ROpHCTYJJ&

TBC.fl CHCTeMOIO BHBHatmHX (ROOPAHH&THHX) oceit He np.RMOBO

DOJIO>KHHX (Ta.Rnx, IQO MS.IOTL Mim co6010 RYT -=I= 90°). Ane a 

orJJHJtY Ha npoCTOTY i apy11HicTL piBH8.HH.fl r.u11ep60JIH, Bi)t-
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HeCeHoi ;a;o ii aCHMilTOT, Mil B ~hOMY paai apo6HMO BHKJllOt{eHH.R 

i mmp11cTysMoca HOCORYTHOlO c11cTeM010 RoopAHHaT, CRJI&AeH010 
ia aCHMllTOT r11nep60JIH. 

Ha p11c. 161 oaHatinMo: 1) cTapi npHMOBi HoopAHHaTH 

qepea x' i y'' 2) HOBi, ~o TBOp.R.Th aCHMllTOTH, qepea x i y i 
3) Kyr, ~o aaMHKalOTh acHMllTOTH a Bicc10 X- iB - tiepea a. 
Kon11 Mn BiahMeMo HRYCh ;a;oeiJihHY TOtiRy M Ha. rnnep6oJii 
ai aHaqHHK&MH x', y' arJIHAHO cTapux ocei:t, i noBeAeMo qepea 

TOtJRY M npocTi, pieHo6imai AO acHMITTOT, To OAepamMo aHati

HHRH x i y ~isi TOtJRH M arJIH;D;HO HOBMX ocen. Teneph y Hae .. 

BHCTaptiHTh A&HHX, ~06 CKJiaCTH Baopn nepeXOAY Bi):( OftHOi 

c11cTeMH 1mop;J:(HHaT AO ;i::qlyroi, a caMe: noeiemH tiepea TOtJKY L 
npocTy, piBHo6imHy AO 0 X', i oaaatJHBmH tiepea P TO'qKy nepe

xpecT.R ~iei npocToi a npoAOBmeHHHM pHAHOi AM, o;a;epiKHMO 
~ LMP, a a Hhoro MaTHMeMo: 

MP= MLsn a, a6o y' +AP= ysn a, aJie AP 06qucJI106MO 

a f:::. OSL: AP= LS= OLsn a= xsn a, TOMy: y' + xsn a= ysn a, 

a aBi;a;~1: y' = (y-x)sn a. . . . ( 1) 

TaK caMo x' = OA =OS+ LP, aJie (a A-. OSL): OS= xcs a, 
a (a f:::. LMP):LP=ycsa, Toey: 

x'=(y+x)cstY. ...... (2). 

Tenep nOAHBHMOCH, HRHii BMrJI.R.ft MaTHMe pieHaHHH runep-

6oJIH (BBHTe ~O-AO CTapHX oceii): b2 x' 2 - a2 y'2 = a2 b2 ' ROJIH 

nepeTBOpHTH iioro AO HOBMX l\OOPAMHaTHHX oceii. 
~JIH ~horo BCTaBJIH6MO B Harne piBHaHHH BapTOCTH x' 

Ta y' o6tJHcJieui, BaopaMH nepexoAy ( 1) i ( 2) i M~SMO: 

b2 (y + x) 2 cs2 a-a2 (y-x) sn2 a= a 2 b1 

a6o 

b2 y2 cs2 a + b2 x2 cs2 a+ 2b2 xycs2 a- a 2 y2 sn2 a-a2 x2 sn2 a+ 
+ 2a2 xysn2 a = a2 b2 

8Bi~H: 

x2(b2 cs2 a-a2 sn2 a) +y2 {b2 cs2 a-a2 sn2 a) + 
+ 2xy (b2 cs2 a + a2 sn2 a) = a2 b2 • • • • • • {A) 

061UICJIBMO Tenep BapTOCTH MHOrO'IJieHiB y ;r:lyiKRax. 

MH BHasMo, ~o KYTOBJdi aMiHHHK acHMilTOT ~o-;a;o cTa-
b sna 

pHx oceil e: m = aJie m = t,g a= --, a TOMY bes a= asn a. 
a csa 
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1) b2 cs2 a- a2 sn2 a= 0. 

2) b2 cs2 a + a2 sn2 a = 2b2 cs2 a = 2a2sn2 a. 

BcTae11eIIIH B Harne pieHaHH.H (A) no qepai BapTOCTH 

1) i 2), MaTHMCMO: 1) ~2.0 + y2.0 + 4xyb2 cs2 a= a2 b2;2) x 2.0 + 
+y.0+4xya2 sn2 a=a2 b2 ; ~o Aa6 HaM pieHaHHFI: 

4xycs2 a= a2 

4xysn2 a = b2• 

~06 BHKJIIOlfilTH RYT a, CRJia)l;a6MO QI ]];Ba prnHaHHH fl 

O)l;epmy6MO: 4xy = a2 + b2 

A 3B~~H: 

a2 + b2 
=-= 

4 
xy= 

e2 a2s2 

4 
=Const .. . (131) 

4 

Qe :It 6 pieHaHH.fl rHrrep60Jm:, BIAHOOeHe ;r(O aCHMIITOT n' 
HKO BH3H&'IHHX ocefi. 

B H B Ha 11 e H Ha. ~Bi runeptiOJIH ~o M&IOTL cniJILHi &CBll• 
IITOTH, BJie IlOJIOZeHi B piamHX syrax Mim HHMH, BB}'TLCJI 
BJQ)ymeHBMH (pHc. 162). 

KoJIH HannmeMo acaMnT0Tn11ae pia
HaHHH ;r(aHoi rnrrep6om1 TaR: 

xy = k1 • • • • . • (132) 

TO pieHaHHH aJq>ymeHol a Hero rnnep-

6oJIH 6y~e: 

xy = - k 2 • • • • • • (133) 

§ 89. ~e-mci BJiaCTHBOCTll aCBMilTOT mnepOOJIH. 

I. 

Ilmie pieuooiacunKa stiyAoBaHoro Ha acHMDTOTax. 

KoJIH qepea RKY aeGyAb TO'IKY M runep6o.rrH noaecTH npocTi piuao-
6imai AO acHMDTOT, To pin1106imHHK M KOL (puc. 162-a), aaMKHeHHI: ~HMH 
piBH06imHHMH it aCHMDTOTaMH ~ Mae Haasy piBHOOiZHHK8 a6yAOB8HOrO 
ua acmmToTax npu To~i M. 
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,I( o B e }:'( e M o, ~o: 

Komuuit pieuofiimHBK a6y~osaullii ua acHMnToTax r•nep
oom Mae CTWie noJie pieue a niea~ofiyrEo:u nieoeeii, caMol 
runepfioJIH. 

nb 
SMKOL = 2. 

Pnc. 162-a. 

B nonepeAHbOMY § MH AOBeJIH 1..1w; 

4xy cs2 a= a 2 

4xy sn~>a = b2 

}:'(e x i y 6 auaqHHKH Toq1m 111 ~O-AO aCHMUTOT, mm IWOpJJ;HHaTHRX 

oceit, ce6-TO x = K1l1 = OL, a y =ML= OH. 

BaHBIIIH BAo6yToK o6ox qacTHH QHX pieHaHb MaTHMeMo: 

16J.·2 y2 sn2 a cs2 a = a2 b2, aoo: 

A BBiAUH; 

4xysn a cs a= ab, 

2rysn 2 a= ab, a6o 

rzb 
xysn2x= --

2. 

AJie a}:'(o6yroK xy sn 2a HeaaJieHrno nip; BeJIHlfHHH x i y G uone11 

pieao6imHHKa a6yAOBaHoro Ha aCHMDTOTaX npH Toqqi M' a TOMy: 

ab 
SMKOL = -

2 
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~e6 MH He 6pa1m TO'IHY .M ua mnep60J1i, aaemAU npu:lip;eMo ~o 
DRCJii}zy: 

ab 
SMROL = 2' 

A TOMY MOiKBO TBepAHTH, mo IIOJle RKOro6 He 6yno pieuo6immma, 
s6yp;oeauoro ua acHMDTOTax, Mae CTany eapTiCTL, pieuy a nieap;o6yTKOM 
niuoce:n rHIIep6onu. 

II. 

Bi~KB KOZHol ci1111oi mnep6m1u, BaMKHelli Mim ac11MIITo
TaM11 i CaMOIO KpDBOIO' e piBBi MiZ co6oro. 

Xa:it npocTa L (puc. 162-a) nepeTHHaG mnep60J1y B TO'IKa:x C i D, 
a ii acBMDTOTH e TO'IKax A i B. 

Oaua11HMO pieHaHHR l.liGi npocToi L : y = mx + n. 

Tolti, ~06 aua:ATB aaa'IHHKH TO'IOK C i D, nepexpecTR npocToi a 
runep60JIOJO, Tpe6a pOBBR8aTH CHCTeMy piBHaHb: 

y = m:r + n 
x2 y2 

i ----=1. 
a:l b2 

B § 83 MH op;epmaa:u p08BR8Kll ~iei CHCTeMH a ca Me: 

i Yo= 
y1 + y 2 b2 n 

2 - b2-aim2 • 

TaKHM 'IHBOM MH euaHa'IHJJH BHa1:rnHKH TO'IRH E cepe~uu ci'IBOi. 

3uaR:p;eMo Tenep aHaqmnm TO'IOH ..4 i B nepexpeCTR npocToi L a 
aCBMDTOT3MH. 

b 
PinuauBR acHMDTOT: y = ' - , a TOMY poaeaaaewu cucTeM11: 

a 

op;ep~BMO: 

.7'1 = 

Y1 = 

y=mx+n 

b 
i y=±-x, 

a 

an 
.r2 -

b-am 

bn 

b-am Y2 = 

an 

b+am 

bn 

b+am 
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3ai~H, aaa'IHBKH cepemrnH AB 6y~&: 

Xl +x2 = _!__ ( 
an an )= a2mn 

I 
XO= 

2 2 b-am b+am b2-a2m2 

, Yt +Y2 = ! ( bn bn )= b2n 
Yo= 

2 b-am + b+am b2 -a"lm2 • 

IlopiomoroqH aHa11HHKH x0 i y0 cepe;:i;HHH ci1moi CD ia aaaqaHKaMH 
x' 0 i y' 0 cepe,n;uau AB, MH nepeKoaysMOCR, ~o n;i BiATHHKH MaIOTL cn;iJILHY 
cepe,n;uey, a ToMy: 

AE=EB 
DE=EC 

Bi,n;niqyro'IH n;i pineoCTH noqneHHO, MasMo: 

AE-DE =EB-EC, a6o: 

AD= BC. 

MH 6panu AOBiJILHO nonomeHy npocTy L, a TOMY MO>RHO TBepAHTH, 
11\0 ,n;oae,n;eHa BJiaCTHBiCTL eanemBTb AO KO>RHOl Ci'IHOi r1mep60JIH. 

BHCHOBOI\: 

Bi~HHOK Koamoi AOTH11noi AO rnnepfimm, aammenni Mis 
ii acHMIITOTSMH, nepenmrnennioeTLcJI TO'IKOIO AOTHKY. 

Cnpaa;a;i: 
,I(OTHqHy MOil\HO poarnR,n;aTn: Rn M0iKOBe IIOJIO>ReHHR ciqaoi npu 

piBH06imHOMY nocyaaHHIO ii'., TaK 11.(00 TOqf\ff nepeciqy Ha6JIHil\aJIHCR. 
RonH AOBe;a;eHa HaMH anacT11nicTL HaneawT& AO KOmHoi ciqaoi'. 

r1mep6om1, TO BOHa aanemaTHMeTbCH it TO,n;i, KOJIH TOqKH c i D aimUI
IOTLCR. Ane a n;LoMy DHDaAKY ciqaa CD cTas AOTnqaoro, a BiATHHKII 
ciqaoi aaMKHeni MiiR runep60JIOIO tt aCHMDTOTar.m CTalOTL BiATIOBiAHiMH 

npoMiHRMH AOTH'IHOi 8 o6ox 6oKiB ToqKH AOTllny, a TOMY MOii\HO ~BepARTH, 
~o Bi,Il;THHOK J];OTH'IHOl aaMKHeHHtt Mia\ aCHMilTOTaMH nepeIIOJIOBHHIOSTLCR 
TOlil\OIO ,Il;OTHKY. 

III. 
TpHK)'THHKH a6yAoBani Ha acnMnToTax runepoonu. 

Ronu qepea RKY He6yAL TOtJKY M runep6onH (pHc. 162-b) noaecTH ;a;o
THqay ;a;o KpHBoi TO TpDRyrHBK AOB, aal\rnaeauR: n;isro ,n;oTeqaoro i 

aCHMilTOTaMH, Ma6 Haaay TPHKJTHHKB, aornoeanoro HS SCllMII
TOTaX rnnepfiom npu T011D;i M. 

,I( OBe}l;eMO' ~o: 

Ilone TpBBfTHBK8, afirnoeanoro Ha 8CHMllTOT3X e BeJll11111HOIO 
CTaJIOIO AJUI ecix T0110K runepfimm piBHOIO is SAOfiyrKOM nieo 
CeH 0, re6-TO: 

SABO= ab. 

BiaLMi.M aa oci Koop1(HeaT rmiep6oJIB ii acHMnTOTH. To;:i;i aaatteHKH 

TOllKH M (x1,1/1) oy,n;yrrL: 
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A:ie, RH ;a;oBe)J;eBo, Totrna M nepenononee10s µ;oTnqey AB, a TOMY 
K J.lf. i LM e cepe;a;anHaMH ~ A 0 B, ce6-To TO'IHa K e cepe;a;euoJO 0 B, 
a TO'lKa L - cepe1UfHOIO 064. 

OT.me: 

Pim. 262-b. 

UB = 20K = 2y1 
OA = 20L = 2x1 

i none TpHHYTHHHa AOB 6y;ne: 
OA. OB sn2a 

SAOB = 2 
Mu ;a;osenu (TeopeMa I), ~o BJJ;o6yroH -r1 y1 sn2 a, aeaanemao si~ 

sapTOCTeit Xi i Y1, 6 piBHllA: a niBa;a;o6yrKOM niBoceil runep60JIB, a TOMy: 
ab 

SAoB=2. - =ab. 
i 

§ 90. Pi.Buofiima mnep6oJia. 
PiBH06iqu010 rHUep60J1010 6y~eMo aeaTH TaRY, ~o Mas 

o6H~Bi CBOi oci O]:(HalmBi. 
PieH&HH.R H JierKo o~epmaTu, KOJIH eeamaTH a= b, T01(it 

x2 y2 
a2 - a2 = ± 1. 

3BiA~ piBH&HH.R a~pymeHDX piBHo6i1IHHX ru11ep60JI 6y):(e: 

x2-yt = ± a2 • •••.• (134) 

RoJIH Blij)ymeHi piBHo6iqHi rHnep6oJIH ei1t11eceHi 1(0 acHlrl• 

DTOT, TO ix piBHamm 6YAe: 
a2 +at al 

XY. = ± 4 = ± 2 ...... (135) 

PoarJIHHeMo 1(0-JIRi BJIBCTHBOCTH piBHo6iquoi mrrep6onut 

1) AcBIDITOTH pinuo6i'IBBI rBIIepooa neae11uo npSMoei. 



303 

b 
HyToBHii aMiHHHH acHMnToT Gm = ± - ; HOJIIUK AJUI pinHo6iq-

a 
HO i rHrrep6oJIH b = a, TO HYTOBH:ti aMiHHH.K ii acHMHTOT 6yAe 

m = ± 1, a Qe, Ha rriACTaBi yMoBH np.RMOBOCTH ABOX rrpocTHX 

IIOHaayG, ~o plBHaHH.R 3.cHMilTOT y = x i y = -x 6 piBHaHH:i 

npoCTHX, rrp.RMOBHX OAHa AO OAHOi. 

2) 11BCJIOBBI eKC~eBTpBCHTeT piBHOfii1111oi rHHepOOJIB BBB

ZAH piBBBii VT. 
CrrpaBAi: 

V a2 + b'l. 
q.HCJIOBHit e1<0~eHTpHCHTeT nOiRHOi r1111ep60JIH e = ' 

a2 

a2 + b2 
a6o e2 = . B pieuo6iqHiii rHrrep6oJii a= b, a TOMY 

a2 
a2 + a2 

e2 = = 2. a2 

Bn p au n. 

11- 286. 06ttuCJiumu ei8munKu ni88omuttHOi, ni8npsMoaoi, 
OOmU'lHoi ma npRMOBOi, noee8eHUX 80: 

1) e.n,incu: 4x2 + 25y2 = 100 B mOttl.fi ( 4,11
/ 6); 

2) eunep6o.n,u: 4x2 -9y2 = 1 B mottl.fi (9,y > O); 

3) e.aincu: 16x2 + 25y2 = 400 B mottqi ( 4,y > 0). 

11 - 286. H anucamu pienanns u o6ttuc.n,umu 8oB:HCuny none
pettnu'Jea, a8py:>1eenoeo: 1) a Tn,R,mueoHJ e.n,incu 16x2 + 25y2 = 400, 
1'0AU lf" msimuea .Mae J\YmOBUU aMiHHU1' m = 5 

/, ; 2) 3 Tn,R,mUBOIO 
2une60.n,u 5z2 + 9y2 = 180 , UIO Mae K'gmoeuu aMinnu1' m =-'/a; 

zZ ys 
3) a mAmueoHJ 5x-8y+25=0 e.1tincu 

36 
+ 

25 
= 1; 4) a 

msunueoKJ y = 2x + 1 1'pueoi 4x2 + 9y2 = 36; 5) a m,J1,mueo10 
.. x2 y2 

y= 15/ 8 z- 11/ 2 'ICpueoi - - -- = 1. 
4 9 
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q - 287. H anucamu pUJHaHHR m.R,muBu: 1) e.aincu: x2 + 
+ 4y2 = 36, UfO nepeno.aoeumoembcJi 8 mo11q,i (4,2); 2) eunep-

x2 y2 
60.au: 4 - g = 1, UIO nepeno.aoeumoembcs mott~o10 (3,2). 

q-288. Kopucmy101tUCb B.tiacmueicm10 aapy:Heenux none
pettHU1tUJ, 11,anucamzt piBHaHHJI, 8omU'lHOi: 

J) 80 ~pUBOi: 3x2 + 4y2 = 300, ~OAU Zf-.11 8omU"lHa e pi8H0-
6i:Hc11,010 ao npocnwi y = 3/2 x - 20; 

x2 y2 
2) ao 'l'pueoi: 36 - 81 = 1, -,;o.au l{-JI, aomzt'tlla e pie11,06i:»CH010 

oo npocmoi: 45x + 4y = 180. 

q _ 289. 0611ztC.1tumu no.ae e.aincu, Ko.au ei8o.Mi: 1) a= 8; 
e = 3/ 4; 2) p=3; e=4; 3) pie11,a11,11,J1, e.aincu: 4x2 +9y2 =36; 
4) pieHaHHJi e.aincu: 4x2 + 9y2 - 8x- 36y + 4 = 0. 

q 290 H 
. . Vs 

- • anucamu pieuaHHJi e.aincu, UIO .Mae: e = 3 . 
S =-6n. 

q _ 291. 061luc.aum.u no.ae eiapia~ie, 06.Me:»cenux: 1) ayeo10 
e.aincu: 9x2 + 16y2 = 144 ma ii napa.Mempo.M; 2) ayeo10 e.aincu: 
x2 y2 

36 
+ 

25 
= I i npocmo10 x = 4. 

q-292. Hanucamu pt8ua11,uJ1 acu.Mnmom, a maKo:»c 06-
ttuc.aumu h7Jm .M~ HU.Mu i no/le mpu1t!Jm11,u1;a, 06.Me:»ceuoeo 
acU.MnmomaMU 1, 8omU1tH010 8 mO"llfi (JO,y) 80 erl_nep60.AU 

x2 y2 
----= l. 
25 16 

q _ 293. Hanucamu piBHaHH.11 aomuttuux, noeeaenux a 
mo"lJW (3/ 2 , 3/ J ao eunep6o.au: x 2 -y2 = 1 i o6'lue.tiumu ix 
·OO(J;)ICUHY. 

q-294. Hanucamu pteHaHHJi acuMnmom eunep6o,;iu i 
caMOi eunep6o.au ae.aJi8Ho acu.Mnmom, -,;o.n,u 1) e = 10; a = 5; 
.2) e = 10, b = 4. 
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§ 91. KpHBi AJ)yroro c~yniJu1, aK nepepiau cTimsouoi 
noBepmi. 

3 reoMeT}lii HaM BiAOMO, ~o KOJIH B8HTH eic& p i 
npocTy L, m;o rrepexpenzya AaHy Bic& rri.A HKHMOC& HyroM a, 
TO npH o6epTamno n;iei IIpOCTOi oqepKHYTbCH CTiHmoei IIO
BepxHi, m;o MaTHMyrL cniJILHHit eepmoK y nepexpecTIO Tsopqo 1 

npocToi a eiccro. PoarJIHHeMo Bci MOH\JIHBi rrepepiaH cTimKosoi 
noeepxHi IIJIO~ero. 

IlpnnycTiM, m;o HKacL npocTa L, nepeTHHaa B TOtJrd S sic& P 
nm KYTOM oc i o6ePTa8TbCH HaBKOJIO n;iai oci. ToAi MH OA0PiRY6MO 
CTimoK a eepmKOM S. 

Xait roJIOBHHit ocLOBHii nepepia n;Loro cTiama 6y1le IIJIOII(& 

pucyHKy. 
IloBeAeMo Tenep HKYCL nno~y Q rriA KY'fOM P AO oci P 

(Ha pucyHKy 163a B8.RTO ii rrpHMOBO AO Harnoro OCbOBOro nepa.. 
piay) i n;uM OAepmHMO HKYCL KpHBY BAG, m;o 6yAe rroTpi6HHM 

H&M nepepiaoM CTDKKOBOi IIOBepxHi. 
BiaLMiM Ha n;itt KpHBiA .RKJCL Tollliy K, i rroeeAeMo qepea 

He I 1lPyrHit nepepia, npHMOBHi ~o oci P. IJ;eii nepepia aaBmJtH 

Hype auaniTHqHo1 reoMeTpii. IeaHeB1:<0 20. 
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6yf\e ROJIOM a ~eHTpoM 0 Ha oci p, 60 CTliKOR 6 o6opoTo
BHM TiJIOM. 

BiATHHOR RK, nepexpecTH DJIOIQ Jl1N i Q, np.RMOBHX AO 
nJioIQi uamoro ocLoeoro nepepiay D1SD, 6yAe Dp.RMOM ~o BiA
THHKY RA , mo .rreiKllTL B DJIOIQi ~boro nepepiay. 

ToMy, BiaLMeMo T011KY A (nepexpecTH KpHBOi a TBop
"'IOIO SD) aa no"'laToR Biceit, BmT:uuoR AR aa Bic:& X-iB, a 
DpHM AO AR, nocTaBJieHHit B To~i A, aa BicL Y- iB. Tof\i 
aHa"'IHHKH TOllliH J( KpHBOi 6yAyrL: x =AR, a y = RK. 

Jno6 HallllC&TH piBHaHHH caMOi RpHBOi' MH MYCHMO cf»yHR
~iOH&JILHO BBHaaTH ~i BHatIHHKH x i y i qepea Te posrJIHHl>MO 

ROJIO MKN; B HbOMY RK s npHMOM, CDYIQeHHM a T011RH K 
o6BOAJ Ha nonepequHR, a TOMY Ha ocHoei reoMeirpHqHHx BJia

OTBBOCTeii ROJia, ~eit Dp.RM 6 cepeAHiM reoMe1'pH11HHM Bip:rHHRiB 
:loro nonepe'DUIRa, ce6-To: 

RK2 =RN. RM, a6o 

y 2 = RN . RAJ . . . . . . (I) 

3 ~ RAN, aa reopeMoIO cmrycrn, MasMo: 

RN 

AR 

snRAN 

sn ANR ' 

&Jie: AR= x, <;.RAN= r:J.. + fJ (mw aoeuinmiii y b. -y SAT) 
n 

1 ~ ANR = - - oc (a~ -a OSN); 
2 

TOllJ: RN sn (oc + fJ) 
-------

x cs rx 

a6o: sn( oc + fJ) 
RN = x ...... (a). 

cs (J. 

~a.ni, RM=MN-RN (6), 

MN 
ane, a ts. OSN MasMo: ON= - SN sn rx, a6o MN = 

2 

= 28N sna.. Ae SN =BA+ AN= d +AN. 
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AN nerno o6qucJIHTH a ~ ARN aa Teopeumo cHHyciB, 

AN snARN 
-------
AR snANR 

a6o: AN C8 fJ 
-

x CS<:I.. 

(60, Be~qu npoccy RUljP, MH OAepmHMO ~ AKU= {J, 

~ARN= ~ -P). 

3B~H: ,4N = 
cs fJ 

x, 
CS<:I.. 

a TOMy: 
cs fJ 

SN= d+ x. 
C8<:1.. 

Ta1nm 11HHOM MN 6yAe MaTH eapTicTL: 

2sn r.x cs fJ 
MN = 2dsn r.t. + x . . . . . . (B). 

CS<:I.. 

a 

Tenep, BCT&BJIHI01lll eapTOCTH (a) i (B) y piBHiCTL (6), 
ll&THMeMo: 

2sn r.x cs {J-sn( r.x + {J) 
RM = 2dsn r.x + x. 

CSr.t. 

Poarop11y1um1 sn(r.x + {J) i apo61rnmu cnpo~eHHH, M&TH
MeMo OCT3TOtIHO: 

sn(t:1..-{J) 
RM= 2dsn(f.. + x ...... (A). 

C8r.t. 

HapemTi, BCTaBJJHJOtJH eapTOCTH (a) i (A) y piBHicTL (I), 
OAepmyeMO: 

2dsn (!. sn(r.x + {J) sn(r.x+ {J)sn(r.x- {J) 
2 y2 = x + x' 

cs r.t. C82 r.t. 

a6o, oaHa11a101U1: 

dsn<:1.. sn(t:1.. + {J) sn(r.1.+fJ)sn(t:1..-{J) 
------ = p I ------- = q, 

cs a. cs2 t:1.. 
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M&THMeMo: 
y2 = 2px + qz2 •••••• (II). 

A ~e, HK H&M eiAoMo, e eepmsoeHM pieaa&RRM spaeoi 
;1Qyroro CTyniua (en in cu, napa6oJIH, a6o rHnep6onH). 

II poaaaniayitMo ea pTicTL q. 

1) 3aaMe&areJih ii 6 aaBiRAH AOAaTHbOIO aeJIH 11HHOIO ( HKO 

KB&m>aT C8 ex) • 

. n n 
2) ~ ex - aaBiR,IUI Memnitt HliR 2' 60 KOJIH6 ex = 2' TO 

y BHCJiiAi o6epTaHHH MaJIH6 He CTimoK, a nnonzy, i ~ /3-T&Kom 
n 

aeamasMo He 6iJ1LmHM aa 2 ; TOMY a + {J < Ji i sn( ex + f3) > 0. 

TaKHM 1IHHOM xapaKTep BapTOCTH q aanemuTL JIHme em 
B&pTOCTH sn(ex-{3). 

a6o: 

0Tme' KOJIH 1) fJ > ex, TO sn(a.-{3) <O i q < 0. 

Ilepepia e eJiiuca; 

2) fJ < ex, TO sn(r:1.-{J) > 0 1 q > 0. 

Ilepepia 6 rHDepfim1a; 

1 3) /J=cx, TO sn(ex-{J)=O 1 q= 0. 

Ilepepia e uapafim1a. 

n 
~&Jii, 6epy1111 /J = 2 , MB 1186MO: 

dsnocsn ( ; +CL) 

1) p = = dsna. 
C8a. 

an ( CL + ; ) . sn ( CL - ; ) 

2) q = = -1. 
C82ot 

ToMy piBH&HHH (II) M&THMeMo BHrJIH~: 

y 2 = 2dxsn ex-x2, 

z2 + y2-2dxsnex = 0. 
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~e, .RH 6a11HMO, 6 BepillKOBe piBH8BB8 KOJia a ~eHT}lOM 

Ba oci X- ie y TOtU.\i 0 1(d sn r1., 0). 
Tipn d = 0 (nepepia nepeXOAffTb qepea TOllRY 8) MaeMo: 

z2 + y2 = 0, 
~o BH8HalJa6 TOlll\Y. 

PoarJI.HHhMO aapaaoM i Ti nepepiaH, ~o nepeXOAJITh qepea 

TOlJHY 8-BepmoK CTiarna. 

B I.\LOMY paai d = 0, a TOMY: 

dsnr1.sn((1. + {J) 
-0 

CSrJ. 

i piBBaHB.R (II) MaG BBrmI~: 

a6o: (III) 

MH aHaeMo, ~o, HOJIH fJ > r1., TO q < o, a TOMY yq- 6 

JHBHa neJIHtJHHa ii piBBaHH.R y = ± yq. x He y.nBJI.HIOTh man
Hoi l'eOMeTpHlJHOi JiiHiimoi B0JIBlJHHH [HK ~oBe~eHO nepeA THM ~e e 

T011Ra - caM BepmoR S, (pHc. 163-b, o6paa a]. 

L 

I 

' ' 

Konu fJ <ex, TO q > o i piBHaHH.H: 

y = yq.x 
Y = -Vq.x 

BBBH&1J310TL ABi npoCTHX (TBOpllBX) CTimKa (puc. 163B, o6paa 6). 
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KoJIHm p = oc, To q = o, a 11epea Te pisH&HHH (I I I) 
o6epT3IOTLCR B: 

I BHBHa11ae o;n;ey npocTy' TBopqy CTimKa (pHC. 163-b o6paa B). 

Bci BHCJIOBJieui Hal\rn: MipKysaHHH npneo;n;HTh ;n;o uaccyn
HHX TBep;n;meHb: 

Plt1c.163. 

1) KomHHii rrepepia cTimKa, rrp.aMOBHii: 
;a;o oci, e BOJIO (pHc. 163, rrepepia a). Be
JUI1IHHa KOJia aaJieiKHTb ei;a; ui;n;;n;an:eHHH 
rrepepiay ei;a; eepnmaS cTiilrna. Jiyq R KOJia, 
11olll1Ha1011H ui;a; HYJIH (rrepepia rrepexOAUTL 
11epea BepmoK) apocTae ;n;o 6eaMemuocTH ~ 

2) KomHH:ii: rrepepia oTimKa, uaxuJie
HHit ;a;o oci lioro rri;a; KyroM, 6i.JILIIlHM OA 
TBop11oro KyTa a, ce6-To, KOJIH: {3 >a, e eJiiuea. 
Oci eJimcn B aaJiemaocTH si;a; BiMaJieHHH rre
pepiay ei;a; sepmKa S TaKom apocTalOTb 
Bi;n; HYJIH ;a;o co (P11c. 163, nepepia o). 
RoJio e JIHme 11acTKOBHii BHna;a;oK eJiirrcu, 
ROJIH uax:e:JI oci crimKa ;a;o nepepiay e 90°. 

3) KOIBHHH rrepepia CTiilrna, piBH0-
6immdl ;n;o lioro TBop11oi, e uapaoona 
(p1rn. 163, rrepepia s). 

Qeii nepepia nepexoAHTh y rrpocTy, 
KOJIH rrJio~a nepepiay rrepexo;n;HTb qepea 

sepmoK CTimKa if npHCTae ;a;o TBopqoi (;D;OTHKaSTLCH noeepxHi 
CTimKa). 

4) KOHmHii nepepia cTimKa, HaXHJieHHii ;n;o oci ttoro ni,IJ; 
KJTOM {3 < a - e rimep6m1a. RoJIH ~eil nepepia nepexo;n;HTb 
qepea uepmoR S, TO nepeTsop106TbCH y ABi npocTi, nepe
xpecui B T011D;i S. 

3si;a;n;H 6a11HM0, ~o, 
4 

sci poarJIHHeHi uaMH, reoMerrpuqui 
o6paa:e: (He. BlIRJII01IaIO"IH, HaBiTL, TO"IKH it IIpOCTOl) 6 si;n;nosm
HHMH nepepiaaMH cTiJRRa. 

Ilpo Te, ~o Kpusi: HOJIO, eJiinca, r&11ep60Jia tt napa6oJia 6 cTim

KOBHMH nepepiaaMu :mam1 ~e B ;a;anaitt rpe~ii. "B>Re nepeA 2 50' pOKO~ 
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AO P .-Xp. rpeIU»KHA eqeHHit Am.lJIOHiA a IlepraMy .a;oso,a;HB aa .a;onoMoroio 
JIHme reoMeTpii'., ~o 1wmaa i3 ara,a;aaHx KpHBHX e nepepiaoM cT.llRKa 

DJIOII\elO, 
ToMy He Gy.a;e aaABHM no,a;aTn qHcTo reoMeTpHqai ,a;oBOAH ~Loro 

TBep.a;meHHR. 

I) IlpHIIYCTiM, m;o Ma6MO cTi>KoK, oqepKHYTHI npocTolO SA, ~o· 

o6epTa6TLCR Kpyr AaHoi oci SL (pnc. 1631). 
Iloue,u;iM UJIO~Y p TaK, m;o6 BOHa nepeTHHaJia BCi TBopqi CTi>KKa. 

Xa.A Kpuua MKN 6y.a;e Ta aaM1rneaa, noKH-11\0 aeBiAOMa, Kpnea, RKY Mil 
Ma6MO BH3HaqHTH. 

Bee,a;eMO Tenep y CTi>KoK Ani 
Kyni: OAHY aropH, m;oo AOTHKaJiaCR 
noeepxai cTimKa i DJIOII\i .a;aaoro 
nepepiay, a.a;pyry aH11ay, TaK caMo, 
m;o6 AOTHKaJiaCR uoeepxHi CTi>KKa i 
nnom;i Torom uepepi3y. U:i KyJii 6y
JzyTL MaTR ~eHTpH Ha oci CThKKa A 
AOTHKaTHMYTLCR noeepxni CTi>KKa 
na.a;oem o6eo.a;ie KOJI U U 1 i V V 1 

3a uno~y pucynuy MH 6epeMo 
ocLOBHA nepepia CTiarna, m;o nepe
xoJJ;HTL qepea F 1 i F 2 - TOqKH 
,a;oTuKy KYJIL AO .a;anoi uJIOII\i P. 

XaA K s AOBiJILHa TO"IKa Ha 
KpHBiA uepepiay Jll KN, a SD- s 
TBop11a cTimKa, m;o nepexo,a;uTL qe

pea ~10 ToqKy K. 
CnonyquMo TO"IKY K a TO"IKa 

MH JJ:OTHKY F 1 i F 2 i MaTHMeMo: 

1) KF1 =KC i 2) KF2 =KD 

(RKO AOTHqHi, noBeAeHi ia 808-

HiWHLOi TOqKH K AO KYJIL, B 

I 

L' RK.163! 
nepmoMy eHnaAKY p;o Kyni 0 1, a y ,u;pyroMy - .a;o Kyni O)~ 

TaKHM tfRHOM: 

KF1 +KF2=KC+KD= en. 

A 

Ane BiJJ:TllHnH ecix TBOP"IHX cTi>KKa, aaMKHeHi Mim HoJiaMH AOl'nKy 
AaHHX KYJIL ,u;o noeepxui cTh1rna, a paaoM i CD, s piaai Mi>K co6010, 
a ·roMy, .a;e6 ua Hpuniit uepepiay MR ae earrn.116 ToqHy K, aamKAB · icay-

BaT11Me piBHiCTb: 
KF1 +KF2 =CD, 

a6o: r 1 + r 2 = 2a 

(11:e MH aa&1iHRJIH KF
1 

- qepea r1, KF2 - qepea r2 i CD - qepea ~a). 
0Tme, KpHBa ,a;auoro nepepi3y cTiarna e reoMeTpH'lHHM ocepe,a;KOM To110K, 
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~o cyMn ix BiManeB& eiA ABOX aar~auex ToqoH F 1 i F 2 e BeJiuquaa 
CTaJia. 

TaHHD ocepe;a;oK ToqoK, RH uaM ai;a;oMo, aBeTLCR eJiincoro. 

II) IlpHnycTiM Teoep, JJ..\O DJIOJJ..\a P nepeTnHaG o6HABi noBcpxui 
~asoro cTimKa, cTeopeHoro o6opoToM npocToi A1 A Kpyr oci L (puc. 1632). 

Bee;a;eMo, RH i nonepe,n.ue, ABi Hyni, ;a;oTKqui ;a;o noeepxui cTiama 
BBAOBm o6so;a;ie HOJI UU 1 i V V 1 i ;a;ornqai ;a;o nno~i P e Toq1mx F 1 i F 2• 

HoJIH eaRTH aa Hpueitt nepepiay cTimKa nnomero P, RHYCL TOllKY K 
i cnonyqeTH ii a To1maMH F 1 i F 2, a TaKom nouecTH qepea Hei TBopqy 
KDC, TO Ma1·BMeMo: 

(.Rl<O AOTHqai, noeeAeHi ia aoeBimHLOi TOqHH AO HyJl'b, B nepmoMy BBU~:Ky
AO Hyni 0, a y ;a;pyroMy - ;a;o Hyni 0 1). 

KF1 -KF2 = KC-KD =DC. 

3 orJIRAY Ha Te, ll\O BiATBHHH ecix TBopqux CTiHrnax aaMKHeHi 
MiiK KOJiaMH AOTHKY ;a;aHHX KYJib AO noeepxai cTimHa, a paaoM i DC 
G piBBi Mim co6010. TO' ;a;e6 MH Be B3RJIHO Ha KpHBHi nepepiay TOqKy K J 

aasm;a;u icuyuaTHMe ;a;oee;a;eHa pieuicTL. 
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[ AuaJI&orH11ei BHeonu MaTHMeMo, eaRemu RHY 6yA& ToqKy Q Ha 
npyrHt ranyai Kpneoi nepepiay ] . 

TaHHM 'IHHOM: 

aoo: 

KF1-KF2 =DC, 

r1-r2 =2a 

(11.e MH aaMiHRJIH KF1 - ttepea. r1 , KF2 - ttepea r 2 i DC-qepea 2a). 

IJ;e noKaaya, mo KpHBa Aauoro nepepiay s reoMeTpH11BHM ocepeAKOM 
T0110K, ~o pimeHJ:~R ix BiMaJieHh em ooox aara):taBHX T0110K F 1 i F 2 e 
eenHqHHa cTana. 

TaKHA ocepenoK To110K, RK HaM einoMo, aeer&ca ranepfioaoio. 

Ill) IIpHnycTh1 me, ~o naea nno~a P 6 piBuo6imua no RKoi ue6ynb 
TBOpttoi CTinma, CTBopeeoro o6epTaHHRM npocToi AS Hpyr oci LS i ue
penrnaa Jrnme 011.uy a .Aoro noeepxeu& (pHc. 1633). 

BeAeMo, TaKHM 11HHOM RH i paeirn, HYJIJO 0, AOTHttBy no noBepxui 
CTimHa eanoem o6eony 1<0J1a UU1 mo ;iem11Th e m1o~i Q, i ,u;ornttuy no 

nnouti nepepiay P B To11ui F. 

HoJiu B3RTH ua Kp1rniA nepepiay KJ1H RKY oy,u;L TO'IKY K i cno· 
JIY11HTH ii a T011Ko10 F, a TaKom nonecTu 11epea Hei TBoptty KS, TO onep
IHHMO WJi AOTH'IHi KF i KC, noeeneei ;:i;o Kyni 0 ia aoeuime&oi TO'IKH K. 

KF=KC. 

0611HCJIHMO BiJfrHHOK Kc. 
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Ho.rm qepea TO''lnY K rroaecTn rr.1omy, rrp1rn0By AO oci CTimKa, To 
YTBOpHTbCfl KOJIO v v 1 i eci BiATHHRH TBOpllHX' aaMKHeHi Mim o6BO}l;aMH 
KOJI UU1 i VV 1 {Teopqi cTiamoeoro nuR), 6yp.;yTb Mim co6oIO piaai. 

ToMy: CK= UV= U1V1 

Arre 3 reoMeTpii BiAOMO, ~o BiATHHKH pieuo6imm1x, aaMKHeHi MiiK 
piirno6imHHMH m10~aMH, e pieHi, a qepea Te: 

U1V1 =NR= KD. 

TaKHM llHHOM: CK=KD, 

a aebi;~i. KF=KD. 

Hpnea KMN, TOtIRa F, rrpocTa KD i npocTa DE JieiKaTh e nJio~i 
P. (npH tfOMY DE _L RN, 60 nJio~i P i Q npaMoei AO m10nti pHCJHKY, 
TOMY A py6 ED, 'ix nepexpecTa, 6 npRMOBH'1 AO Ti6im nJio~i I: 
TaKHM tfHHOM, MYCHTb 6YTH npRMOM ;a;o npocToi RN, ~o JiemHTb e m10nti 
pHcyuKy i nepeTHHac DE). 

~e-6 MH He 6paJIH Ha KpHei:n nepepiay TOtIKY K, 33.BiHWI AOB0;D;0MO, 
~o eiroi;aJieHHR KF 6y;a;e pieue a ei;a;rroei;a;HiM BiATHHKOM K D (uanp. 
K 1F = K1D1); a qepea Te HpHea KMH e reoMeTputJHHM ocepe;a;KoM TOtfOK 
pinHoBiMaJieHHx Bi;a; AaHoi TOllF.11 F i rrpocToi DE. 

' 
-_Tamra ocepe;a;oR TvtIOK, llK MH auasMo, aeeT&ca napa60JI010. 

Bci, TYT uaneAeHi ua~m, MipRyeauaa AaIOTb reoMeTpHtfui ;a;oeoJ{R 
Toro, ~o KpHei ):q>yroro CTyrriHfl e neeaoro po.IJ;y oepepiaaMH CTiamoeoi 
noeepxui nJio~ero. 

§ 92. 3araJILHe piBHaHHH )Wyroro CTyniJu1 BiA ~BOX 
aMi.mmx (iioro reOMCTpH11118 HHTepnpeTaiµa). 

IlpH aHaJiiTH1IHOMY poarJIHAi Bcix ~HX reOMeTplPIHHX o6pa
~iB, MH nepeKOHaJIHCH, IIJ;O BOHlf BHaHatialOThCH a6o piBHaHHHM 

nepmoro cTyniirn (npocTa), a6o pieHaHIDIM Apyroro cryniHR 
( eJiirrca a KOJIOM, rrapa6oJia i1: n1rrep60Jia). TI pH ~ho My MH cno

cTeperJill, IJ..\O BCi piBHaHH.fl ;rlpyroro CTYflllm' m;o BiA3Ha1JaIOTh 
poarJIHHeHi HaMH reOMeTJ>H11Hi o6paaH ( c·rim:KoBi nepepiau), 

HiKOJIH He MaIOTb lJJieHa' m;o MiCTHTh y co6i 8A06yroK BMiHHHX 
( xy) . TaIDIM 11HHOM Moma noecTaTH ABS. rrpnrrym;eHHH: a6o 

1) piBHaHHH ;rlpyroro CTyrriHH B ABO Ma BMIBHHMH B aara.rrhHOMY 
CBOGMY BHrJIHAi HiKOJIH He BH3Ha11ae .flKOrOCb reOMeTpH11HOro 

o6paay, a6o 2) TaKe aaraJILHe pieHaHHH He ;r(ae HaM YHBH 

reoMeTpH11Horo o6paay mune TOMY, m;o HaMH HeBiJJ;noBiAHO 6pa
JIOCH noJiomeHHH CHCTeMH KOOPAHHaT, ce6-To Momua AOB0CTH, 

m;o aaBH\JJ;II e MOmJIHBiCTb BH6paTH TS.Ke IIOJIOiK~HHH KOOpJJ;HHS.THHX 
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oceii, IQO aaranhHe aJire6p1111He pisHaHHH Apyroro ccyniHJI suaaa
qarnMe npu rnx a6o HHIIlHX yMoeax HKHii He6yAh is A&WIX 
CTOOKOBHX nepepiaiB. 

IlpnrrycTiM, ~o rrpH nosopoTi KoopAHHaT
HHX oceii Ha HKHHCb Kyr a, MH AOCHrJUI6 
Toro, I.I.\O aaraJILHe aJire6pHtIHe piBHaHHH 

ua6paJIO cpopMy' ~o Bll3Hatia6 O~HH is CTim
ROBHX rrepepiaiB ( ce6-To AaHe aaraJJhHe aJire-

6pH11He piBHaHHH npH ~OMY IlOBOpOTi MaJio6 
COllHHHHRa np.H 3A06YTKOBi xy pIBHOro a 
HyJieM). 

P1.-1c.164. 

x 

ToAi rrHTaHHH Hame 6yno-6 poaBHaaHe ii JIHIIIHJIOCH-6 H&M 
nepeKoHaTHCH, lfil icuye peaJI1>Ho Tarudt KYT a i HKa iioro 
BapTicTb? 

,Il;JIH ~boro npHnycTiM' ~o npH AaHoMy IIOJIOJReHHIO 
CHCT0MH BHBHalJHHX oce:H x y' HKaCb Rp1rna BHSH&llaeThCH aa

raJlhHHM a.n:re6pHllHHM piBHaHHHM .rq>yroro CTJIIiHH: 

Ax2 + By2 + Cxy + Dx + Ey + F = 0 . . . . ( 1) 

IIosepueMo oci KOOpAHHaT HaBKOJIO ceoro notiaTKY H& 
HKHitch Kyr a. ToAi, HK MH eme AOBOAHJIH, saopu nepeTBo

peHWI 6yrorTI>: 
I I x = x cs a -y sn a 2 I I 0 0 0 • ( ) 

y = x sn a + y cs a 

BcTaBHBIIIH BapTOCTH x i y a piBHaHh (2) y pieaaHHH (1), 
OAepmyeMo: 

A (x'cs a- y'sn a) 2 + B(x'sn a+ y'cs a)2 + 
+ C(x'cs a-y'sn a)(x'sn a+ y'cs a)+ 

+ D(x'cs a-y'sn a)+ E(x'sn a+ y'cs a)+ F = 0. 

IliCJIH 3BC;l{eHIUI 'IJieHiB i BHH0C0HHH 3MllIHHX aa. nymK• 
M8.THM0MO: 

z'2 ( Asn2 a+ Csn a cs a+ Bsn2 a)+ x'y' (- Asn2 a + CC82 a + 
+ Bsn2 a) + y'2 ( Asn2 a - Csn a csa + Bcs2 a) + 
+ x' (Des a +Esna)+ y' (Dsn a+ Ecsa)+ F = 0. 

3Bi;llll;H MH 6a.'IHMO, IQO BiA qJieaa, HKHH MiCTHTb B co6i 

BAo6yroK HeBi;lloMHX x'y', MomeMo noa6a.BHTHCH Jiume TOAi, 

KOJIH ni;l{6epeMO ~ a TaK, ~06 C011HHHHK: 

-Asn2 a + Ccs2 a + Bsn2 a= 0. 
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ToMy AJIH BHaHatJeHHH noTpi6Hoi BaprocTH KyTa a Tpe6a poa

BHaaTH roHiOMeTpHtIHe piBHaHHfl: 

a6o: 

-Asn2a + Ccs2a + Bsn2a = 0, a6o 
Ccs2 a-( A -B)Bn2 a= O; 

CcB2 a = (A - B )sn2 a, 

c 
tg2 a= . 

A-B 
c 

IlpoaHaJiiay6MO Api6 A-B : 

1) KOJIH C ¢0, a A= B,To tg2a = oo, RYT 2a= 90°; a= 45°, 

2) KOJUiiK C = 0 i A ¢ B, TO caMo aJire6pH"llle piBHaHH.R 

6 BiKe piBHS.HHHM CTiiKROBOro nepepiay 6ea nepeTBOpeHHH' 60: 

0 
tg2r:1.. = A-B = O; o: = O; 

0 
3) KOJIH C = 0 i A= B, TOAi tg2a = 0 - ueoaHatJeHiCTh. 

IJ;e ii m1paBAi TaK, 60 npn C = 0 i A= B-aJire6p1-tt1He 

piBHaHHH Bme AO nepeTBOpeHHH a piBHaHHHM KOJia.. PiBHaHHH m 

Rona ue MiHHs CBOSi'. ~pMH, HK 6n MH ae 06epTa..11H BH3H&'ffii oci. 

HapelIITi, B aaraJihHOMY BHIIS.AKOBi, 4) KOJIH A =I= 0, B =I= 0, 
C ¢ 0 i A ¢ B, MH aaBmAH SH&iiAeMo BiAnoBiAHHii <:'t: r:1.., 60 

tg r:t.. MOiKe MaTH prnrni BapTOCTH BiA - 00 AO + ~ . 
TaRHM 'IHHOM MH AOBeJIH, ~o: 

Roame BJirefipB'IHe piBHaBH.H 2-ro CTJIIiH.H B~ ABOX BMiH

BHX BBBZAJI BHBH8'188 HKHii HefiyAh is CTiZROBHX nepepisiB i 
11oace fiyTH aBeAeHe AO TaK auauoi 4ftopMB BJirefipH1IHllX piu
HaJIL CTiZKOBHX nepepiaiB BBH'laibmM ofiepT&HHHM BHBH811BBX 
oceit H8 BiAllOBiWiiit KYT HSBR0.110 ix ll0'18TKY. 

0Tme, KOiKHe aaran1>He anre6pHqHe piBHaHHH Apyroro 

cTyrrmH BHrJIH~: 

Ax2 + By2 + Cry + Dx + Ey + F = 0 
83BiKAH MOJKHS. 8B0CTH AO BHrJIJI)ly: 

Ax2 + By2 + Dx + Ey + F = 0 

A ~e pieH&HHH, HK MH AOBOAHJIH n~ qac rrpoXOAJKeHHH 
Rypca, aa.BmAH BHaaaqae JIKHH He6yAI> CTDKROBBit 11epepia, 
a caMe: 
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I) KoJIH A ;;e B ¢ 0 i aHaRH y A i B s OflH&Koei, TO u;e 
aJire6pHlllle piBHaHHH BH3H&'IR6 eJiincy. 

B oKpeMOMY BHna]lKY, KOJIH A = B ;;e 0, eouo s piBH&HWIM 
BOJI3. 

II) RoJIH A ;;e B ;;e 0 i aHaKH y A i B s pimai, TO u;e 
anre6pu1I11e piBHaHHH BHaHa'Ias rnnepfio~y. 

B oKpeMoey BHilaAKY, KOJHI npH piarnnx auaKax A = B ;;e 0, 
BOHO 6 piBHaHHHM piBHOfii'IHoi rH11ep6o~H. 

III) RoJIH A= 0, B ¢ 0, a6o A ;;e 0, B = 0, TO ~e 
anre6pH'IHe piBH8.HHH BH3H8.'IB6 napaoo;iy. 

RoJIH Hpnea BHaHaqasTbCH pieHaHHHM: 

Ax2 + By2 + Dx +Ey +F = 0 ..... (P). 

(6ea 'CJJieHy i:a 3A06yTKOM 3MIBHHX xy)' 

TO ~l 03HaKH MOama a iHTepnpeTyeaTH' iu;e TaR: 

KoJIH a)l;ofiyros CO'lllllBHKiB AB, afio ix ei)l;HOIQeBBa (a 
ix au&KaMB) firne: 

1) AB> 0, 
KpHBa 6 e JI inc a; 

A 
2) - = 1 

B 
KpHBS 6 K 0 JI 0; 

3) AB< 0, 
RpHBa s runep6ona; 

A 
4) B = -1, 

RpH:ea 6 p i B H 0 6 i q H a r H II e p 6 0 JI a; 

5)AB=0, 
RpHBa e napa6oJia. 

II pH 'CJOMY' KOJIH: 
A 

6) -= 0 . B 
RpHB& e nap a 6 o JI a a Bicc10, pieH06imuo10 AO oci X-i8 

. 7 A 
J) B=OO 

iq>HBa e nap a 6 on a a eiccio, pieuo6iiKHOIO AO oci Y- u. 
PoarJIHHhMO J:Qe Ae-aKi MOiKJIHBi BHD&AKH aMiH aJireopRq

Horo piBH&HHH BiA nepeTBOpeHHH CHCTeMH l\OOPAHH&THHX oceit: 
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I. KOJrn npH nepeTBopeHHIO AO HOBllX ROOp]:(HHaT B aJire-

6pnquoey piBHaHHIO ( P) cotJHHHHKH D = E = F = 0, TO prn

Hamu1 Ax2+ By2 = 0 BHBHa11aa a6o T011RY, 60 oci Kp1rnoi 
a= b = o, a6o Hi'Ioro, HOJUI Aas YHBHi BapTOCTH x Ta y. 

II. RoJIH npH nepeTBopeHHIO AO HOBHX 1mopAHHaT piB
H&.HHH ( P) o6epTa6ThCH B Ax2 - By2 = 0, TO BOHO BHauaqa

THMe }];BI nepexpe~eHi npocTi: 

BB~: 

y = - V; . x; y = + ~- x. 

I I I . KoJIH npu nepeTBopeHHIO AO HOBBX HOOp]:(HHaT B 

a.nre6pHtJHOMY pieua.HHIO ( P) OAffo11acHo A = D = 0, a6o 
B = E = 0, To o}l;epmaHi piBHaHHH; 

1) By2 + Ey + F = 0, 
i 2) Ax2 + Dx + F = 0 

BHBHa11a10Th a6o piBHo6iarni rrpocTi, a6o OAHY npoczy, a6o 

Hi OAHOi npocToi, 60 rd 1rnaApaTOBi piBH'JiHHH e BA06yrKOM JiiHm
HHX 11HHHHRiB, a caMe, HOJIH 6yAeMo BBamaTH ex, p, ,, i 6 aa 

poBBHBRH A&HHX piBH&Hb, TO: 

1) B(y-ex) (y-P)=O, 2) A(x-y)(x-d) =0. 
A BBiA~ M&6MO: 

1) y=ex; y={J; 2} x=y; x=d. 
~e 6 a6o: 1) ABi npocTi pieHo6imHi napaMH Mim co6010, 

HOJIH ex ;e p; y ;e 6, a6o 2) no OAHiA npocTrn, KOJiu:: ex= P: 
i y = d, a6o, HapemTi, 3) He AaIOTb maAHoi reoMerrpnlffioi 
BeJIHqJIHH, ROJIH ex, p, y i d - 6 yHBHi Bemiqu:HH. 

i IV. KoJUI nicJIH nepeTBopeHIDI AO HOBHX KOOPWIH&T 
aJire6pn1111e piBHaHHH o6epT36TbCH B: 

Cxy+F=O, 

TO ~e, HR MH Bme paHiin AOBOAHJIH, 6 plBH&HHH rHnep6oJIH 

arJIHAHO ii aCHMilTOT' BBHTHX aa Roop~HHaTHi oci. 

§ 93. BBpaaHBK (~ucxpiMiuauT) pieuaHHH ru>yroro 
CTYDiHH. 

3 auaniaH aJire6p11trnoro pieuaHIDI 2-ro cTyniHH MH nepe-

HOH&JIBC.R, ~o ROH\He pieuaHHH Jq>yroro CTyniHH a ABO Ma 
BMiHllJDIH aaB~H BHBHaqas HKBH ue6yAb is CTiarnOBHX nepe-
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plBIB (KpiM BHll8.ARiB, KOJIH n;e piBHaHHH Ma6 YHBHi poamrn1m). 
QiJIBOM apoay-MiJio, ~o BHHHRa6 IlllTaHHJI: 'ill He MOmHa BiA
paay 6ea neperrBopeHIDI AO HOBHX oceii AiaHaTuc11, HKHH caMe 
a nepepiais CTiarna BBaHaqas ;u;aHe aJire6pu11He piBHaHIDI B 
CBOiH aaraJibHW cpopMi: 

Ax2 + By2 + Cxy + Dx + Ey +F = 0? 

~JUI Il;bOro apo6HMO ;u;e11Ri BHCHOBRH a nonepe;llHix aHa
JiiB BaaeMHoro noJioHmHIDI npocToi i Rp1rnoi'. ;rq>yroro ccynm.R, 
a caMe: 

1) EJiinca aaBiR;D;H nepexpenzysThC.R a npocT010 Ha o6Meme

JIOMY BmAaJieHHIO (He iCHY6 TOl!OK nepexpeCT.R Ha 6eaMeiKHOCTH); 

2) IlapafiOJia MOH\e nepexpencyB&THCH Ha 6eBMCH\HOCTH 
JIHille a o;u;Ho10 npocT010 ( rronepeqmm), ~o nepexo;u;nTL qepea 
aara;J:laHy TOtrny nJio~H, piBHo6imHo ;u;o oci na pa6oJIH; 

H 3) rHIIepOOJ:B MOiKe rrepexpenzyBaTHC.fl Ha 6eaMeiKHOCTH 

paaoM a ;D;BOMa npoCTHMH' ~o rrepeXO;D;HTb qepea ;u;aHy TOlJKY 
IIJIO~i (n;eHTP rnrrep6om1). IJ;i rrpocTi, .HK MH BHa6MO, BBJTbC.R 
ac:UMllTOTaMH. 

C1mpncTa6MOC.R a n;:ux rrpHRMeT KpHBHX ;D;JIH Hamo i MeTH. 

BiaLMiM HRYCh Kp1rny, ~o BHaHa11a6TbCH piBHaHHHM: 

Ax2 + By2 + Cxy + Dx + Ey + F = 0 

1 rrpocry y = mx, ~o rrepexo;u;HTh qepea no11aTOK oceii i aHaii
AeMo TOtrnH ix nepexpecT.H (;u;m1 qoro MYCHMO poaB.RaaTH ;u;aH1 

piBH&HH.H, HKO CHC'I eey). 

BcTaBJUIIOtJH a Jq>yroro piBHaHH.R B nepme BapTicTL y, 
O.Aepm1um: 

(A+ Cm+ Bm2)x2 + (D + Em)z +F= 0 

BBi;lln;H: 

-(D+Em) ± Y (D + Em) 2 -4F(A +Cm+ Bm2
) 

X-
2(A+Cm+Bm2) 

~06 ABHa npocTa MaJia nepexpecTH a Kp:uB010 Ha 6ea
Me>KHOCTH (xoq B o~iH TO~i) 1J>C6a, ~06 aHaMeH&TeJib uap

TOCTH x piBWIBC.fl a 0, ce6-To: 

A +cm+Bm2 =0. 
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3Bi.tt1Uf BHBH&"IHMO KJTOBHH BMIBHRK npOCTOi m: 

-C ± V C2-4AB 
m = 2B 

i poarJI.RHeMO BHpaaHHK piBH&HHH: 

D= C2 -4AB. 

I) Konn: C1 -4AB<0-To BapTOCTH aMiHHHKa m e 

yasHi, ce6-To npoCTHX, ~o rrepexpe:nzyioTbCH a KpHBOIO Ha 6ea
MemHOCTH HeMas. 

ToMy, ari;rtHO a BHCHOBKOM (1) l..\H KpHBa 6 eJiillCOIO. 

II) KoJIH: C2 -4AB > 0-To;rti KYTOBHit aMiHHHK Mae 

2 eaprocTIL ToMy icHys ;rtBi npocTHx, 11..\0 rrepexo;rtHTh qepea 

IlO"IS.TOK oceit i nepexpenzyIOTbCH a KpHBOIO Ha 6eaMeiRHOCTH . 

. 3ri;rtHO a BHCHOBKOM (3), ~H KpHBa 6 rBnepfiOJIOIO. 
i III) KOJrn: C2 -4AB=0-To;iti KYTOBHtt aMillHHK Mas 

JIHIIIe OAJIY BapTiCTb [ m = --; : J ' TOMY icHy& JIHIIIe OAJl8 

npocTa, ~o nepexo;rtHTb qepea notiaToK oceii i nepexpell..\YSTbCH 

a KpHBOIO Ha 6eaMemHOCTH. 3ri;rtHO a BHCHOBKOM (2)' QH KpHBa 
6 napaOOJIOIO (a npocTa ii BiCCIO). 

TaKHM lJHHOM: 

Pim&B~R MiZ KB~p&TOM C011BBHBK& DpH 3;Jl;OOY'fBOBi BeBi· 
;t\OMBX i 'leTBepHHM s;u;ofiyTBOl\I C01111BBHKiB npB RBBAJt&T&X Re
Bi;ll;OMBX ( C2 - 4AB) aeeTLCJI eupasuusoM pieHaBBJI )Qyroro 
CT)'nin.11, fio eiu oaua11ye fieanocepe;u;HLo pi;u; sp&eoi, asy easea-
11ae ;u;aue BJirefipu1111e pieuauen. 

A caMe KpHB& s: 

I) EJiiIICOIO, KOJIB l'2 - 4AB < 0 ) 
II) runepfiOJIOIO, KOJIH C2 -4AB > 0 (136) 

III) IlapafioJIOIO, KOJIB C2 - 4AB = 0 

KpuBi ;rtpyroro cTyrriHH. 

11 - 295. H anucamu pienaHHR napa6o/tu: 
1) U40 Mae BiCb pieno6i:>1eny ao oci X- iB i nepexoiJumb 

ttepea mcJ'lKu: A{0,3), B( 1, -1) i C( 4,6), a6o ttepea mo·um: 
M(7,3) N(3,2) i P{l,1); 
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2) U40 Mae 61,Cb pi61to6i,;>1e11,y ao oci Y- UJ i nepex?8Umb 
'4epea m<Jt41'u: A (-1,fJ2/3), B(- 4,171 /2) i C(-1,10); 

[ 1) 19y2 -84x- 59y + 6 = O; (y - 1/2)2 = (x - 3/4); 
2)(x-5)2 = 6 (y-4) ]. 

11-296. Hanucamu pL81tllltH.Jl, cniJtbHOi oomu'lHOi ao napa-

60.n,: y2 = 6x i x 2 = 48y. [ x +. 2y + 6 = 0 ]. 

11-297. l/ epea mo'lKU nepexpecmR npocmoi x + y = 3 
i · napa60.1ioKJ · y2 = 4x, noBecmu oomll'l,Hi ma o6ttuc.:iumu no.n,e 1npu
~mnuKa, u+<J ymoopKJIOJnb qi 8omU'lHi 3 OaHOKJ npocmolO. 

[ s = 32 ~. 00. ] . 

11- 298. 3Haumu mottKu nepexpecmR napa6o.n,u: y2 ·= 2x 
a KOAa.Mu: a) x2 +y2 =80 i 6) (x-.10)2+y2 =100. 

[a) M1(8,4), J'/2{8;-4) 6) Ni(O,O); N'-(18,6) i N 3(18,-6) ]. 

11-299. llepexpecm.ci npocmoi y = x + 1 a napa60.Ao10 
y2 = 6x cno./ty11eHi a ao2Hu:UfeAi. 06'luc.aumu no/le mpu~ymnu,;a, 

sa.mmenoeo qu.tt11 npocmuMu. [ S = 
5 ~3 J;iJ. oiJ. J . 

11- 300. Bepw,o" napa6oAu, a1wi eicb e BiccKJ X-ie, Ae

;JICUlnb y lfeHmpi, a B02Hu~ ii 11,a o6eoiJi K0.1ta: x2 + y2 = 81. 
H lt!J oyey 1'0Aa . o6iuMae napa6o.;ia? 

1---

[ To'l1'll nepexpecm.Ji x 1 = 9fV6-2), Yi = ± 18 V j/5- 2, 

ifeHmpMbHUU "JCYm 2a = 1520 41' 30" ]. 

q - 301. B mo'lqi, iqo ii paiJna = ~ noBecmu iJo na

pa6oA u y2 = 12x oomu1my i1 npa.lttoBy. 06'luc.n,umu Biomun~u ix, 
a ma~o:»c nio8omu1my u nianpaMoBy ix. 

[ t ~ n =.; 6 V2; Sn= st= 6 ]. 

11-302. 1) llpaBUJlbHUU mpu1'ymHU1' yBeOeHO ti napa6oAy: 
y 2 = 12x ma1', U¥J oouH a uow eep1w~i6 Jle:>1eumb y Bepm~y na
pa6o.Au; 2) me:>1e, - npaeu.,1ib1tuu ~ - K cnupaembcJJ cBoi.,uu Bep
UllWAf.ll Ha 802HUUJe i 8yau napa60All. 

0611uc.aumu 60,;u lfUX !J. - iB. 

[a= 24y3b1 =12r2 + v .1J, b2=12r2-113J J. 
Hype auaniTH"IHOi reoMeTpi"i. leaeemw 21 
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q - 303. H anucamu pieHaHHR mpaeh~mo pii, UfO O'lepJt,He 

muo, Ji.UHyme pi6H06i:»cHO ao noae.Aty 3 nottamK08010 cx;opicmKJ 

v0 = 200 m/sk (aa npuch~openua, maeapy g npuu1t11mu 1ta6.iu-

~my Be.tiu~uuy 1000 cm. y cenynfJy). [ y2 = -- 8;~ J · 
q _ 304. 11,'JBecmu, U¥J aomUfll-ti, ll06e8eHi 80 napa60AU J 

J11'0i ne6y8& mo'l1'U 8upe1i.mpumu, Baae.MHO npJUtoei i Ha8na~u -

8osecmu, UfO aupeh~mpuma napa60/lU e zeo .. w,empUfllte MiCL{-e nepe

xpecmb 63lle.MHO npR.M08UX 8omu1utux, noee8e1lUX ao napa60.ttllJ" 

q-305. ilia Jl.Ji.U.4'1 liymo.M, 30p.IJ euax;o napa6o .. tty y2 = 6x 

a mO'lKll M (2, 4)i [ 1500 15' 20" ]. 

11-306. Hanucamu pieuawui aomu•mux ao napa6o.tiu: 

9y2 -4x = 0, pilJno6i31CHOi ma n.pJUtOBOi 80 npocmoi y = 5x + 40. 

[ y = 5x + l / 45 ] • 

q - 307. 06'luc./l,umu eiapia1i.u: 

1) napa6o .. riu: y2 = 20x, ei8nuimuu ci,mo10: 3y = 5x + 5; 
2) napa60.1tu: y2 = 24, ei8mJtmuu ci1mo10: 2y -- 2x = 9; 
3) napa6o.ttu: y2 = 8x, ei8mRmuu ci,mo10: 2y =xi 

[ 1 J 64/ 15 ,.6. oa. 2 J 12 li6. oa. ; 3 J 85, ( 3 J -,oo • oa. J . 

11- 308. Hile BifJ8aAe1t1ta eia eepuu;a napa60.1tu: y2 = lOx, 

afJpy;HCeHoi a eicc10 napa6o.ui, m.q,m1reu, Noo1iu eon.a ymeop10e Bio-

piaoh" piBllUU 40 "1;8. ofJi [ X= v 90 ]. 

lJ - 309. 06rtUC./lUlnU IW.ie ll.ltOUf.i, JU .. Uh'He1tof, 8y2a.ttU x;o.11,a: 

x 2 + y 2 - 2x = 8, ma napa60J1.u: y 2 = 2x. 

[ s = '8,535 h~6. oa. ]. 

11-310. 31tatmw nepexpecm,R lipueux a npocmmo: 

x'- x2 y2 
1) 

25 
+ y2 = 1 i 3x = 5 ( 4x + 5); 2) y - 4 = 1 i 

y=2x-10; 3) x 2 -4y2 =4 i y=2(x-1); 4) 4x2 +9y2 -. 

- 24x -18y + 9 = 0 i 3y - 2x = 3; 

11-311. Hanucamu pt61tllltlt.CI, fJornu'lHUX ao e.n,incu: 3x2 + 
+ 5y2 = 75, pi8HOOi31CHUX: J) 80 npocmoi X-5y =JO i 2) 80 
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npocnwi 2y + x = 0. Te;HC-Hanucamu piBHll1t1t1' aomwmoi 6 

mo11lfi (x > 0,12) oo 2unep60.1m 25x2 -36y2 = 900. 
I 

x 
[l)±(x-5y)=20, 2) y=- 1/ 2 x+5; y=-7-7; 

65x- 72y = 150]. 

'l-312. llosecmu 'lepea mOttk!J (- 3,2, 1,8) aomu'4HY ii, 

np11.MOfJY oo e.11,incu: 9x2 + J 6y2 = 1.44 i o6ttuc.Aumu eiomuu,;u 
ix, a ma~o;HC niooomuttuy ii nionpsMOB]J. 

'1-313. B sKux mott1'ax 2unep60Jiu.· 9x2 - 7y2 - 63, n06e

iJeHi trepea HUX, AY"i - Be1;mopu eaaeMHo npsMi. 

[ x == ± 5 I 4 VY; y = ± 9 I 4 ] • 

q - 314. H anucainu pienanus oomuttuux oo. zunep60.11u: 
4x2 - 9y2 = 900, 1) pis1w6i:Hcuoi i 2) npsuweoi oo npocmoi 
6x+ 5y= 6. 

'1-316. qepea mott~u nepexpecms KOJ&a: x! + y2 = 16 
i e.1tincu: 9x2 + 25y2 = 225, nosecmu OOmU'lHi U o6ttUCJtUmU t;yni, 
3a.M1'HeHUU HUMU. [a=---= 61° 55' 38"]. 

1J - 316. H anucamu pieuanns aomuttnux oo 2unep60.,iu: 
4.t: 2-9y2 = 36: npsMOsux oo npocmoi, 9x + lOy == 0. Te:>1e-nanu-

x2 y2 
camu pieuanns nps.Mosoi oo 2unep60.1tu: 

225 
JOO = 1, pi~-

no6~cuoi oo npocmoi: x = 1- 5/ 6 y. 

[ 1) 9y = lOx ± 24; 2) 18x + 15y = ± 650]. 

11 - 317. /1, oeecmu, UfO e.11inca: 9x2 + 25y2 = 225 i zunep-
6oJta: 3x2 -y2 = 12 nepexpe111y10mbcs nio npRMUM xymoM. 

11 - 318. H anucamu pienanns 2unep60J1,u, u10 Mae eoAoeny 
Bicb 2a = 6, a ,;;ym Mi:Hc acUMnmoma.wu: 2a == 600. 

[ x 2 -3y2 = 9]. 

11-319. 06ttuc.1tumu 1;ym Mi:>IC acu .. +mmoma.Mu eunep6oAu: 
x2 y2 
---- = 1 9 4 . 

[ 2oc = 670 22' 42" ]. 
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q - 320. 06'4uc,n,umu BiiJiJa.n,e11,wi BOZHUUfa zunep6o.tiu BiiJ 
acUMnmom? [d = b]. 

!L-321. E1'cijeHmpucumemu zunep6o,n,u ,n,iniunuu: e = 12, a 
teUCAOBUU e = 3. 06ttuc.n,umu ~m Mi:HC acUMnmoma.Mu. 

[ 2~ = 141° 3' 26# ]. 

11-322. · 311,aumu mo""u nepexpecmJJ 1;,o,n,a: x 2 + y2 - lOx = O 
a acuMnmoma.ttu zunep6o.icu: 16x2 -9y2 = 144. 

[x1 =y1 =0; x=3,6; y= ±4,8]. 

q-323. Jl,A!I S1'UX motto~ 2unep60.au: x 2 -16y2 =16 
Ay'4i- BeKmopu ymBop1010m& npsiMo~ymnu1' a noAe.M 52 1'.8. 08.? 

r x1,2 = ± s i Y1,2 = ·± V 3 J. 
11-· 324. 3naumu aeoMemp uttnul'i ocepefJo~ ZfenmpiB ~o.n,, 

U40 nepexofJam& ttepea 8any mott~y A i 8omu~a10mbca 8anozo 

EOAii a· "Y"eM r. 
po a e Rao 1<. Ilo1iaTOH ocen 6epeMo H Qeu-rpi )J.auoro .no.~1a= a aa 

eici. X- is npocTy, ~o cnonyqye QCHTP a Aauoro TOttKoro A. llpunycTiK, 
~o. ToqKa aar~aHa niManeHHRl\f d Bii\ QeHTPY ~auoro KOJia. To)J.i :rna11-
HHKH ToqKH A 6y;JzyTb: A(d,o). · Oaua1111Mo :ma1rnmrn QeHTpa pyxo:\t0ro 
HoJia ttepea· Oifx1;y1J, a nytt Aoro qepea Q. · 

P1;1c.165. 
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l{e e pienaeun eJJ in CH. 

(3eaATH :-rnallHJIHlf ~eHTpa, niaoci i sea1mHHH BOrHHW.). 

2 - it B H II a A 0 H, HO.i1H d > r. PoilBmJyeTbCR TaH C&MO; reo11e1'pM'f

H HA ocepeAOR. e rnne.p6oJJa. _ 

q-325. 3naumu aeo.M.empu'4nuu ocepefJo"' Bepw.,.is mpu
'1'ymnu"'UJ, U40 Ma10mb cma.n,uu o6BifJ 2p = 24 i fJaHy oCH081J 
tJ = 8. 

.. 11-326. 3Haiimu aeoMempu'tnuu ocepefJo"Ji; mo'4o'I£, iqo ix 
BifJfJa.tieHHJI, BW fJanoi npocmoi i sifJ fJanoi mo'l1'U .. ua10m& BifJHo
tueHHR: 1) 2:] i 2) J: 2. 

11-327. B e.n,incy: a2 x 2 + b2 y 2 = a2 b2 BBecmu 1'8aopam i 
OOBecmu, UIO uoeo 6i~ pwnuu 3 Bucomo10 piBno6i'4HU'lta, UfO Mal 

ceoi Bepui,nu y eepm1'ax e.tiincu. 

x2 y" 
11- 328. To'l1'U nepexpecms e.nncu: - + - = 1 a npo-

25 16 

cmo10: 2x + 5y = 10 c1w.tiyttumu a 1.feHmpoM e.Aincu ii o6'4uc.Aumai 

no.tie ymeopenoeo ~ - ""a. [ s = 8 1'6. o8.]. 

11-329. Tott"JCU nepexpecms npocmoi: 2y = 3 a eAincO'lo: 
4x2 + 9y2 = 36 cno.tiy'4umu a ""iHl,fSMM BeAu"JCoi oci ii, o6'lucAumu 
06c112 mi.Aa, ymBopenoeo o6epmlll-tHJIM OOep:»caH020 mpaneay HQ6-

[ V = 9nf 2 +
4 

y1 J J . 
'IWAO oci X - iB. 

1J - 330. fl OBepxnsi pl,eno6i11nozo Ctni:Hc1'a piBHa 3 noBepx
HelO e.n,incu, iqo .Mae Ma.1ty eicb: 2b = 12, a e1'Clft!Hmpucumem 

e=2V7.06.,ucJ1umuJ1y•iocno6ucmi:Hc1ta.[r= VbV b
2

3
+ e• = 4 J 

11-331. E.tiinmu11,nuu noxu..riuu tWHyc .uae ocHOtJY a ocS1Mu: 
2a = 34 i 2 b = 30. BifJfJa.tieHHR Bepw"JCa '1'0Hyca Bio 1.feHmpa OCHOBU 
t = 10. 3naumu o6CRe cmi:HcKa, 1'0JZ.U Bucoma uoeo naiJae y Boe-

HUUfe eAincu. [V = 1602,:21 -,;;y6. ofJ. ]. 

11-332. 06ttuc.tiumu euc01ny h npa.Moeo cmi:>1e1'a, UfO Mae 
ocnoB010 IW.AO: 3x2 + 3y2 - 2x · + 6y - 5 = 0, a 6i'4Huqe10 no.-e 

[ h -- v 221· 9_.:;1 -- 3,g ] . eAincu: 9y2 + 4x2 = 36. v ,_ 
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q-333. llo.1te e.tiincu: 16x2 +25y2 = 1600 piBne a noBepx
He'/O nps&Moeo cmi~1eoeozo nwi, UfO Mae Jtytta.Mu ocHOB: R = 5;r = 4. 
3Haumu Bucomy cmi31e1ea? 

[ 2v 4VJoJ h = R+r Rr(R-2r) (r-2R) = 3 . 

q - 334:. EJl,inmuttnuu cmsmuii npsw,uu IWHyc Mae sucomy 
1 = 10, a oci 6iJl,bUWi ocooeu: 2a = 12 i 2b = 8. Bi8HOmenn11 
Be.11uJCUX oceu ocnos piene m: n = 2: 1. 06'luc.tiumu o6csie moeo 

[ 
nabh _ J 

"/(()11,yca. V = {m2 + n 2 + mn) = 140 n . 
3m2 



P 0 3A In IV. 
l(ocoKyTHi i1 6iryttoei (nonsrptti) 

KOOp,ru1 HaT11. 

§ 95. MeT To11su, KBHeHuii B ~auoMy uanpn:Mi. 

~o U.bOro qacy nil( MCTOM TO'il\11 Ha Hny He6y).:(h eicb Mii 

poayMiJIH ocHoBy npHMa, cnYJ..l.(eHoro Ha u.1n npocTy 3 ).:(auol 

TOllKH. Ta1mit MeT Mas uaaey npHMOBoro, a6o opToronaJILHoro 

MeTy TO''ll\H. Teneph Mn yaaraJihHHMO u.e poayMiHHfJ MeTy TotJ1m. 

TipnnycTiM, ~o MH Ma6MO HKY ue6y).:(b TO'iHY p (pnc. 166) 
i npocTy L, ~o 6epeTbCH 3U. eich l\teTy TOtinH P. 

KOJrn ).:(O Toro MaTHMeMo ~e mndi ne-

6yAh BHaHalleiudt HanpHM JJ1 N, To noBienrn 

11epea ToqKy P npoc'Py pieHo6iamy JJ-!N, 
OAepHiY6Mo Ha nepexpecTi u.isi pieHo6hu

Hoi a eiccio L TOtIKY Q - 11~0 6 TaKom Me

TOM p H& L. 

N 

L 

TaKRI MeT TO'IKH P fiy~e~10 seaT11 

MeTOM TO'IKH' 1\HHeBHM H8 niCL B ABHO?KY ua

DpaMi MN. 

HcHa pill, rqo opToroHa.rrhHHii MeT TOtJKH P, s JIHllle 

oHpeMHM BHna.AKOM, KOJI:H HanpHM Af'}.T e upHMOBHM J~o eici L. 

N 

M 
PMc.167 

hOJUI MH M&6MO .RKHH He6yAh 

Bi).:(THHOK AB, TO H:oro MeT Ha eic& L, 
nHHeHHii B AaHoMy HanpHMi MN, 
6yAe BH8H8.tf8.THCH' HK i AJIH op
TOroHaRbHOro MeTy, Bi).:(aJICHHHM, 

B3AOBiK oci, MeTy KiHU.H Bi).:( MeTY 

noqaTKY ei).:(THHKa AB. Ha puc. 167. 
MeToM Bi).:(THHKY AB 6y).:(e Bi).:(TH

HOK ab eici L. 
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l.Qo . AO HanpHMY H 3H&Ka MeTa ab, TO BOHH niAJUI ralOTb 

THM caMHM yMoBaM, ~o :H AJIH opToroHaJibHoro MeTy, a caMe: 

1) 3a HanpHM MeTy BiATHHKa Ha BiCh 6epeTbC11 HanpHM 

BSAOBiR oci Bm MeTy IIO'IS.TKa BiATHHKY AO Mery HiHQH itoro. 

2) Qett HanpHM BBama6TbCH aa AOAaTHiD, KOJIH BiH 6 O)(Ha

HOB.H~ a Hanp.HMOM MCTOBOi oci, i - aa BiJ(6MHHit, ROJIH BiH 

6 npoTHBHHH AO Hanp.RMY ,\isl oci. 

§ 96. KocoKyTHi KOOpAJIHaTH T011KH. 

,IJ;o J\bOl'O 11acy MH 1mpHCTYBaJIHC.R BHKJII011HO npHMOKYT

HhOJd CHCTeMOIO ROOpJJ;HH&T, ce6·TO aa oci KOOpJJ;HH&T 6paJIH p;Ba 

BS3611HO npHMOBHX npoMIHH x i J'. 

··-··----··-···-··· .. ~ 

/ 
i 

/ 

Tenep aa oc1 RoopAHHaT Bl3h

MeMo ABa rrpoMhri, ~o nepexpe~y-

n 
lOTbC.R III){ l\OClfM KYTOM (IJ ~ 2 . 
TaHy c11cTeMy KOOpl\HHaT 6yAeMo aBaTJI 

KOCOKYTBLOIO. Il.o"JiomeHHH ROHUIOi'. TOtI

IDI IlJIO~i BH8H&tI8.THMeMo, T&K HK i B 

npHMORYTHiH CHCTeMi, BiAA&JieHHHMJI 

Pttc.168 aip; no11aTKY 1mopp;HHaT ii MeTia Ha 

BiAilOBip;Hi oci. Arre rrpH KOCOKYTHiit 

CHCTeMi (pnc. 168)' Mll 6yAeMO ROpHCTaTHC.JI He opToroHaJih

HHMH MeTaMH Qi6i T011RH' a MeTaMH ii' HHHeHHMH Ha o6HABi 

oci B Hanp.RMHOCTi ix caMHX. TaH MeT m 1 TOtJRH M Ha eici 

X-ie, s RHHeHHii B HanpHMi eici Y-ie, a MeT m 2 -HaB

naRH. TaIDIM 'IHHOM, 3Ha11H1fH&MH TOtJRH M 6yJzyTL: Bi):J;THH

KOBOIO - Om1 i p.RAHOIO - Om2 (wui,OTHBo m 1M). 

l\oJIJI B HOCOKyrHiit CHCT,eMi lWOPAHHaT npaBHJIO BHaKiB 

AJUI 8H&1ffiHRiB, .RHOi'. 6amaHo, T011KH 6yAeMO B>RHBaTH TeiK 

caMe, ~o it B np.RMOKYTHiu, TO nonomeHHH 1.dsi T011KH Ha 

IIJIOII~i 6yAe QiJIKOBHTO BHaHatJeBHM. 

KopncTyBaHHH KocouyTHhOIO CHCTeM010 KoopAHHaT Aa6 B 

A0.JIHHX BHil&AKax lIHIIIi B30pH ]J;JI.JI BH3H311CHHH reoMeTpH11HHX 

BeJIB1DIH, a TOMJ MH If npHCTYilHMO AO poaBH8aHH.R mepery Bm

IlOB~ix aaAatJ. 
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§ 97. Buaua11eHH&: Bi.MaJieBL B KOCOKymix KOOpAJIH&Tax. 

3aoatta 1. 

3uaitTH Bi.AAWieHBH T011BH BiA Il0118TBY BOOPAHH&T. 

TipttnycTiM, ~o ~aHa T01lna M Ma6 

auatIHHKaMH x i y, TOAi (puc. 169), 
MH OAepmHMO 6 0Mm1 , Ae einAaJieH

HH T01IKH M Bi.zl not1aTKY KOOPAHHa.T· 

BH3Ha1Ia6ThCH aa TeopeMOIO I\apHo, 
a caMe: 

OM= r = V x2 + y2 -2xycs(180°-w) 

a6o r = V x2 + y2 + 2xycsw .... (137) 
..... 

Pwc.169 

:.e w a 1wopAHHaTHHii HYT (HYT Mim OCHMH 1mopAl1HaT). 

B OKpeMOMY BHDap;Ky' KOJIH CHCTeMa KOOPAHHaT npRMOKYTHR, ce6-TO 

~ . . v ... = 2 ' TO cs (IJ = o, l MU OJlepmysMO 3H3ilOMHti n:up: T = x2 + y2' 

3aoa1la 2. 

3uaiTH AOBmHHy niATHHBa 11epea aua11HHK11 itoro sie~ie. 

,-:-~--~--_J 

' i:~ P111 c .170 

IlpHnyc•riM, ~o BiW1HHo:n AB 
o6MemeHHii TOtIHaMH A ( x1 ,y1) 1 

B(x2,yJ. Tow (pHc. 170): 

AC= ab= x2-x1 ; 

BC= Y2-Y1· 

Is TpHKYTHHKa ABC aa Teo

peMOIO RapHo MaGMo: 

AB= r = V AC2 + BC2 + 2AC .BCcsw, 

a aBiAQH: 
~-----~----~~---~--~-

r = V {x2-x1) 2 + {y2 -yJ2 + 2(x2 -x1) (y2-y1)csw .... (138) 

BepytIH niA ysary, ~o B HOCOKYTHiii cHcTeMi :noopAHHaT 

MeT.H BiATHHKY Ha KOOPAHHRTHi oci TaKom euaHatialOThCH, HR 

pimHHQi aHatIHHKiB. KiHWJ i noqaTey QbOro BiATHHRa, MaTK

M0MO: x2 -x1 = ABz i y2 -y1 = ABy, 

a 1Iepee Te: 

r = V ABx2 + ABy2 + 2ABx AByesw .... (139) 



~o H\ TOpH&8ThCH BapTOCTeii 3Ha_lJHHKiB TOIJRH, ~o AiJI.HTh 

BiA;i:taJieHHH Mim ABOMa T01IKaMll (e1-1yTpimHhO, a6o 30BHimHLO) 

B neBHOMY BmHomeHHIO, TO BOHH i 8 HOCOKYTHiti i B npHMO

RYTHiii CHCTeMax BHSHaqaJOThCH O,I(HaHOBO B80paMH: 

X1 + Ax2 . Y1 + AY2 
Xo = 1 Yo= 

1 +;.. 1 + .J.. 
Ae A- 6 KpaTHiCTh ei;i;HomeHHH lJaCT11H BiATHHKY. 

IlpoaHaJiiayeaT11 npHlfHHY ~horo aaJIHma_6MO caMHM cTy

AHOIOlfHM. 

§ 98. PiBHaHHH npOCTOi B KOCOKYTBitt CHCTeMi KOOp
AlfBST i euana11eBBH ii KyToeoro aMiBHBKa. 

P1i1 c .171 

I) Xaii HYT cna.I(y rrpocTo i L 6yAe a (pnc. 1 71) . BiaL

MiM Ha ~iii npocTiH AOBiJihHY TOlfRY M ( x,y) i a6y~yii:Mo ii aHa'l

HH:nn: x =ON i y = N kl. l.Jepea T01IRY B, nepexpecTH npoorroi L 
a eiccio Y- ie, noeeAeMo pieHo6imHy AO oci X - iB. ToAi 011;ep

>KHM0 L BMK, a HKoro aa TeopeMoro ciHyciB Ma6Mo: 

KM sna 
--= ; 
BK sn fJ 

aJie fJ = w - a; KM = y - n 1 BK = x. 

y-n sna 
To11y: --------

x sn(w-a) 

sn C'l 
0aHa1IBMO ei;i:tHomeHHH 11epea m 1 M&THMeMo: 

sn(<u - a) 
y-n 
-- = m, a6o 

x 

!J = mx + n . . . . ( 140) 
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IJ;e e B~OMe KaHOHHtflle piBHaHHff npocroi, aJie a TOIO 

pUKHHQelO, mo. K-yTOBBH 3MllmHK ii 6 piBHHH: 

sna 
m = ( ) .... (141) 

sn w-a 

B OKpeMOMY BHDEtAKY' KOJIH CHCTeMa noopftauaT f. DpRMOKJTHR, 

n 
HYT <•J = 

2 
~ a TOMY sn (m-a) =cs a. 0Tme, TOAi m = tg a, ~o MH A 

Mann paaiw. 

I I) 3aJIHIIIa6MO caMHM cTy.n;i1010tiHM nepeHoHaTHCJI, ~o 

Bi,[(THHKOBe piBHaHHH rrpoCTOI JI B KOCOKYTHiii CHCTeMi KOOp

AHHaT M&THMe TY m «f>opMy, ~o ii B npnMOKyrniii, a caMe: 

x y - + - = 1 .... (142) 
a b 

I I I) B1rne.n;eMo IQe npHMoey <f>opMy 

pilmaHHH npocToi B KOCOKJTHiH CHCTeMi 

KOOp,n;HHaT. (IlpH llOMY 6y.n;eMO KOpll

CTaTHCR ;Ilpyroro cnoco6y, emneaHoro 

JVIH u;iai M0TH B npHMOKYTHlfX Koop.n;H

HaTax). 

3 l'. OA1K (pHc. 172), MaaMo: 

{J 
a= 

CS<p 

a a ~ ON.JW, MasMo: 

{J 

C81/-' 
, a6o b = ( ). 

csw-<p 
b= 

PHc. 172 

ToMy, BCTaBJIHI01llf u;i eapTOCTH a i b y Bi,n;THHKOBe p1B

H&HHH rrpocToi L, o.n;epm11Mo: 

x y .--- +---- = 1, a6o: 
{J {J 

cs <p cs(c•J - <p) 

xcs <p + yes ( w - <p) = {J • • • • ( 143) 

n 
B oKpeMoMy BHDMKY, KOJIH c.a = -, MaGMO cs (m -rp) = snfP, a 

2 
TOMY OAep>Ky6MO aRaAoMe BRM B npRMOKYTHiii CHCT0Mi pieuaRRfl: 

:res rp + ysn <p = d. 
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·BB c H 0 B 0 K: .RcHa pi11, ~o BiMaJieHHH TO'JKH BIA npo

CTOi B ROCOKJTHm CHCTeMi K-OOpP,HH&T MaTHMe BapTlCTL: 

d = x0cs <p + y0cs(<1J- q;) - (J 

Ae x 0 1 y0 6 BH&'IHHKH ,u;aHoi TOlJKH. 

§ 99. IlpHMOBa f)opMa aJirefipu1111oro piBHaHHa: npocroi 
B KOCOKYTHiii CHCTeMi. KOOpAlfHST. 

O'IeBH,IJ;HO, l.I.lO ROJIH piaHaHHH: 

xcs <p + ycs(w-<p) - fJ = 0 .... (a) 
1 Ax+ By+ 0 = 0 ...... (6) 

BHBHa11aTHMYTL o,u;Hy :H TY caMy npooTy, TO aaBiRAH MOiRH& 

e~yi<aTH T&RHH 1IllHHHR .A, ~o Ma.T~MeMo TOTOiRHicTL: 

xcs<p + ycs(w- q;) - (J = )~(Ax+ By+ C). 

AJie B QLOMY paa1: 

cs <p = ). A l 
. cs(w-<p)=J.B (e) 
I fJ = -- ).C 

lIHHHHR A HOCHTb HaaBy HOpMyBaJILHOro i pieHOCTH ( 8) 
,u;a10Th HaM MomJIHBicTb ii:oro BHaHa11RTH. A caMe: 

,JWyriii piBHOCTi ( 6) )J;B6MO BHrJUI,u;: 

cswc.s <p - snw sn <p = ). B, a6o 

A (A csw - B) = snwsn <p 

I Il~HOCHMO o6H,u;Bi 11aCTHHH ii )1;0 KB&]J;paTy; To,u;i M&eaao: 

A.2( A 2cs2(/) + B 2 - 2ABcsw) = sn2(/)sn2 <p. 

AJie sn2 <p = 1- es2 <p = 1- ).2A 2 , a TOMy: 

).2( A 2+B2-2ABcsw)=sn2w. 

3B~l.\ll: 

OTme: 

I 

A= 
snw 

± V A 2 + .82- 2ABcs(I) 

Asnw 
CS<p = 

± V A 2 + B 2 - 2ABcsw 
Bsnw 

cs(w- <p) = -----======== 
± V A2 + B 2 -.2ABcsw 

- Csnw 
(J = --================= 

± V A 2 + B 2 -2ABcsw 

(144) 

. . . . ( 145) 
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QqeBHAHO, ~o nepeA 1mpiHeM 6epyTh 3H8.K IIpOTHBHRK 

aHaKOBi c (ce6-To T&K, IQ06 BapTicTb d 6yJia. aaBmAH AOAaTHLOIO). 

IloMHomamqu piBHRHHH (6) Ha HOpMyBa..rrbHoro 1IHHHHKa, 

OAepmHMO, Ha.pernTi, anre6pHqHe piBHaHHH npocToi B rrp1111ouiH: 

fl>opMi, a ca.Me: 

a6o: 

Asnw. x Bsnw. y 
~--=================~+ + 
± V A2 + B2 - 2ABcsw ± V A2 + B 2 - 2ABcsw 

. Csnw . + . = 0 .... (146) . 
± V A2 + B2 - ABcs<r> 

(Ax + By + C )snw 
---========- =0, .... (147), 
± V A 2 + B2 

- 2ABcsw 

;a;e aHaK nepeA 1mpiHeM 6 rrpOTHBHHH AO SHaKy c. 
cs w aaBmAH 6 He 6iJihIIIHH BiA OAHHHI(i, a TOMY aop11y

BaJJhHHf1 qffHHHK 6 aaemwi BeJIB'IHHOIO peaJibHOIO i nepeTBO

peHHH anre6pHtJHoro piBHS.HHH npOCTOi B npHMOBY «l><>PMY 
saB>RAH MO>RJUf Be. 

B H c Ho Bo K. QqeBHAHO, ~o BiAAaJ10HHH ToqK11 BIA Aanoi 

npocTo i M&THMe Ba pTicTb: 

d = Axo + Byo + C sn<'J .... (148) 
± V A2 + B2 - 2ABcsw 

I(oCJiiAHTH, 11\0 oy,t\e 3 pinuaHHRM (147), KOJIH uapTiCTb KOOPAKKaT-

1(, 

ROPO l'lYTY ro 6yAe piBHa 3 - ? 
2 

§ 100. BHsua11eHHB KyTa cnaAY npocToi Ha BicL X-in. 

MH aHaGMO, ~o HaHOHH11He pieHa.HHH npocroi 6y~e·: 

y=mx+n 

sna 
Ae m= 

sn(w - a) 

OcTaHiIH piBHicTh Aa6 MomnuBicTh eHaHa11lfTH KYT a, HK 

.pymn~ilo K.YTOBOro SMiHHHKa m i KOOpAHHaTHOrO KJTY (Jj~ 

a ca1r1e: 
msn(w-r:1..)=sna, a6o 

m snwc:sa,- mcswsnrJ.. = sna. 
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IloJ:dJIHMO Bci tJJJeHH Ha csa, A o~epiRHMo: 

msm - mcswlfla = tga. 

tgz -
rnsno..1 
--- .... (149) 
l+mcsw 

n 
B OKpeMOMY BHD~KY, HOJIH Cl) = 2 , Ma6MO SllCO = 1 i CS(O = 0' 

a TOMY tg a= m. Ueit eaip MH MaJIH B npnMoHyTuin cncTeMi HOOPAKHaT. 

§ 101. Buaua11eHH11 BYTY Miac ABBBMH npoeTHMB. 

Xaii pisHaHHH ;r(aHHx npocTHX s: 

y = m1x + n1 (a) 

y = m2x + n2 (6) 

sn~2 

PHc.173 

Qi ABI npocTi aaBm~u yTBop1010TL o;n;HotJacHo ABa KYTK 

'P1 I <p2, B3a6MHOro cnosHeHHH J\O n. 

llpH 

3ni;n;n;11: 

lJOMY (pHC. 173) <pl = rt.1- rl2, a <fJ2 = 180° ·_ (al - a2). ... 

tg Cf1 = -tg <p2 = tg( a1 - a2), a6o: 

tg <p = ± tg( a1 - °'2) 

;n;e ,, +" ei;n;noBi;n;as BapTocTi <p1, a ,,-'' Bi;n;no~~ae Bap
TOCTi rp2. AJie Ha ni;n;cTaBi TpHrOHO?tteTpH11Horo Baopy TaHreHca 

pimHHJd KyTiB MR6MO: 



a6o: 

3 nonepeAHLOfO iK § MH aHaGMO, Il.lO: 

m1 anca n .. anca 

t,g 'P = ± 1 + mi caca 1 + m 1 cam 
1 + . mi m, .m• OJ 

( J + fniC8(J) }( J + ~BCD) 

(m1 - m2)anw 
tg <p = ± -----------

1 + m1m2 + (m1 + m2}csw 

BHCHOBOK L 

•... (150) 

3•)
.)!) 

HcHa piq, ru;o, HOJIH npocTi (a) i (6) e piBHo6imui, 

TO tg <p = o; ce6-To: 

m1 = m2 •••• (151) 

Q.n YMOBa pieuofiiacHOCTH ABOX npocTHX B KOCOKyrHix 

KOOPAHHBiTax 6 meHT.ff11HOIO 8 aHaJiorn11HOIO YMOBOIO B np.RMO

Hyuix. 
BHCHOBOK 2. 

Tim MipKye~HH.R ;:tOBOARTL, ~o yMonoru np1010BOCTH ,n;sox 

Ilp<>CTHX (a) i (6) B nOCOKYTHix l<OOPAHHaTax G: 

1 + m1m 2 + (m1 + m~)csw = 0 . . . . (152) 

n 
II pH Mi TH a. B npRMOnYTHix 1:wopivma·rax "' =2 i rs m = U, a 

TOMY op;epmyGMO uiAOMY HaM yr.wny npmlOBOCTn npocmx: 

1+m1 m2 =0. 

BHaHa11HMO Ryr MOO ABOMa npocTHMH, ru;e H: B TOMY paa1, 

KOJIH ~i npocTi aaraAaHi a.rrre6p1tt1HHMU piBHaHHHMH: 

A1x + B1y + l\ = 0} (I) 
A~ + B211 + C

2 
= 0 . . . . . . ') . 

Ai . A2 
3BiAI\H MH MaGMO: ml= - -B 1 m2 = - --. 

I /J2 

Room scTaBHMO !.\I BapTocTH y Baip tg <f, To o]);epmnMo: 



1) fMOBY pieuofiiacuoeTH npOCTHX: 

A1B2 -A2B1 = 0 ...... (154) 

(Ta caMa, ~o H B npHMOKYTHix 1wopAHHaTax) 

2) yMoBy npHMOBOCTH npoCTHx: 

( A 1A 2 + B 1B 2) - ( A 1B 2 + A 2B 1) csw = 0 ... ... (155) 

OcTaHHhOMY Baopy MOiRHa l(aTu ~e Tamdt BHrnHA: 

A2 

B2 
3a8a'la 3. 

Ai C8(1)-B1 

A1-B 1C80> 

...... (156) 

Han&caTH pieuauus npocToi, iqo nepeXOAJITL 11epea TO'IKJ 
.Jl(x1,y1) npHMOBO AO npocToi A 1 x+B1 y+C1 =0. 

PiBHaHHH KomHol npocToi, 11\0 nepexOAIITb qepea TOtIKJ 

1U 6yAe: 
A(x-x

1
)+B(y-y

1
)=0,a6o: ......... ·: 

A 
B·rx-x1J+(y-yJ=O .... (c) 

Ane, ROJIH QR npocTa e rrpHMOBa ):CO A3HO 1, TO Mae BM-

1wHyBaTHCH yMoBa npHMOBOCTH, a caMe: 

A A 1 csw-B1 
-

B A1-B1 csw. 

0Tme pIBHaHHH (c) MaTHMe BHrJIH]l: 

a6o: 

A 1 csw-B1 
· (x--x1J + (Y-Y1)=0, 

A1-B1 CS(J) 

§ 102. IloJie TpBKyTHHKa 11epea aua111111KB iioro Bepmsiu 
B KOCORJTllix KOOpWfB&Tax. 

CT punycTiM, ~O B0p1IIRH ):l&HOrO T £lHKYTHHKa BHBHaqaIOTLCH 

B 1mcoKyTHiH cHcTeMi imopAHH&T qepea aHatIHHKH A ( xl, y1), 

B ( X-2, Y2), C (xa, Ya)· 
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Ia reoMeTpil MH BHaaMo, II(O none TJ>HRYTHMim ABC 
(pHc. 174)' BHMiplOGTbCJI B"A06yrROM OCHOBH AB Ha nie BHCOTH 
AD, ce6-To: 

AB.h 
SABO= .••... (a) 

2 

Puc.174 

A piBHaHIDI ~Loro 6oHy, m-t ei,:toMo, Mae Bn:rnn~: 

a6o: (x2 -x1) (y--y1)- (y2 -y1) (x-x1) = 0 

qe caMe piBHaHHJI B npHMOBiit f{lopPtti, 6y,:te: 

(x2-X1) (Y-Yi)- (.'12-Jh) (x-x1) = 
0 V (x2-X1) 2 + (Y2-Y1J2-2(x2-xiJ [ -(y2-Y1)] csro 

aoo: 
(x2--X1) (Y-Y1)- (Y2-Jh) (x-x1) 

= 0 ... (B) 
r 

~e r BHaHalJa6TbCH piBHiCTIO (6). 

ToMy BHCOTa T}ntnyrHuKa h, HRO BiMaJleHHH Toq1m 

0 ( x3, y3) Bitl npocToi ( B), e11auatIHTbCJ1: 

h= 
(x2-X1) (Ya-Y1)- (Y2-Y1) (xa-X1) . Sn<o ..... (2) 

r 

Hype ananiTHqHol reoMeTpiL IBaneHKO 22 
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HapemTi, BCTaBJunotJH BapToCTH (6) 1 (a) B prn111CTb 

(a), MaTHMeMO: 

(x2-X1) (Ys-Y1)- (Y2-Y1) (xa-X1) 
S ABC=--------------------

2 
snw 

lJ11.cJI.wreJIH u,boro Blrpaay MOmHo nepeTsopnTn ~o aHaiio

Moro BilW naM BIU.!l.HAY' a caMe: 

snw 
SABO= 

2 
[(X1Y2-X21J1J+(x2y3-.Ialf2J+(xaY1-X1Ya)] ..... (158) 

Ha ni,ncTani Harnoro yMoBnoro oattaqeHHH u;e:H eaip 

Moarna Ham1ca·r11 J..Qe ii Ta:n: 

snw 2 SAnc= · LlzkYk-1-1 
2 

k = 1, 2, 3, 1 

Il p Ii Mi TH a. flcHa pi11, 111.0 ii B I\OCOnYTlliX IWOp,il.HIHlTaX Yl\tOBa 

npOCTOTIOJIOiKIJOCTH IdJJbl~OX 'f01101\ (YMOB:.l 1'01'0' lll,O .u.aui TOlJl\H :1emaTh 

na npocTin) mm1atThCH, Ta ca'.\ra, u~o ii JJ;.JJR npm101iyT11ix Hoopti.nmtT, 60 

snro- G He:nttmHa CTa.-1a i Ila piBHOCTI> .2 = () JI(\ BTI .. 111Ba6. 

§ 103. IIepeTBOpeHHH KOCOKyrHix KOOpAlfHaT. 

I. OtieBHAHo, mo, npn pieuooiacaoMy nepcaeceeu10 KOco
KYTHix KOOPAHHaT, Baopn nepeTBopeHHH 6yAyrh Ti caMH, ll\O 

ii AJUI npHMOKYTHix. (lJoMy?) 

_fM 

.. ··~·~'3 

PHc.175 

I I. Baopu nepexo;o.y Bi A Koco&yTeix KOOPAHHaT AO Koeo
KYTBix, :rqo MaIOTI. cni.'ILBnii a nepmnMH no11aTOB. Ilp1u1ycTiM, 

~o XOY (pnc. 175) 6 nepma 1wop]lnHaTtta CHCTeMa a 1mop~11-

Ha'rHnM HYTOM w, a X 10Y 1 6 ttoea 1wop~1rnaTHa c11cTeMa a 
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1mopAHHaTHHM RYTOM w1• OaHatJHMo 11epea a i fJ RYTH, ~o 
HOBi oci TBOpHTh a Bicc10 X-ia cTapoi cucTeMH. 

3em~H oqeBHAHO, ~o W1 = {J-a. 
Rom-1 Mll a6yAy6Mo aHaqHHRH HKOI He6yAL noBiJI1>Hoi 

T011HD: M i B THX i B ApyrHx KoopnHHaTax, a TaKom noBeAeMo 
11pocTi BK i BC, ainnoBiAHho piaHo6iilrni no Biceii X-iB Ta 
Y-ie, TO MaTnMeMo: 

x = OA = 00 + CA = OC + BD} · 
y =AM=AD+DM=DlJf+BC .... (A) 

X1=0B 
Y1= BJ! 

Arre, a TPHKYTHHKIB OBC i MBD Ma6MO: 

oc BC OB X1 
1) -

sn(w-a) sn a sn( 180° - w) 8ll(I) 

BD DM Blr/ Y1 2) -
sn(w-{J) sn f3 sn( 180°-<,J) Sll<rJ 

. 3BiAI\ll: 

'I) oc·=-
x 1 sn( w - a) 

BC= 
x1 sn a 

sn w sn w 

2) BD= 
y1 sn(w-{J) 

·BM 
Y1 sn fJ 

' -
sn w sn oJ 

HapernTi, BCTaBJIH10qn Qi eapTOCTH e pieHocTi (A), OAep

muu:o eeopu 11epeTeopeu11a: 1~ocosy1~ix aoop~aT: 

x1 sn ( m - a) + y 1 sn ( w - {J) 
X= 

sn m 
(i59) 

y= 
sn 01 

III. BeopH nepeXOJQ' um IIJUUIOK)'TBiX KOOpAHBBT AO KOOO
xyrnix. 

7' 
KoJIH neprn1 oci 6 npHMOKY'l'Hl, TO K,YT w = 2, a TO•J 

B. nonepe,u;Hix eaopax: 

1) sn (w-a) = sn (90°-a) = csa,· 
2) sn (w-{J) =cs fJ 

i 3) sn w = 1. 



340 

OTme, . eaopn nepe'reopeHHH 6y,nyTL: 

x = x 1 cs a + y 1 cs {J } • . • • • • ( 160) 
y = x1 sn a + y1 sn {J 

IV. Baopu nepexOAY eiA KOCOKyTnix ocel AO npHMOKJTllix. 

n 
KoJiu uoe1 oci np.HMoHyTni, To: w1 = 2, 

&Jie w 1 = {J - a, a TOMY {J = 900 + a ; 

<.1>-{3 = w-a-90°= -[900-(w-a)] 

sin {J =cs a; sin (<1J-{J) = -sn [ 90°- (w-a)] =--cs (w-a). 

Ta1u1M tIHHOM, BCT&BJI.ffIOlIH ~i eapTOCTH B aaraJibHi eaopa 

nepeTBOpeHHJI (157), M&THM0MO BBOpH nepeXOAf BiA KOCOK)'TBix 

ocel AO np.HMosymix: 

X= 
x1 sin (w- a) -y1 C8 { w- a) 

sn w 

y= 
x1 sn a + y 1 cs tX 

. . . . . . (l 6t) 

sn <rJ 

QqeBHAHO, 11\0 nepex1,n HJ):( OAHOI 1mop):lHHaTHOi CHCTeMH 

j::(O J:\pyroi' LQO M&G 3 nepmoK> ii ph1mi II0113TKH it l\OOPAHH8.THi 

RYTH, 6 1mM6iua1d010 nepeTeopeuh I i II (eBeA0HHH n0Mi11uoi 

1wop,nHH&THOI cncTeMu a HOBHM 11011aTKOM, pieHo6imuoi AO 

CT&poi CHCT6MH). 

§ 104. PiBH8HH8 KOJI8 B KOCOKyrHiii CHCTeMi. KOOp~HaT. 

Ha niJJ;cTaei MipKyBanh, IQO MH npnKJia,naJIH e poaAiJii 

,,1mJio" J];O BHBe)J;eHHfl piBH8'Hb KOJia B npHMORYTHiii CHCTeMi 

nOOp,llHH&T, MOHma H&IlHCaTH piBH&HHH l\OJI& ii B I\OCOKyTHiii 

CHCTeMi' a ca.Me: 



I. ~eeTpOBe piBB8BBa: (puc. 176). 

x 2 + y2 + 2xy c8w = r 2 • • • • • • ( 162) 

II. 3ar&JILRe piBB&llllH BOJia: (pue. l'i'i). 
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( x - a )2 + ( !J - b) 2 + 2 ( x - a) ( y - b) csw = r2 . . . . . . ( 163) 

x 

Puc.176 PHc.17 7 

m. Sarw11.ue ure6pB'IBC piBBaBBJI KOJia. 

3HOC.R11H B piBH&HHIO ( 163)' AYJKKH M&6MO: 

x2 + y 2 + 2xy csw-2( a+ bcsw} x-2( acsw + b) y + 
+ (a 2 +-b2 + 2abcsw-r2} = 0. 

IloMHOiH&JO'lJlf B aaraJibHOMY BHil&AKY Ha 'IHHHHKa k' 
o;wp)KHMO: 

k(x2 + y2 + 2xycsw}-2k(a + b csw} x-2k(acsw + b) y + 
+ k ( a2 + b2 + 2a bcsw - r2

) = 0 

QqeBHAHO~ aaraJihHe &Jire6pH11ue pienaHIDI 2-ro crryniHH 

BiJ~ ):\BOX 3MiHHHX 1mrJIH)ly: 

Ax2 + By2 + 2Cxy + 2Dx + 2Ey +Ji' = 0 

6y,ne piBH8.HHHM ROJia TOAi, ROJIH BapTOC'rH a, b i r BHBHalJa

THMYTbCH pean1>uo a piettocTeii: 

A =B= k; 
C = kcsw = Acsw; 
D = -k(a + bcsw}; (I) 
E ~ -k(acsw + b); 

I F = k(a2 + b2 + 2abcsw-r2
}. 
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3BiA~H MH 6atIHMO; . ll~O JWH011HOlO 03H&KOIO Toro' I.Q06 

aaraJibHe aJire6p1,pme piBHSHH.R 2-ro CTyniHH Bi):( ABOX BMiHHHX 

6yJio piBH&HH.RM HOJia B KocoKyTHix 1moprornaTax, s 1) pis

HiCTh COtfifHHHKiB npH liB&ApaTax 3MiHHHX i 2) piBHiCTb co

llHHHHK8. npH 3):(o6yTHY 3MiHHHX fa 3'A06y1,KOM C011HHHHKa npH 
RB&ApaTi aMiHHHX Ha 1mciHyc KOOPAHHaTHoro KyTa. 

B1rnHaquMo aHatIHHKH a i b I\0HTPY 1mJJa. 

TpeTa pisuaHHH (I): 

D = -k(a + bcsw), aoo D = -A(a + bcsw) 

aa AODOMormo Apyroro pisHam-rn: Ac.sm = C, 11ep&reop106ThCH B: 

Aa+Cb+D=O (II) 

TaK c&Mo lleTeepTe pieHaHHR (I): 

E = -k(acsw + 11), 

nepeTBOp106TbOH B: 

Ca+Ab+E=O ...... (Ill). 

Poau.RayIOqu piuHaHHH (I I) i (I I I) o.I:(epm11Mo: 

a= 

b= 

CD-AE 
A2-C2 ' 
CE-AD 
A2-C2 

. ·. . . . • ( 164) 

HK 6atJHMo, attalIHHKH L\eHTPY RoJia uuauaqaJOThC.R L\iJIImM 

peaJibHO. 

BspTiCTh J1yqa ROJia o.I:(epmHMO a pIBHOCTH: 

~If' = k( a 2 + b2 -t 2abcsw - r1). 

l 

AJie o6llHCJieHHH ~iei BapTOCTH 33JIHUIHMO AO BHeqeHHH 

Teopii BHaHaqHHl\iB (AeTepMHH&HTiB ). 
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§ 106. BiryuoBi, afio noJiapui soop~HaTB. 

Ilp:nnycTiM, lllO !tUI 3Ha6MO flOJIOiKeHHH mwi He6yAh Toq1n1 

P Ha nnorn;i :M noJiomeHHH HKoi 6y;:i;h npoc1·oi L, lllO nepe

XOAHTh qepea Toqny -p B neBHOMY HanpHMi (puc. t 78). 
B IJ;bOMY paai, HH MH Bme poarJIHAaJIH, noJiomeHH.fl KOil~

HOi HHmoi ToqHH M Gy;:i;e u;iJIHOBnTo enaHatiaTucH aa JlOIIOMoro10: 

1) Bim~aJieHI:IH MP, TOlIKJI M siA ~aHoi TOtIHH P i 2) KJTY 

MP L = () yTeope1-1oro IJ;HM e1;~u~aJie1-1HHM P llf a Aatt010 npo

CTOIO PL. 
HaM Bme BIJlOMO, rn;o P_ Mac 11aany 

6irytta, a6o nomoca, a npocTa L --
6iryttoBoi a6o noJIRpHoi oci; Rimi;a

~ JieHHfl p M = e - 3BeTbC.R HanpHMH.HM 

JiyqeM, a6o JiycieM - BeKTopoM; a HYT 

A1PL = () - arvnIJiiTYAOIO, a6o <Paamo. P 
Mn eme poa r JIHAaJIH eaopu nepe

XOAY BiA 6iryHoBo i cncTeMn AO npHMO-

PHc. 178 

nyTnoi ii naBrmKH, a Tenep poaB.flifWMO 1nJihKa aaAaq. 

3aoatta 1. 

HanucaT11 fiiry1rnoee pieua.nu.n npocToi. 
-' 

I. IlpocTa nepexO;L(HTL 11epea fiiryu. 

IlpHnycTiM, rn;o npocTa S ~mE: HYT cna.zzy ~ Ha 6iry

Hony aich L. QqeBHAHO, rn;o u;H npocTa 6y;~e aJI1rnaTnc11 a BiA-

110BiAHiM HanpHMH.HM JIY'IeM, i, 'fOMY' KOifrna TOtina ill Ha Hin 
(pHc. 179) MaTnMe CTaJJy lpa3y OJJ,HaHOBY 3 nJTOM cna;:i;y npo

CTOi Ha BiCb. 

PHc.179 

Yepe3 Te GiryHKOBe pieHaH-
,. 

1m upocToi, rn;o nepeXO,IlHTh 01-

ryH, MaTllMe BHrJifl):\: 

() = (/. . . . . . . (165) 

ne r:1. - 6 -nyT · cnaJJ.y npocToi 

Ha BICh L. 

I I. IlpocTa ne nepexOAHTL 1rn1wa fiiryH. 

IlpHnycTiM, 11to HaM ;:i;ano npocTy S, ll\O He uepexoJ{HTh 

tiepea 6 iryH P. 
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Xaii up.RM, cnyI.QeHHii a notia.'rHy KOOJ>JVHHtT ua LUO npo
CTY, 6yAe d, a KYT cnaAy Qhoro npHMY Ha Bich L 6yAe <p. 

KoJIH Mll Bi3hMeMO Ha npocTiH s AOBiJihHY TOtIHY M ( e,o)' 
TO oAepmHMO TpnHy'rHHI\ P jf K (pHc. J 80) i a Hhoro Mar11Me~10: 

o= la 

PJ11c.1 SO 

CnpaBAi: 

d 
--- ...... (166) 
cs(9-rp) 

\ 

Qe pisttanHH Monma oAepma TH 

it qepea nepeTnopeHHH npHMOBoro pin
naHHH npocTOi n npHMOHYTHix liO

opAIUlaTax: 

xcs <p + ysn <p = d 

j~O JIOJIH})HllX I\OOPJlHHaT aa AODOM0-

1'010 BaopiB: 

X = ecso I y = (!8ll9. 

(! C86 C~ <p + (! 81l9 Sil <p = <5. 

<5 
(!. C-~ (o- rp) = d, a6o e = ---

CS (9-<p) 

3aoa'ta 2. 

3eaitTH BiAA8..!leHBH Miz 'l'O'IBBMH: 

A (flt ,91) i B ( e2,92). 

3a ·reopeMOJO Rapno M&6MO: 

(puc. 181 ). P1-1c. 181 

3eiJI-l\H: 

d == v Q1:! -; f.!/-. 2()11J2CS ( 62- 01) . . . . . . (J 67) 

3aoa•ta 3. 

Hanaca1111 piDHWIHJI Ko.11a B fiiry
uoeux Koop~uaTax. 

I. ~eeTp KOJI& ~1eacuTL e fiiryui 
(pHC. 182). IlpH.KMeTHOIO nOJia, HK 

reoMeTpHtJHoro ocepeAHY GyAe ue-
Pa..tc. 182 aMiHHicTh BeJlntUIHif f!· ToMy pisHaH-

HH HOJia, ~o 1t1a6 QeHTp B 6iryHi 6y,lle: 

e =a (con.st) ....... (168-a) 
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Il. IJ:eBTp ROJI8 Jle3CBTL DO•Ba fiiryROM. 

Xait HOJIO Maa nytJ:eM r, a 
aua11HHRH Doro ~eHTpa (h i e1 
(pHc. 183), BiaLMiM RKY ae6yA& 

~BiJILHY TotJRy M Ha o6BOAi 
ROJia :it OBH&11HMO 3Ha11HHRH iI 
11epea e i e. 

ToAi aa Teope1m10 Kapuo • L 

M&GMO: Pi-1c. 183 

a6o: e2 + l>12-2ee1 cs (01- e) = r2 

e2--2ee1 cs(01-e) + (e12-r2) = O .... (168-h) 

Qe it 6yAe IlOT}li6He pieH&HH.R ROJ18. 

§ 106. PiBBRBHll KpHBOi AJ)yroro CTYJiiHH B fiiryHOBRX 
Koopwmamx. 

at Puc. 18 4 

Biabl-liM BOrHH~e KpHBoi sa 

6iryH' a eicb CHMeTpii RpHBOi' 
~o nepeXOAHTh tJ:epea sor1rnme, aa 
6iryuoey eicb (puc. 184). RonH6 
a BOrmn1~a F nocTaBHMO AO oci 
L npRM AF, To, HR BiAOHo, 

AF=p. 
IloBeAeKO AHpeHTPHTY aa i 

cnycTHMO Ha Hei 3 T011RH A. 
npHM AB. 

RH MU eme aHasuo, BiAHO
AF 

meHH.R AB = E ( tJHCJIOBOMy 

e1w~euTpHCHreTy). BiaLMiM Tenep Ha o6BOAi RpHeoi, 11RycL 
~oBinLuy TOlfRY C i cnycTHMO a uei np.RMH: CE-Ha 6iryuoey 

CF 
eich, a CD-Ha AHpeRTJ>HTY. 3eiAl..\H T&ROiH MaTHMe1t10: CD = e. 

Xait 6iryuoBi HOOpAHHS,TH TOlfRH 0 6y~yTh e i 0, TOJ{i 

a 6-FCE M&6MO: CF=e; EF=ecsa. AJie DC=KF-EF, 
p AF 

aToMyVC=AB-EF=-;: -ecsa (60 AF=p; AB =e; 

AB = ~ ): 
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TaKHM tJHHOM:. 

CF 

CD 
- = e, 

p - -· e cse 
B 

e = JJ - e E C89 7 · a6o 

]J e = --- ...... (169) 
1 + e csa 

Qe 6 rroTpi6He piBHaHHH Hp1rnoi Apyroro cTyrriHH a 6i

ryHoBHX KOOp;I(HHaTax, KOJIH BOMUfllle ii BBHTO aa 6iryH, a 
BiCh CHM01J>il, IIlO rrepexo~HTb qepea ~e BOrHHllle, aa 6iry

HOBY Bich. 3 aHaJiiaH BJiacTHBOCTeii ):{npeKTPHT QHX KpHBHX 

MH BH86MO, IllO AOBeAeHe piBHaHHH 6y;I(e BHBH&tJaTH: 

1) eJIHIICY, KOJIH E < J; 

2) . mrrep6oJiy, KOJIH e · > 1; 

1 3) napa6oJiy, KOJIH e = 1. 



AOAATOK. 
PoaBHTOK aHaJIHT1ttmoi reoMeTpii nepeHocnTh ,rcocJii,rcyeaqie 

see B ,rcaJihIIIi ii ,rcaJihIIIi QapHHH reoMeTpHtIHo 1 amtJiiaH. 

~OCJii,rcmeHHH HplIBHX ,rcpyroro CTyn"inn E: aaca,rcmPIOIO JlHIIIe 

ti:aCTHHOIO HayKH. 

:QiJIKOM npnpo,rcHe, ~o nepeA ~ ,rcocJii,rcyeaqeM poaropTaGThC.fl 

urnpo1m ii QiKaBe IlOJie HpMBHX 3-ro ii- BHI..QHX CTyniHiB. 

C11cTeMaTnaaQiH T&nHX RpHBHX Mas ,rcoeecTH ,rco ece6i'Illoi 

aHa..TJi3H aaraJibHHX pieHaHb TpeTbOro H . HHUlHX cTyneHiB' ane 

H6 G . cnpaBOIO Mait6yTHbOIO. IloHH-1..QO HaIWI1JU08TbCH CaM CHpo-
.. ' . . BHU MaTep HJI y BHr.ilH,f(l ).l;OCJII,IJ;iKeHb Onpe?.UIX KpHBHX, nopHA-

HiB, IUIIlllfX Him ,u;pyroro. 

~o ~horo 1.Jacy eme ,IJ;OCJiiAiKCHO 6orail.hI\O TaKUX OHpeMHX 

reoMeTpHtIHHX ocepe,rtKlB 1 MH BBctiRa6MO ,f(OQlJihHHM no.n;aTn B 

CB08MY Kypci HaMBi):(oMHirni 3 HHX. 

0KpeMi reoMeTpHttHi ocepe.QKH. 
§ 107. ~HRJIOi~a. 

QHKJIOIJ\010 3BeTbCH reoMeTpHtIHHH ocepe):tOK, 11\0 oqep

KY6TbCH .RKOIO He6yAh TO'IKOIO KOJia, KOJIH BOHO ROTHTbCH 6ea 
CKOB8&HHH 83):\0Bm .n;aHoi HepyxoMoi npocToi (pHC. 185). 

PL-1 c:.. 185 

BiahMiM aa Bich X - iB L\IO aepyxoMy npocey, aa noqa

TOR Roop,f(HHaT -ToqKy 0, nonepeJ:tiie nonomeHHH, TOtfKH M Ha oci 

X- ie, a aa sich Y- iB - npRM AO sici X- rn, nocTaB.rreHHit 

B ara):t&Hiii TOtJQi 0. 
Xait KJT, ~o niA qac Koti:eHHH KOJJa aaqepKys JIY11 MC= a, 

6yAe a (e BHMipRHe s Kpyrosux OJVIHH·L\HX,. a TOMY J:tOBJRHH& 

,rcym, ~o Bi,rcnoBi,rtaE: KYTY e, 6yJ:te s. = a e) ·. 
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Bap-ricT& auatJHHKa x = OA e piuua a piarnu~e10: 

x=OD-AD. 

An:e ROJIO KOTHThC.R 6ea CROBB8HH.R, a TOMY OD= - MD= 
= aa; 1<piM Toro a ~ MCB M&eMo: AD= MB= asna. 

0Tate: 
x = aa-asna = a(a-ana). 

3 ~yroro 6oKy a Torom t:\ MCB, OAepmHMo: 

y = AM = DC-BC = a - acs e = a ( 1- csB). 
TaRHM 11HHOM, piBH&HH.R: 

x = a (a - sna) } (·l 70) 
y = a ( 1 - csa) · · · · · · 

E piaaane&MB (aMmHHROBHMH) ~OIAJI. B11nyqa101111 a 
~Hx piBH&Hh aMiHHHKa e, OAepmHMO ApyruA BIUJIHA pisuauun 

l.\HHJIOiAH' a C&Me: 

x=a arccos(l-: )+ V 2ay-y2 ...... (171) 

MM 6a'lllMo, ~o I.(HRJIOiAa JI~H<HTh no O)(HH 6iR HepyxoMoi 

npocToi i TJlrHeThC.R Ha 6eaMea<HiCTh OKpeMHMU r&J1)'8JIMH a TflTR

BOIO 2na ROJKHa. (qoyy?) 

PVlc.186 

KoJIH uanp.RMHOIO (uepyxo&1010) KpHBOIO 6yAe He npocTa, 

a HOJIO, B8AOB)R o6BOA& flROro 6y)(e ROTHTHC.R A}>yre KOJIO, TO 

IOI OAep>RHMO RpHBi: 

1) IlpH l<Oni, ~o KOTHThC.R 80BHi o6Bo~y nanpHMHOro 

ROJia - eD~HKJIOiJU' (pHC. 186). 
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2) IlpH KOJii, ~o KOTHThCH y cepeAHHi no o6so;o;i HanpHMHOro 
KOJla -rBDO~OiJzy (pHc. 187). 

§ 108. Bepciepa (11apiBHH~a) AllLeai-Cl>epMaTa. 
y. Q11 npHBa 6yna CTBopeHa Ma

TeMaTHROM <I>epMaTOM i )lOCJiiAJKeHa 
Au&ea i, ~o H: AaJia Hi Haasy 
sepcispn. 

Bepcispa s reoMeTp1tt1HH11 oce
pe;o;KoM KiHI.~iB npHMiB, IlOCT&BJieH

HHX ;o;o nonepe1rnHRa ;o;aHoro KOJia, 
Tal\OI )J;OBmHHH, ~06 i'x Bi)J;HOIIIeH
HH ;o;o Bi;o;nosip;HHX THTHB, BiATH

THX HOJIOM Bi~ IUIX npHMiB, 6yJio 
P&.-1c. 187 aasm~u pisHe a ei~HOIIIeHHHK Qi-

Jloro nonepe11HHKa no Bi;tm&JieHHfl OCHOBll npHMa BIA II011aTRY 

QLoro nonepetJHHKa. 

Xaii ;o;aue HOJIO 6y;o;e Jiyqa r =a (puc. 188). IlpHMO

sicHHii H:oro nonepe11HHK eiaLMeMo aa sich Y - ie, 11 p;oTHq}{Y 

s HHIBHLOMY KiHI:i;i l.\l>Oro nonepe11nn1m - aa eich X- iB. 

By;o;eMo myKaTH reoMerrpH11HHH ocepe;o;oK 1dHQiB npHMiB 

nocTaBJieu11x ;o;o ~Loro nonepe'IllHKa, Tan, ll\06 icuysa.rro Bi;o;-

HOllieHHH: 
MP 

KP 

OL 
OP 

y 

. . . . . . (I) 

L 

n punycTiM' ll\O M 6 ToqH&' II(O JiemHTh Ha KpHBiH' HKY 
Mll )J;OCJIJA>KYSMO. 3Ha11HHRH Qisi T011KH 6y;o;yrh: 

• 
x=OR= MP 

Op 
. . . . . . (II) 

y= 
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le reoMeT}lil aHa6MO, ~o npHM PK 6 cepeAHe nponopQieHe 
MJJK B~THHK&MH nonepe'IHHKa, a TOMY 

KP2=0P .PL 

Arre Ha niACTaei piBHOCTeii (I I): 

PL= OL-OP = 2a--y 

KP2=y(2a-y), a6o KP= =f= VY(2a-y). 

BcTaBJUIIOtUI aHaitAeHi eapTOCTH MP i KP B nponopQiio (I), 
M&THMeMo piee&HHSI Bepciepn: 

a6o: 

x 2a 
----============== = - , 
± V ·y(2a - y) y 

l 
/ :2 a --- .II 

x = ± 2a / .'/ . . . . . . c112) 

[(e plBHaHHH Ma6 J.Q0 ii llHIIJHH BHrJIHA: 

x 2y = 4a2(2a -y) . . . . . . (173) 

Ilepwe piBHaHHH noKaay6, J.Qo, 1mJn1 y npocTy6 AO 0, 
ce6-To TO'IKa P Ha6IDima6ThCH AO oci X- ie, To caMa Kp11Ba 

ime AO 6eaMeil\HOCTH' Tan J.QO eicb x - ie CT&6 ii aCHMilTOTOIO. 

§ 109. Kouxoi~a (MymJu1) HuKoMeAa. 

BiahMiM HKY He6yAh AOBiJihHY npocTy X (p1rn. 189) 
1 TO'IKY no-aa He10 P. 

y 

P11 c. 189 

KoJIH a TO'IHH P, HH eyaRa, noBecTn 6eaJiitI npoMIHIB, 

11~0 nepeTHH&THMYTh npocTy x i Bi~ TOllOK nepeT1rny ix a ~i6IO 

npOOTOIO BiAKJiaCTH a o6ox 6oKiB ii CTaJii BiATHHKH' TO KiHu.i 



l(ux Bi~TMHKiB yTeopHTh reoMeTp1rqH11ii ocepeAOK, ~o cima;J(&6ThCH 
3 ~BOX raJiyaiB. 

IJ;eii reoMeTpHtJHHil ocepe~oK Mae Haaey KOHXOiAH, atio 
.11y11mi HHKOMeAB. 

06HABi ranyai MyrnJii acnMTOTHlJHO Ha6JIHiRYIOThCH AO Bici 
XX a o6ox H KiHu;ie . 

Bich XX Mas HaaBy oci ROHXOiAH, a TO'IRa P ii 6iryHa. 
Bi,u,I(a.rreHHfl 6iryHa ei~ oci (npnM PO) Mae Haaey rm16IIHU My
rnJii, a nepepia AC, pieHnii a IIOABiitHHM TBOp'111M ei~THHK6.'.\.I 

d - Mas Haaey upoMipy MyrnJii. 

Xaii r .. rn16irna MYIIIJII e OP= a, a nienpoMip (Teoptudi 
BiATHHoK) AB= d. ToAi: 

PiunaHHJI MYWJii B npnMoKyTHix KOOPABH&Tax. 

3a Bich X-iB 6epeMo eich MyrnJii XX, a aa eich JT-iB 

npoAonmeHHH B AOAaTHiii Hanp.RMHOCTH rJIH611m1 MYIIIJii (rrpHMY PO). 
BiahMiM Ha RpHeiit .RHY 6yAh To11Hy A. IlpoMiHh, ll\O 

nepexoAHTHMe 11epea u;10 TOtIBY A, 6yAe PA. 36y~ysaBIIIH aHa11-
HHH11 TOtJRJf A, MaTHMeMo x = 0 K i y = KA. 

Tpiu-\yTHlfl\H: POB i BAK 6 cxomi, 

OP AK 
a ToMy: OB - BK' 

a y 

± Vd" ., --y-

(60 OB=OH-BK, a BK, aaTeopeM010 IliTaropa, pieHe ± V di_:_y'!.). 

A SBIATVI: 

x2y2 =(a+ y)2 (d2-y2) ..... : (174). 

PiBH&HH.H MJIWii B 6iryHOBHX KOOpAJIH3T8X. 

BiahMiM aa imopAnHaTHHii 6iryH P 6iryH caMoi MJIIIJ11, 

a aa 6iryHoey eich - rJrn6iIHY MYWJii PO. 

Xaii <1>aao10 .RRoro 6yAh npoMiHR PA 6yAe o. 
3a HarrpnMHHH JIY"'I MYlllJii 6yAe a6o PA (eepxHH raJiyah), 

a6o PC (HHiKHH raJ1yah). ToAi ei]lTHHOR PB 6yAe pieHHi: . 

PB= e =F d. 

3 Tpl~KYTHHKa POB MaeMo: 

OP =0Bcso, 

a6o: a= (e =f d) css. 
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A BB~qi: 

e = a sec o ± d . . . . . . ( 175) . 

Il pH Mi T K a. }'. BHDaAKY, KOJill d > a: HHiHHfl ra.r1yab l\OHXOl,ll;H 

pOOHTb neTJIJO (pHC. 190). 
y 

Pi-1 c. 190 

§ 110. U:ucoiAa (aoo sucoi~a) ~ioKJia. 

BiaLMiM Kono .RKoro 6yAh Jiyqa r i qepea onua a KiHqie B 
H:oro nonepe'IHHKa, noeeneMo AO KOJia AOTHqHy, a ApyrHit 
:niHe~b ~horo nonepeqHHKa 0 eiahMeMo aa 6iryH (ByaeJI) npo
.MiHie, ll.\O nepeTHHaIOTb KOJIO. Roilmn:D a QHX npoMIHIB KO
HetIHe aycTpiHe o6Bin Kona, a AaJii, ua ceoMy rrponoemeHHIO, 

ii aranaHy AOTH'IHY (pHc. 191). 
Hanp. rrpoMIHh OC aycTpi11as 

o6BiA ROJla e ToqQi A, a AOTHtffiY e 
Toq1.iJ C. 

BiMaJieHH.R ei~ nepexpecTH Kom- Y 
noro npoMiHH a KOJIOM AO nepexpe
CTH iioro a noTH'IHOIO (eiATHHOK AC) 
6yAeMO BiAKJiaAaTH Ha .'-ToMym npo

MiHi ei,n: 6irYJ1a 0 (ei1'THHOK OD). 
ToAi reoMeTpH'IHHit ocepenoK KrnQiB 
T3RHX BiATHHKiB Ha ecix MOffiJIHBHX 
npoMiHHx, noeeneHHX a 0 qepea :nono, 

Mas uaaey ~HCOiAJI Aios~u1. 
3aa:HneMo pieHaHHR ~horo ocepenKy. 

I. Piuuauea ~ucoi~R n npHMO· 
syTnix BOOPAHH&Tax. 

BiabMiM aa noqa.ToK 1mopwiHaT 

6iryH 0, aa Bicb X-ie - naH1IA P1-1c. 191 -
nonepeqHHK OB; a aa eice Y-ie-

~OTHqHy no KoJia, noeeneHY tiepea 6iryH 0. 



353 

1\oJIH cnonyl!HMO TOtfnH A i B, To o;:t.epHmMo: 

L ABC (/J D. ODE 

(npHMOKYTHi, i MaIOTh piBni rocTpi KyTn: ~ ABC= ~BOC) .. 

BG OD 
3Bi]l~n Ma6Mo: AC. = -y-; aJie a YMOBH: AC= OD, a 

·~oMy: OD2 ==BC . y .... (A). 

3 !:... ODE, aa TeopeMoro TiiTaropa, Masr.m: 

on2 == .:z:2 +y2, 

;a a1 cxomoCTH: L BOC en ~ EOD, Ma6Mo: 

BC = _ 2r , aGo BC = 2ry 
y x x 

TaKHM tIHHOM, BCTaeJuuotnt anatiiteHi BapTOCTH e pieHiCTb (A), 
-OJtepmHMO piBH8BUJI UHCOiAB: 

2ry2 

x 2 + y2 == , a6o 
x 

x 3 = y2 (2r-x), (176) 

-vi x 177 y=±x ...... () 
2r-x 

3 OCT3HHbOro plBHaHHH BHAliO: 

1) l\HCOiAa cnMeTpuqmi, arJIHAHO oc1 X- iB (arJIRAHO 

lrOJIOBHoro rronepe'IHHKa Teopqoro Ko.rra); 

2) QHCOiAa 8RMKHena Mim AOTH'IHHMH: x = 0 i x = 2r, IIO

iBCACHU:MH qepea KiHI . .I_i rOJIOBHOro rrorrepetIHHKa TBOp'loro Hona; 

3) UIICOiAa 6 6eaMeamoro KpHBOIO' ~o ac.uMaTOTHtfHO 

.ua6nHmyeTbCR AO TBopqoi AOTHllHOi (BC) npH 6eaMea<HoMy 

H&6JIHaceHHIO npoMIHIB 8 TOtfKH 0 ftO IIOJIHpHoi ftOTHtffiOi 

-(eici Y- iB), ce6-To, IWJIH HYT MDK TBOpllHMH rrpoMiHHMH 1 

1'C 
·.BiOOIO ~HCO~ (niccro x - iB) Ha6J111myeTbCH ftO 2 

i 4) ~HCOiAa rrepeTHHa6 TBOptJ:e KOJIO 8 IiiHI.(HX rrorrepetIHHH& 

LK, npnuosoro no roJioeuoro 0 B, 60, IWJUI x == r, TO ii y == r. 
il<ypc aeaniTa11&oi II'eo111eirpii .. laaneeKo 23 
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II. Pieuauus ~ncoi~n B 6irynoenx Koop~BaTax. 

BiahMiM aa 6iryH 1mopAHHaT 6iryH 0 Rpirnoi, a aa 6iry
,Hoey eicb - roJIOBHHii rronepeqHlfK OB TBopqoro ROJia. BiaLMiil 

HHJU1: He6yAh AOBiJihHHH rrpoMiHh AC. 

To~i: e= ~COB, a e=OD=OC-OA (60 OD= AC). 

2r 
AJie, a ~ OCB, Ma6Mo: OC = -- , a a .6. OAB MaaMo:· 

cse 

OA = 2rcse. 
ToMy: 

2r 2r e = - - 2rcse = - ( 1 - cs2e). 
cse cse 

e = 2r 
sn2e 
-- , a6o 

cse 

e = 2rsnetge ...... (178) 

ll;e ii 6yAe pinaaBB.H ~HCOiAU B 6iryHOBJIX KOOpAHBaTax .. 

PoarJIHHeMo~ ~e OAHY n;iKaey BJiaCTHBiCTh n;HcOiAJf. 

BiahMiM HKY He6yAh npocTy, m;o rrepexo;t{HTL qepea no11a

TOH Biceii, Harrp., y = kx i 6yAeMO myRaTH TOtJRY rrepexpeCTH 
ii 3 npHBOIO. 

PoaBHay6MO p1BHaHHH: 

x3 = y2{2r-x) 

i y = kx, 

.RHO CHCTeMy 11 OAepiny6MO: 1) X1 = o; Y1 = o; 
2) x - o· y - o· 2- ' 2- ' 

2r~2 

3) x3 = 1 + k2 ; Ya = 
2rk3 

1 + k2 • 

,II;aHa npocTa Ma6 TJ>H crriJILHHX TOqKH 3 IUICOiAOIO' &JI& 

ABi a HHX aJIHBalOThCH B noqaTRY ocett. ToMy D;.R TOtJRa aBeTbCH 

DOABiitHoro. 
mo6 rrpocTa: y = kx 6yJia AOTHtJHOlO AO D;HCOiAJI, TJ>C6a 

~06 i TOtJRa (x3 , y3) aJIHBaJiaca a nepnmMH ABOMa, a n;e Mom

JIHBO, ROJIH k = 0. ToAi OAepmyeMo e~uy AOTHqHy AO ~coiAH: 
y . 0 B IIOABiiffiitt Toqn;i RplIBOi. llepea Te IIOABiiiHa TOtIKa 0 
~COIAH 6 ii IIIIlBJieM. 
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§ 111. JleMHicKaTa BepnyJii. 

JleMHiCKSTOIO SBeTLCJI reoMeTpB11HBH ocepeAOK TO'IOK, 

:JAOOYTOK BiAAaJieHL .HKHX Bi.A ABOX ABHBX TO'IOK (Bore~) 8 

ne.1JB11Hll8 CTaJia, piBHa 3 ICBSApaTOM niBBiM8JleHH.H Mim ~HMR 
TO'IKSMH. 

"" Y• / 11~-~ LT 11 B. 
~; --.._ ., /,/r~ 

/ "..>.. ~~ 
:l "'..:: ·t. L' .... t: I. ·I: --~· I J' ".~ 

A1.'" . --- ----- . '°"! -~- ___ .._: _0~-----~\. X 
~ r"-- ---· · -~c--·· 7f:V .-;=~-:-.:...··y.---1-~ 

\ ' .. i. / I "'-:... .,. J 
'·,........_ . .// : -,~ ./ 

----~-- / ' "' --------~ , I ' ~ o,, / I " o. 
/ . '" .. I , 

i 
I 

Pt1C. 192 

0aHa1IRMO BiJma.rreHH.R Mim AaHllMH TotJKaMH F 1 i F 2 

'(pHc. 192) 11epea 2c. 3a notJaToK oceii BiahMeMo cepeiouiy Mim 
F 1 i F 2 (QeHT}l Rp11Boi), aa Bich X-ie-npocrry, ~o cnonyqas 

Born11~a F 1 i F 2 (BeJnrna Bich) a aa Bich Y- ie-npHM ~o 

BICI X- ie B TOtJQi 0 (MaJia Bich). 

Xafl M ( x,y) .RKa He6yAh Totrna :np1rnoi, TOAi Ha niµ,cTaBi 

BH8HaqeHHH RpHBOi: 

r 1 • r 2 . c2 ; a6o r 12 r 2 
2 = c4 • 

AJie, 1) r 1 , RKO BiAAaJICHHR MiiR Totrna\tH Jll ( x, y) i 

F 1(-c, o), .6yAe: 
r12 = (x + c)2 + y2 

2) TaK caMo r 2 , RKO BiAAaJieHHR Mim TOtiKaMH .1.U i 

F 2 ( c, o) 6yAe: 

r22 = (x- c)2 + y2 

0Tme, [ (x + c)2 + y2] [ (x- c) 2 + y2] = c4, a6o: 

(x2+~cx+c2+y2) (x2 -2cx+c2 +y2)=c\ a6o: 

(x2 + y2)2 + 2c2(y2-x2) = c-t-c4 = o. 

TaKHM 1IHHOM, JliBH&HHJI m~MuicKaTn 6yAe: 

(x2 + y2;2 + 2c2(y2-x2) = O ...... (179). 
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AHaniaa prnHaHHR: 

1) By~oua piBH&HH.fl JieMHicKaTH noKaays, Il(O Ko>1miA: 

.na.ui.tt ua.pTOCTi x Binrroui):(as no 2 aaprocTH y ti, uaenaKH, KOiK

Hiit BapTOCTi y Bi~noBinas no 2 BapTOCTH x. 0Tme, JieMHiCK&Ta 

6 CHMeT}>HtJ11010 arJIHAHO o6ox BiceU:, a TOMY f1 arJI.flAHO n;e11Tpy. 

2) Ino6 auaiiTH TOtJRH nepexpecTH KpHBoi aicc10 X- i1, 
·6epeMo y = 0; Toni onepmysMo pinHaHHH: 

x'-2c2x2 = 0, 

-~o Mas posunarui: x1 = x2 = O; x3,4 = ± c f2. 
IJ;e ceiAtfilTh, Il(O KpI·IBa Mae B notJaTKY noopAHHBT no~-

11iluy T011KY i nepeTHHas Bich X - iB B TOtJKax ± c V 2, ; 

IIJ;o6 aHaHTH TOtIKll nepexpecTH KpHBOi a Biccro Y- i1, 
oepeMO x = 0 H onepmysMO piBHaHH.R: 

y4 + 2c2x12 = 0, 

~o Mas poaBH3KaMn: y1 = y2 = O; y3,4 . ± c i VT 
TaKHM t{HHOM eich Y - iB TaKom ayc1'pi11as Kp11ey B no

"tfaTRY 1mopnHHaT (TeiK IlOABiiiHa TOtIBa), ane 6iJihm TOtIOK ne

peTHHY a HeIO He Mae. 

4) Poaa.Raau111e: pieHaHHH JieMHlCKaTH arnHnHo y2, MasMo: 

y2 = - (x2 + c2
) ± c V 4x'I. + c~. 

IIJ;o6 y 6yno peaJihHHM, s :noHetIHHM: 1) 11(06 aHaK nepeA y
oyB + i 2) 11(06 x 2 + c2 < C v 41;~ -f- c~, a6o (p08BHBaBmH He

p iBHaHHH qepea x) x2 < 2c2 , a aainQH: I x I < c V 2. 
IJ;e CBiR'IHTb' 11(0 KpHBa JI0il\HTh Mim BapTOCT.RMH 3H8.tf

HHK8. x = c V2 i x = -c v2' ce6-To TOt{KH: A(c y2, o) i 
A 1 {- c V 2 , o) 6 aepnrnaMH JieMHic.KaTH. RoJIH oaHa1JHMO Be

JIHKY BiCh JleMHiCKa'rM qepea 2a, TO a= c y2, a6o a2 = 2c!. 
ToMy piBH8.HHIO JieMHlCKaTH naIOTb qacTO ~e ApyrHH BllrJIRA: 

(x2 + y2)2 + a2(y2-x2) = o, 
aoo: 

(x2+y2)2=a2(x2-y2) ...... (180) 

IIepeTBOpIOIO"IH Qe piBH8.HH.R no 6iryuoeHX KOOp~HHS.T 

(aaMiHOIO X = (! C89 i y = (! sna), MH onepiIDIMO: 

e2 = a2 cs2a ...... (181) 

piBH8RR8 ~eMHiCBBTB B fiiryuoeax soop~R&Tax. 



357 

5) PoaBHSaBWH piBHaHHH JICMHlCKaTH arJIH,nHo x1 , M&eMo: 

x2 = c2 
- y2 ± c V c2 - 4y"'. 

I..llo6 x 6yJio pea~LHe, ROHe1IHe MYCHTb 6yrH: 

c2 > 4y2 aoo I y I < ~ t IIC. 193) . .. 
HpHea JJeiRHTL a o6ox 6oKiB nici X- ie B nac1 MUK 

. . c . c 
plBH06lmHHMH: y = 2 1 y = - 2 (p11c. 193). 

BcTaBJIRJOtin B piBHBHHH JieMHi-

CK&TH 
c 

BapTOCTII y = ± -2 , MH 

OAepmHMO Bi;n;noBi;n;ui Bi;D;THHKOBi, 

c va caMe: ± -2 3. 

QqeBMAHO' icHyG 4 T011KH: 

( 
c - c ) iB --VJ --

4 2 ' 2 ' 

PHc.193 

~o e Bepw1mMH JieMHicKaTH arnHAHO oci X - ie. TaKHM 1DIHOM 

neMHicHaTa Mae 6 eepmRie: nea arJrnnHo oci Y- is i 4 arn11~Ho 
oci X - ie (nea m H~wi eepnrna arJIHJlHO oci Y- iB BJJH

•&JOTLCH B no11aTKY KOOPAHHa T i ~aJOTb DOABiihly To'IBy). 

Iloee;n;eMo qepea noqaToK oceit HHY ue6yAL npoccy piB

H&HHH y = kx. 

Poa11.aaaewH cucTeMy prnHaHb: 

o~epmHMO: 

(x2 + y2)2 = a2(x2-y2) 

I y= kx 

a v ak l/ ·> 
X3,4 = ± J+k 2 J-k2

; y3,4 = ± J+k'J. I J-k-. 
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KmKHa npocTa, ~o nepexo;::{HTh qepea ~eHTp JieMHICKaTH 

nepeTHKaG ii B 4 TQqJ~ax, np:u l!OMY ~Bi 3 HHX 3JIHB3IOTbCR 

B ~eHTpi B ITOABiiIHy. W:o6 ~R rrpocTa 6yJia AOTllllHOIO, Tpe6a, 

~06 ToqKH {x3 ,y3) i {x4 ,y4) smrna.TiacR s nepnrnMH ABOMa 

(ce6-To a ~eHTpoM). 

A ~e MOiKJIHBe, KOJIH le = ± 1. 
TaKHM lfilHOM, qepea I\eHTp 0, no):leiiitty Totrny, nepexOAHTh 

~Bi AOTH1111i : 
y=x 
y=-x 

ti TOMY ToqKa 0, QeHTP npneo 1 6 H eyaJIOM. 

§ 112. Rp:n:Ba Racciui. 

Y 17-My cTopiqqy acTpOHOM RacciHi BHCJIOBHB raAKY, ll(O 

op6iTa aeMJii He eJiinca, a HHIIIa HpHBa, ll(O H HaaeaJIH npHBOIO 

KacciHi. 

Kpunom KacciHi aneTLCH remweTpH'IHHii ocepeAOK TO'IOK, 

s~o6yTOK BiMWieHL mcnx BiA ABOX A8HBX TO'IOK (eoruuiq) e 

AOBiJILIIa CTaJia AOASTHH eeJIH'IHHa. 

0Tme, npHKMeTOIO reoMeTpnqHoro ocepeAKY 6: 

r1 .r 2 = s2, 

~e s a AOBiJI&Ha cTaJia eeJJHtIHHa (pnc. 194). 

y 

t> ct.? 

BaHBlllH oci 1wop):(HHaT, TaK HK l..(e 6pamr ):(JIR JieMH IC KaTH, 

MU THM me WJIRXOM Aii1AeMO AO pieHaHHR: 

(x2 +2cx+c2 +y2) (x2 -2cx+c2 +y2
) =s4, 
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& BBIA~H: 

a6o: 

(x2 + y2)2 + 2c2 (y2-x2) = ± p2 ...... (192) 

Ae ± p 2 = s4 - c1 ; (con.st) . 

Qe tt 6yAe aaraJibHe piunauus Kpnsoi Kaccini. 

QqeBHAHO, ~o Rp1rna Kaccitti 6 cnMeTpHqHoro ar.:UIAHO o6ox 
oceit i rroqaTRY RoopA11HaT ( ~eHTpy). 

1) Bepyqu y = 0, OAepmnMo piBHaHHH: 

x4 -2c2x2 - (s4 -c4) = 0, 

~o Ma6 poaBH8IUI: 

x = ± V c~ , s~ 

Konn s < c, TO pea.rr1.HHX poae.RaRie, a TOMY H: nepexpecTb 
HpHBOi a sicc10 X-ie, ictty6 qoTHpi. 

KoJI11 m s > c, To peaJihHHX poae.RaRiB, a To My i nepe

xpecTL Kpneoi a eicc10 X-ie, icHys JIHIIIe ABa: y = ± V c2 + s'! 
-1peinTa ;i:teoe poasHaRiB 6 yHeHi). 

2) BepytU1 x = 0, OAepmHMO p1sHaHHR: 

y4 + 2c2y2- (sfr-c4) = 0, 

~o Ma6 poaBHSKH: 

y = ± V - c~ + s2 

:KoJIH s > c, To peaJI&HHx poaBRaKiB, a TOMY li nepexpecTb 
Epusoi a sicc10 Y-ie, icHy6 ABa: y = ± V s2-ct. (peWTa ABOS 

po3BH8KiB: y ± v- c2- 82 -y.RBHi). 

RoJIH s < c, TO HeMa6 ma):(Horo peaJILHoro poaBRBKY A 

Rpnea He aycTpiqa6 Bici Y-ie. 

3) PoaeHay10tJH pisHaHH.R Kp11soi qepea y2 , Ma6MO: 

y2 = - ( x2 + c2) ± V 4c2 x2 + s4 

~JIH y peaJILHHM poaBH3ROM Mome 6yru JIHme TOA:, II.lO 

Ma6 nepe;i:t v- 3HaK IIJIIOC: 

y2 = - ( x2 + c2) + V 4c2 x2 + s4 
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HpiM T~H'O, J(JIH peaJihHOCTH y Ma6 6yT11: 

x 2 + c2 < V 4c2 x 2 + s4 

3einui: 

a6o: 

hOJlll S > C, Ma6 6yTI1: 

h0.i1HiH 8 < C, TO: 

Orme, HpHBa: 

a) e paai s > c Ma6 ;i:ea eepnrnn (arJIR]\HO oci Y-ie)_ 

o) B pa.al 8 < C Ma6 4 eepw1rn: (ar.,l.RAHO oci JT.-iB). 

Tipn l.JOMY nci aoun JiemaTHMJTh Ha ooi X-ie. 

4) PoaBJrny10q11 pieHaHHH Hpnuoi tiepca x2, OAepm11Mo: 

x2 = (c2-y2) ± V s4-4c2y2. 

IIIJrnxoM anaJiiau, noJ(i6Hoi AO nonepe,nHbol, MaGMo: 

RoJIH s > c, anoBy MaeMo 2 Bnna,n1rn: 

1) HOJUI s < c v2-- icHy6 4 eepmKH (no-aa BicCIO Y-iB)·· 

2) HOJIH s > c V2- icHys 2 Bepw1m (Ha eici Y-iB}. 

KoJ111 s < c, Hpnna Mas aaemJ(H 4 eepmRH (earJIBAHO~ 

e1c1 X-ie), II(O JieiHaTh no-aa eicc10 Jl -ie. ToAi RpHBa cnna
,natThCH 8 ));BOX ORpeMHX lJ&CTHH ( OBaJiiB). 

Mu 6atJHMo, U(o Hpllsi RacciHi s J(Box THniB [ 1) s < c 2) s > c J! 
.neMHiCR&T&-iR 6 rpaHJl"IHOJO RpHB010 ( s = c)' HR 6H nepeXO.AO

BHM BHIIaAHOM MhK nepmHM i p;pyrHM THnaMH (puc. 194). 
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Cnipu.H A pxHMeAa e Kpnuoio, 011epKnyT010 T011KOIO, 11\0· 
piBHOMipuo nocyeaeTLCH 3AOB3' BeKTOpa, ~o y CBOIO 11epry pie
HOMipHO ofiepTaCTLCil (nyToBa ClmpiCTb (IJ = COMt) H8BKOJIO· 

OAHiei 3 CBOix T0110K. 

OticBH~Ho, ~o npH l.J,iif yMoBi nep .... ·cym:HH.fl TOllKH Ba~onm 

BeRTopa s nponop1..diiHHM KYTY o6epTaHHH, ce6-To: e = ao, KOJIH 
pyxoMa T01IKa n oqaJia CB06 nocyBaHirn B iA 6iryHa P (puc. 195) .. 

L 

Puc. 195 

ToMY piaeauB.s1 cnipali .Apxu'rnAa :\ISTBMe BRrJJn)(: 

e = ao . . . . . . (183) 

(~e a 6 COlJHHHUK nponopni:UHOCTH, piBHHii Bi;i:u:ta.rreHHIO, H&

RKe npocy1ieTLC.R TBOptia TOtiKa aa 1Jac, KOJIH HYT o a HY JIH. 

spocTe ~o ~yroBoi OAmmni Mipn:). 

RoJIH6 TBop11a TOtIKa Ha no1JaI OH pyxy 6y Jia B noJiomeHHIO 

B, ce6-To Ha BiMaJieHHIO BiA 6iryHa P piBHOI\IY d, TO pieuasaa 
cnipui ApxHMeAa, 6yAe: 

e = d + ao . . . . . . ( 184) 

IlepeTBOplOIOlJH l.li piBHaHirn ~o npHMORYTHiX oceft: aa 

. v . y . ):\OllOMOrOio B80pIB (! = J.°" + y~ l tge = - , MH o~epmMMO plB• 
x 

uaeua cnipa~i Ap:xRMeAa B TanoMy BHr.iI.RAi: 

1). x 2 + y 2 = a2 • arc tg2 }!___ • • • • • • ( 185) 
x 

y 
2) V .t~ i-y ... =d+a. arrtg - ...... (186) 

x 
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§ 114. CJiu1uaK IlacKa.JIH ii Ka.p]J;iOi]l;a. 

KoJIH a AOBi~Lnoi T0111\H ooeoAy KoJia noeecTH atllYT 
Ci'IHUX i Ha soamiii 3 HUX 3 ooox 60idB OOBOAJ D~KJiaCTH 

O~H i TOH caMnii (AlH BCix ci'IHllX) BiATHHOK, TO reoMeTpH'l
HHii ocepeAOK ecix Kin~iB ~nx niATHIIKiB Mae uaaey C;iuMaKa 
IlaCKaJIH .. 

BiahMiM ea 6iryH ToqHy 0, ~o a Hei BeAeMo mMyT ciq

HHX, a aa 6iryHoey BICh nonepetIHllK :noJia, ~o nepexoAHTh 

To11Ky 0 (p1m . 196). 

y 

a-2r 

P111c.196 
ToAi (h = OB-b i e2 =OB+ b, a aaraJioM Q =OB± b, 

):te b 6 AaHHH BiATHHOK' ~o lioro BiAKJial(a6MO Ha citIHHX no o6HABS. 
6oKH o6BOJzy KOJia. 

OaHa'Il1Mo nonepeqHHK TBopqoro :noJia 11epea a i cnony11HMO 

TO"IKY B nepexpecTH ;r(aaoro npoMiHH i KOJia a 1dHQeM A no
nepe1IH:nKa OA. 

Tow a ~ABO MasMo: 

OB= acs(l80°-o) = -ac.so 

ToMy, pieuannH ~JIHMasa IlacsaJu1 e 6iryHoBHx 1mop;r(H
HaTax M1L6 BHrJIHA: 

e = ± b -a cso . . . . . . (187) 

~e « + » ei;r(noBiAa6 aoeHirnHiii ra.ilyai, a « - » - eiiyTpirnHiii. 
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mo6 o;a;epmaTH piBH8HHJI C.lHM&Ka B npH!UORYTHix KOOp~
HaTax, MH BiahMeMO aa BiCh x - iB 6iryHoBy Bich, a aa Bicb 
.Y-ie npHM ;a;o Hei, noBe;a;emdi t1epea Byae.rr .. mMyra ciqHHX. 

BaopH rrepeTBopeHHJI: (! = V x" + y2 i cse = V y ;n;a10Ti.: 
x2+y2 

ax 
1/ x~ + y'l = ± b - - , V x:? + y·! 

. a6o: x 2 + y2 = ± b JI x -+ y:!. - ax . 

A 3BJA~M, 110Tpi6He piBH8HHJI Cn:uMaKa IlacKa.1J1 6yAe: 

(x 2 + y2 + ax) 2 = b2 (x2 + y2
) •••••• ( 188) 

PoarJimn.Mo Tenep 01cpeM11ii BIIll3AOK, KOJIH b =a (Teop1rn:ti 
BiATHHOK b piBHHit a nom:petiHHKOM TBopqoro l:\OJia). 

B UbOMY paai MH OAepmHMO Kp11By, lllO CKJiaAa6TbCH a 
-o;a;aisi neTJii i1 Ma 6 <f>opey, no;a;i6ay AO cep1v1. (Pnc. 197). 

ToMy ~H Hpnea Mas oKpeMy Haaey KapAiOiAR (x&QtJto; = 
-cep~e). 

OtieBH;D;Ho, ~o ii piBHaHHn OAepmuMo a pieHaHHH CJIH~ 

MaKa, 6epytn1 B HhOMJ b =a. 

IlpH tJOMY' MOil\HS, o6MemHTMCH JIHllle O)];HHM 3HaROM + 
rrepe.;a; b, 60, HK )];OBO)];MTb )];OCJii;a;meHHH, piBHaHHH 3 o6oMa 

aHaKaMH' BH8Ha11as o;a;ay it Ty CaMy KpHBY (a Ha I\ aaJieiIUITb 

JIHme em TOro, BBmm-1 OtiepKy6ThCH Kpnea, tU( Il011HHaIOlfil 3 

'TOllKH 0, 1IH 3 TOtfRH A). 
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TairnM 'IHHOM, pienaunn RapAiOiAB n 6iryHoBHX iwopAH

HaTax 6y,ne: 

~ e = a (I - cso) . . . . . . ( 189) 

PieHaHHfl Ti61 cal\mI npocToi n npHMOiiYTHix KoopARH&Tax 

MaTJ.IMe enra.R;t: 

( x2 + y2 + ax) 2 = a2 ( x2 + y2) • • • • • • ( 190) 

§ 115. PoaeTa 110Tllpi~llCTa, aoo KBRAPRTOBa poaeTa .. 
IlpunycTiM, ~o BiATHHOK AB AaHoi eeJnPrnHH 2a TRrJio 

nocyea6ThC.R CBOiMH KiH~RMH ea,noBm ABOX nepexpe~eHHX, eaa-

6MHO npHMOBHX, Hanp.nMHHX npoCTHX (puc. 198). 
RoJin a TO'I1n1 nepexpecTH ~nx npocTHX · 

'Ii cnycKaTu np.RMH Ha AaHy npocTy AB B 

HOiRHOMY a ii IlOJIOiHeHh y Bcix 1IOTHpbOX 

Hyrax, TO reoMe1'pH1IHHi::t ocepeAOK OCHOB 

UHX npHMiB Ma6 Haaey 'IOTHpiJIHCTOi, 800 

KBBAPBTOBOi poaeTH (pHC. 199). 

BiahMiM aa 6iryHoBy sbh OAHY a 
__ o....,._.... ____ __._x HanpHMH11x npocTux · Hanp. OX, a aa. 

6iryn 1x nepexpecTn. 
P..,c.198 

ToAi: OC = e i < COA = o; 
0Tme: e = OA cse; 

AJie 3 .~ OBA MaGMo: 

0.4 = 2asn6. 

e = 2a snB cs9 = asn 2s. 

TaKHM 1IHHOM fiiryeoee pieuauen 
poaeTB 6yAe: 

e = a sn2o . . . . . . ( 191) 

IlepeXO,I(fl'HI AO npHPrIOKYTHbOi CH

CTeMH KoopAIIHaT aa .n.onoMoroio eaopie: 

V ., _L ., • y e = x- T y- , SUL 0 = v 
x2+y2 

I COS 6 -

piBBaHBB poaeTH B Ta.J:WMY BHrJIRAi: 

(x2 + y2
) V x2 + y~ = 2axy, 

a6o: 

PMc.199 

x 
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~OCJiiA>KYI01IH 6iryHOBe piBHaHHH poaeTH' MH 6&1IHMO, 

w;o e AOCHraG Hait6iJihllIOi B9.pTOCTH KOJJH Sit 2o = J, ce6-TO, 

ROJIH 9 = 45°' 225° i TA. IlpH QbOMY MRRCHI\HLJlhHa BapTiCTb 

e = a. HailMCHillOl CBOGi BapTOCTH e AOCHraG, IWJIH sn 29 = -1, 
ce6-To, nOJUI 9 = 135°, 315° i TA. llpH QbOMY MiHiMaJibHa Bap

TiCTb e =-a. IlpH BapTOCTHX 9 = 0°, 90°, 180° 270° i T. A· 

JIY1I e o6epT&6TbCH B HYJifl. 

0Til\e np1rna CKJia):laGThCH 3 1IOTHpbOX OKpeMUX neTeJib' w;o 

BMi~alOTbC.fl B tfOTHpbOX RyTaX MiiK HanpHMHHMH npOCTHMH :ii M&IOTb 

CBOi oci Ha piBHOAiJILHHX (cn:MeTpaJibHHX) l~HX KyTiB (pHC. 199). 

~ocnmmyGMO pieHaHHH poaeTH e npHMoeux RoopAHHaTax, 

.a caMe: 

( x2 + y2 )3 = 4a2x2y2. 

1) MH oatIHMO, ~o aaMiHa B QbOMY p:uHaHHIO x Ha - xi y H& 

- y He aMiHJOG fioro, a TOMY Momuo TeepAHTH, ~o Kpuea e 

CHMeTpHllHOIO H: arJIHAHO ceoix oceii i arJIHAHO notfaTKY Ix. 

2) KpHea nepeXOAHT& qepea notiaToK oceA (QeHTp), 60 

BapTOC"l'u: x = 0, y = 0 o6epTalOTb p1BH8.HH.R ii B TOTOHrniCTb. 

3) Bepyqu y = 0, OAepmyGMO prnHaHHH: 

x'=O 

0Tme, Kpnea He MaG HHWHX ToqoK, cniJibHHX a BICCIO 

X-iB, KpiM notfSTKY KOOPAHHaT. 

Tem caMe, MU OAepmysMo AJlfl oc1 Y-ie npH x = 0. 

Ilot1aTOK ocett 6 'leTBepHOIO TOtfKOIO. 

4) KoJiu Bi3&MeMo HKY ac6yAh npocTy, w;o nepexoAHTL qepea 

TIO'laTOK oce:H, TO BOHS. aycTpiHe Kp11BY B WOCTD TO'IRSX, 60 

poaBHaaemu CHCTeMy piBH8.Hb: 

(x2+y2)a = 4a2z2y2 

i y=kx 

lrl&THMeMo poaBH3RH: x 1 = x 2 = x 3 = X4 = O; Yi= Y2 =Ya= y,=0; 

4ak2 4ak3 

X5,s = ·± (l + k2) 3 i Ys,e = ± (1 + k2)3. 

3 ~ux WOCTH T01IOR 'llOTHpi aiJIJIIOTbCH 3 IlO'laTKOM oceA 

8 tfeTBepHy T01IRY. 
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Illo6 O)J.epmaTU AOTttqHi ~o poaeTH ROH'Ie, Tpe6a )J.i6paTll 

BapTiCTb k TaK, ~06 TOtIRH {x5 , y5) i (x6 , y6) aJIHBaJIHCH a. 

no11aTKOM oceii, 

A u;e 6 MOiRJIHBHM, :no.rru k = 0, a6o k = oo 

4ak 2 

X5,6 = ± ----
(J + k2)3 

4a 

npH k = 00 o6epTa6TbCH B 0, Te caMe: 

4.ak3 4a 
y,,,6 = ± (1 + k2 )3 = ( 1 )3 

- + k 
k 

Tam-IM tittHOM AOTH11HHX 6 )].Bi, ~o MaIOTb prnHaHHH: 

y = O; x = 0, ce6-To )J.OTM'IHHMH 6 caMi oci cuMeTpu. 0Tme, 

11eTBepHa ToqKa B notJaTRY BiceI1 6 BY3JIOM )J.JIH Bcix raJiyaiu. 

:KpnBoi (puc 200). 

y 

Pl'fc.200 

5) PoaBHayioqu piBHaHHH notiepai.arJUI)J.HO x 1 y, MH nepe

KOHa6MOCH' ~o Kp1rna Ma6 4. Bepnrnu, ~o BHSHatJaIOTbCH 3Ha'tJ

HHKaMH ( ± a V2, ± a V2). 
B Hamoey Rypci MH He aMomeMo poarJIHHYTJI Bcix oRpe

MHX reoMeTpB'IHHX ocepe)J.RiB, a TOMY ay'1UHHJIHCH Ha u;Hx_. 

rOJIOBHilllHX 3 HUX. 



noHaHlllHH 
OCHOBHMX 830piB aHaJJiTHllHOi. reoMeTpit 

I Bi AT H H 0 N. 

ABx= ±Px=X2 -x1 •••••• •••••••••• (J) 

ABy =±Py= Y2-Y1· · · · · · · · · · · · · · · · (2) 

2. ,I(oBmHHa B~THHKa (Bi;zmaJieHH.R Mim ABOMa 

9 

TOtIRaMH Ha IIJIOJ:qi) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 

3. Bim:~aJieHHfl To11:n11 Bi~ noqaTKY KoopAIIHaT 10 

4. KyT cnaAy BIATHHna Ha aicb X - ie ••.... 

Y2-Y1 
tga=---- (4) 

5. 3Ha11HHRH TOtJlW' ~o nepeAiJil06 BiATHHOR 

y AaHoMy BiAHOrneHHIO A .......•.................. 

·'P1 + AX2 
X= 

l+A 
(5) 

Y1 + .A.y2 
y= 

1+.A. 

11-12 

12-14 
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6. 3aatimnm cepe):(HHH BlATHHim 

Xi+ X2 
X= 

2 
(6) 

?11 + Y2 
y= 

2 

7. 3HatiHHKH QeHTpy earn Tp11KyTnH1rn. 

Xo= 

Yo= 

X1 + ~2 + X3 ll 
Yi+ Y2 +Ya 

3 

(7) 

13 

16 

8. KyT MUK BlATllHKal\m (npocTHMH) . . . . . . . . . . 17 

m1-m2 
tg<p= ........ (8) 

1 + m 1 m 2 

·(n.e m1 = tga1 ; m2 = tga.2 , a a.1 i a 2 - uiAnoniAHi nJTH 
cnaAy ni~Tnmdn ua eicL X- iB). 

9. YMoea pieHooimHOCTH BiATHHKiB (npocTHX) 18 

m1 = m 2 •••••••••••• (9) 

10. YMoea np.aMoeocT11 eii:tTHHKie (npocTHX).. . . 18 

.a6o: 

11. IlOJie TJ>HKYTHHK& tiepea aHatIHHKB eepnmiB. 19 

1) 8.ABC = 1/2 [(X1Y2-X2Y1J+(x2Ya-XaY2J+(xaY1-X1Ya)J,) 

.a6o: S ABC= 1/2 '}2 Llx1c Y1c + 1. 11 (a) 
J= == 1,2,3,1. 



12. YMoBa 
xeHDI 3-x) ToqoK 

npOCTODOJIOH\HOCTH RiJibROX (He 

LL1xkYk+I =0 . .... (llb). 
k = J ••••.• n,1 

II .. II pocTa JiiHiH. 
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21 

13. PisnaH1rn oceii: KoopnirnaT.............. . . 24 
a) piaHaHHH oci X-ia: 

y=O ...... (12) 

6) piBHaHHH oci Y-iB: 

$=0 ...... (13) 

14. PisHaHHH rrpocT11x, piBHo6iamnx AO oceii 
ROOPAl1H3T . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 

a) piBHaHHH npocToi piBHo6iamoi AO oci X-ie: 

y = b . . . . . . ( 14} 

6) pieHaHHH npocTof piBHo6imHoi AO oci Y-ie: 

X= a ...... (15) 

15. PiBiiaHHH rrpocTo i, mo nepexOAHTb qepea 
.noqaroK KOOpAHHaT ........... ................... 26 

y=mx . ..... (16) 

<.Ac m = tg a - TaHreuc nyTa cna.ny npocTo"i Ha nic1> X -ia). 

16. PiBHaHHH AOBiJihHOi npocToi (Ka.HOHH11He 
piBHaHHH npocToi) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 

y=mx+n ...... (17) 

17. PiBHaHHH npocTo i, mo nepexo,L(HTh qepea 
~aay ro11Ry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 

y-yl = m (X-X1) ...... (J8) 

18. PiBHaHHH npocToi, ~o rrepexo,L(H'rh qepea 
~Bi T011KH • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 34 

Y2-Y1 
Y - Yi = (x-x1), 

X2-X1 

X-X1 y-yl 
a6o: = 

. . . . . . ( 19) 

X-X2 y-y2 

8ypc aHaJiiTH'1HOi reoueTpii. IBaue&Ko 24: · 
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19. °YMOBa ·roro, 11\0 3 TOlIHH JiemaTb Ha O;:(Hiii 
npocTiH. (npocTOUOJIOiKeHi) . . . . . . . . . . . . . . . . . . . . . . . . ·~ 

Ya-Y1 Ya-Y2 (20) 

20. PiBHaHH.R npocToI, 11\0 nepexo~HTh qepea 

TO'llKY A (a, b), pieuooiamo ~o npocToi y = kx + l. . 3T 

y=kx+(b-ak) ...... (21) 

21. PiBHaHH.R npocToi, 11\0 m·pexo.rv1Th q~pea 

.TOllRY A (a, b), npSIMOBO ~o npocToi y = kx + l 38. 

y = - = + ( b + : ) . . . . . . ( 22) 

22. A.rrre6pHtIHe pieHaHHH npocToi'.. .......... . 
1) piBHaHWI IWffiHOi npocToi: 

Ax+By+C=O; 

2) pieHaHHH npocToi~ 11\0 nepexo~HTh qepe3 
IlOtiaTOK 1mop~11HaT: 

Ax+By=O; 

3) piBHaHH.fl npoc'foi, pieHo6imHoi ~o 001 

X-iB; 

By+ C= O; 

4) prnHaHHH npocToi, pieHo6imHoi ~o oci Y-ie: 

Ax+ C= O; 

5) piBHaHHH oceii, X-iB 1 Y-iB: 

By=O i Ax=O. 

23. PiBHS.HHH npocToi, 11\0 nepexo~HTh qepea 

aara~~HY TOtIKY M ( x1, y 1) • • • • • • • • • • • • • • • • • • • • • • • • 

A(x-x1) + B {y-y1) = 0 ...... (23) 

(Ae A i B 6 AOBi.:1hHi cotmHmum) 



24. PiBHaHHR npocToi, ~o nepeXOAHTh qepea 

ToqHy M ( x 1, y1), pinHo6iarno AO npocToi: A 1 x + 
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·+ B1 y + C 1 = 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 

Ai(x-x1) + B1 (y-y1) = 0 ...... (24) 

(;o;e A 1 i B 1 c ni;o;noniAHi co11nHunm1 3MiHHHX pieuauuR ;a;auo"i 
np_OCTO°i) 

25. PiBHaHHH npocToi, I..QO nepexo;rµITh qepea 
TOtIHY M(x1,y1) npHMOBO AO AaHoi npocToi: 
A1 x+B1 y+C1 =0.............................. 42 

B1 (X-X1)-A (Y-Y1) = 0 ...... (25) 

(;ne A 1 i B 1 & ni~noBiAHi coqirnmum 3Miuuux JJinuaHHR 
;a;aHoi npocTOI) 

26. BiATRHHOBe pieHaHHH npocToi. ·...... . . . . . 45 

: + : = 1_ . . . . . . (26) 

(;o;e a i b - Bi]J;THHIUI, mo TBOpHTL np~CTa Bi;a;noBi;D;HO mt 
OCRX X-in Ta :V-in). 

27. IlpHMOBe (a6o HOpMaJlbHe) piBHaHHH npocTOi 47 

x cs <p + ysny = <5 • • • • • • (27) 

(~e ~ - npm1 cnymeHHit a no11aTKY 1rnopAnHaT Ha npocTy, 
a 'P - HYT cna;J:ly I\Loro npRMY na nicL X-in). 

28. fl pHMOBa ( a6o HOpMaJibHa) «f>opMa a.rrre6pHq -

HOro pieHaHHH npOCTOi 

Ax+By+C 
----======== = 0, . . . . . . (28) 
± V A2 + B2 

(Ae 3HaK nepe;a; l<OpiHeM 6epeThCR npoTHBHH:it aHaKOBi COlfHH
HllKa C}. 

29. Baopu rrepeTBopeHHH aJ1re6pHtIHoi «f>opMH 
piBHaHBH npOCTOi y HOpMaJ11>Hy: ................. . 

B A 
sin <p = ± V A 2 + Bt. ; cs <p = ± V At. + B2 

. -C 
i "= ± VA2+B~ 

(11;e aBaK , , +'' 'IH , ,-" GepeTnCH TaH, mo6 napTiCTh <5 
6yJJa ;wAaTHLOIO). 

52 

53-54 
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30. VMoea pieHo6imHOCTH npocu1x, ,llaHHX 

pieHaHH.RMH: 41x+B1Y+ cl= 0 i A2x+B2Y + C2 = 0, 
6 . .., ,J,..,.,. • B an re pHtIHIH \.f!V pMl: ........................... . 

31. VMoea rrpRMOBOCTH rrpocTHx, ,u;aHHHX pie11aH

HHMH: A1X + B1Y +cl= 0 i A2x + B2Y + C2 = 0, 8 

57 

aJire6pH1IHin cJ>opMi: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 

32. Kyr Mim rrpocTHMH, a1umatieHHMH pieHa H-

HHMH B aJJ:re6pHtIHiii. «f>opMi . . . . . . . . . . . . . . . . . . . . . . 64 

ty <p = 
A1B2-A2B1 

A1A2 + B1B2 
. . . . . . ( 31) 

33. BmAaJieHHH TOtiKH {x0 , y0) ei,u; npocToi, KOJIH 

OCTaHH.R BH3HatJa6ThC.R piBHaHHHM ................. . 

a) 8 rrpHMOBiti cpopMi: 

d . x0 cs <p + y0 sn <p - ~ • • . • . • ( 32) 

6) B arrre6putiHifI cpopMi: 

d = A~o+Byo+C . ..... (33) 
± y A2 + /J2 

65--67 

34. MeT TOtJRH Ha npocTy . . . . . . . . . . . . . . . . . . 71 

a6o: (2) x1 = x0 - (x0 cs <p + y0 sn <p-d) cs <p }· •• ( 3fi) 
Yi = Yo - ( x0 cs <p + Yo sn <p - ~) sn <p 

. 
3 

_ A { Ax0 + By0 + CJ ) 
I ( ) X1 - Xo - . 

A2 + Bt l 
__ B(Ax

0
+By

0
+C) r ...... (JB) 

Y1 - Yo A2 + B2 J 

(p;e .T.o i Yo -· alialfHHKH p;auoI TOllKH, a X1 i Y1 3HallHliKR 

OCROBH npRMY cnyll.\eHoro 3 lli6I TOllKH Ha npocTy). 



35. PiBHaHHH mMyTKa npocTnx ........ ~ .... . 

1) (x cs <p1 + y sn<p1 -- ~1)-
- A. ( x cs <p2 + y sn <p2 - ~2) = 0 . . . . . . ( 37) 

()J.C xcs<p1 + ysn <p1 - <51 = 0 i xcsq;2 + ysn<p2 - ~2 = 0 
G piBHaHHR HanpRMHllX npOCTHX il\MYTHa, a ;IJ;OBiJibHIUl 

sna 
'lnHmrn A= ~' .u.e a i {j - c 1\yTn, ~o TeopnTb noei:ibHa 

sn,., 
npocTa il\MYTHa 3 HanpmIHUMH npeCTHMH). 

2) ( A 1 x + B 1 y + C1 ) -

k(A 2 x+B2 y+C2 )=0 ...... (39) 

(Ae A 1 x=B1 y+C1 =0 i .A2"r+B2y+C2 =0- G pin

HaHHJI Hanpm.rnnx npOCTHX i-IC\IY'TKa, a ]J.OBi.iLHait 'IHHHHW 

V.1 1~ + B1-.:. ) k=l · 
V ,f 2 + LJ 2 - ~ 2 L'2 

3) P1 -A.P2 =0 ...... (38) 

(IlJIJOHepoBCLHe o:rnattCHHfl pinHaHHR' ;a;e p 1 i p 2 .11isi 

'laCTHHH 3HYJibODamtx piBHaHb HanpRMHHX rrpoCTllX il\MYTHa, 

a A. - .u.oebLHnii 'IHHHHH). 
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73-75 

36. PiBHaHHH c11MeTpaJibHOi (piBHOAiJILHoi) HyTa 76 

p 1 =f p 2 = 0 . . . . . . ( 40) 
(Ae p 1 i p 2 - 6 JiiBi tiaCTHHH 3HYJibOBaH~X piBHaHb paMeH 

KyTa; 3Han " - '' BilmDa6:\'IO TO.U.i, l\OJIH notiaTOH Hoop;ru-1-

HaTL JieiHllTb B noJii HyTa, a ', + '' - KOJill llO'laTOI\ 1\0-

op)J.HHaT Jie>lntTb B no:ii' cyMiil\HOIO .u.auoMy, HyTa). 

37. YMoBa nepexoAmeHHH TpLox npocTHX qepea 

cniJILHY TO'IKY 

(Ae A., I' i ,, - 6 ;a;onLlhHi tIHHHlil\H' p 1' p 2 i p 3 - c .:iiei 

'laCTlfHH 3HYJILOBaHH:X piBHaHh ;a;aHHX rrpoCTHX). 

III. IlepeTBopenHH soop~unaTHHX oceii. 

38. Baopu nepexony ....................... . 
1) piBHo6iame nepecyiieHHH oceii: 

I "' 

X =X-a J 
y I = y - b • • • • • • ( 42) 

i, BBOpOTHG: x = x' +a} 
y = y I + b • • • • • • ( 43) • 

79 

93 
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2) 06epTaHHH oceit HaBKOJIO IIOtfaTKY . . . . . . . • 94 

XI = y Sn <p + X CS <p } • • • • • • ( 45) 
y' = y cs q;-xsn <p 

3BOpOTH6: x = x' C8 <p-y:sn <p} ...... ( 44) 
y = x' sn <p + y cs <p 

(JJ.e <p - e «yr, Ha RHoro nonepHeao oci). 

3) ,IJ;oBiJlbHe nepeHeceHHH ooeit. . . . . • . . . . . . . • . • 95 

x' = (y-b) sn <p + (x-a) cs <p} 
y' = { y - b) cs <p - ( x - a) sn <p · · · · · · ( 46) 

I 3BOpOTH6: x =a+ x'cs q;-·y' sn <p} 
y=b+x'snq;+y' cs<p ·· ···· ( 4Ba) 

4) Baop11 nepexoAy BIA 6iry1rneux KoopArtHaT 

~o IIpHMOKJTHiX I HaBnaKM 

e = V x2 + y2 l 
y y 

sn <p = e = v z2 + y?. 

x x 
I . . . . . . ( 48) 

cs<p=-;= Vx2+y2 

tg <p = }!__ 
·X 

I aeopoTHs: x = (2 cs <p } . . . . . • ( 47) 
y = esn <p 

IV. KOJIO. 

96--97 

39. OcHOBHe pieHaHHH nOJla.................. 99 

(x-a} 2 + (y-b) 2 = r 2 •••••••• (50) 

40. QeHTpOBe piBHaHHH nOJia. . . . . . . . . . . . . . . . . . 104 

x2 + y2 = r 2 . • • • • • ( 51) 

Iii. 3araJ11>He o6BOAOBe (eepwKoBe) pieHaHHH KOJia 104-105 

:r (x-· 2a) + y (y-2b) = 0 ...... (52) 
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-42. 06eoAoei pieHaHHH 1mJia, ei~Hec~Hi AO oceii 105 
1) AO oci X-ie: 

x2 - 2ax + y2 = 0 . . . . . . ( 53) 

2) AO oci Y-iB: 

x2 -2bx + y 2 = 0 ...... (54) 

·-43. A.Jire6pi-rcrne pieHaHHH KOJia ..... ·. . . . . . . • . 107-110 

Ax2 +By2 +Dx+Ey+F=0 ...... (55) 

Ae A= B. 

:u:e plBHaHHH BHSHaqas: 

a) peaJihHe Ro~o, 1mm1: 

L1 = D 2 +E2 -4AF > 0 

6) Toqny' KOJlll: L1 = 0 

i e) yHeHe ROJIO (maAHOro reoMeTpHtIHoro 

· -06paay), Komr L1 < 0. 

44. YnopHAKOBaHe aJire6pHtIHe pieHaHHH KOJia 111 

45. BaopH rrepeTeopeHHH aJire6pHqHoro pieHaHHH 

CB OCHOBHe ...................................... 110-112 

1) AJUI aaraJibHoro piBHaHHfl: 

a=-_!}__ b=-~) 
2 A ' 2 A l . . . . . . ( :j 7 a) 

.r - l 11D2+E2-4AF J 
2A 

2) AJIH ynopHAKOBaHoro pieHaHHH: 

JJf N 
a=-- b=--· 

2 ' 2 • . . . . . . (57h) 

.·r=1/2 lfi"12+N2-4P 
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46. PieHaHHH nonepet1H11Ka KoJia, 3ApymeHoro 

a meperoM A8.HJIX pieH06imH11x T.RTHB • • • . . • • . • . • • 119 

1 
y = - -x ...... (58) 

m 

(Ae m - 6 HYTORHit 3MiHHllH ;a;annx TRTHB). 

47. PieHaHH.R AOTH'IHOi AO KOJia •••••••••.•••• 120-125 
1) KOJUI KOJIO BH3Ha'leHe Q0HTp0'.BHM pie-

H&HH.RM: 

XX1 + yy 1 = r 2 • • • • • • ( 59) 

2) KOJIH KOJIO BHaHa'IeHe OCHOBHHM plB

HaHBHM: 

(x-a) {x1 -a) + (y-b) (y1 -b) = r 2 •••••• (60) 

3) KOJIH KOJIO BH8Ha'IeHe aJire6pH11HHM prn-

BauBJIM • • • • • . • . • • • . . • . . . . . . • . . • . . . . • . • • • • • • • . • . . • f 65 

D l 
Axx1 + Ayy1 + 2 (x + x 1) + 

E 
+2 (Y+Y1)+F=O, 

a6o (AJI.R ynop.RAROBaHOi «i>opMH): • • • • . • (75) 

M 
a.xi + YY1 + 2 ( x + X1) + 

N + 2 (y + Y1) + P = 0 

y Bcix QHX piBHaHHRX J:l i Y1 - 6 3Ha'IHHRH Toq1n1 }l;OTHHY. 

48. PieH&HHH np.RMoeoi (uopM&rri) AO ROJia • • 125--126 

RoJIH AaHo: 

1) ~eHTpoee piBHaHHH ROJia: 

XY1 = X1Y . • . • . . (61) 

a6o: 
x y 
-=-= (62) 



2) OCHOBHe piBHaHIDI nOJia: 

(x-a~ (Yi-:b) y(x1 -:a) (y-b)) · ..... (
63

) 

a6o: = ~~~ 
Xi-a Y1-b 

3) aJire6pIPIHe piBHaHHH nOJia: 

2Ay1 + E 
y-y1 = 2Ax1 + D (x-x1) 

360
: 2Ax + D _ 2Ay + E 

2Ax1 + D 2Ay1 + E 

...... (64a) 

4) ynopHAHOBaHe aJire6p11trne piBHaHHJI nOJia: 

2y1 +N 
y-y1 = 2x1 + M (x-x1) 

2x + 1~1 2y + N 
a6o: = ~~~ 

2x1 + M 2y1 +N 

. . . . . . (64b) 
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49. PieHaHHH 6iry1nmeoi ~o KOJia . . . . . . . . . • 132-133 

IJ;i piBHaHHH MalOTh BIHJIH~ piBHaHb ( 59)' 
(60) i (75), a Tis10 JJHllle piaunn~e10, ~o x 1 i 
y1 e aHatJHHKMdH 6irymJ. 

50. ~OBiKHHH BiATHHKiB AOTlftIHOI, niAAOTH"IHOi", 

npHMOBOi ti niAilPHMOBOi . . . . . . . . . . . . . . . . . . . . . . . . 134 

1) ~OBHWHa AOTH"IHOi: t 
Y1 (68) =r- ...... 
X1 

2) nim~oTH"IHOi: s, = Y12 

(69) 
" 

...... 
X1 

3) 
" 

npHMOBOi: n= r ........ (66) 

4) 
" 

niAnpHMOBOi: s = n X1 . . . . ... (67) 

Ui napTOCTH p;oee]J.eHi ]J.:IR 1w.1a, mo MaG l..leHTP y no11aTKY 

oceA 1rnop~1rnaT. BapToCTll x 1 i y 1 - e: :ma11HHKH TOlfKH 

~orrt-rny. 

51. PieuaHHH cTeneHHOi (paWtRaJibHOi) oci .... 

-.eK1 i K2 - e: JJiei 11acT11Hu aHy.1Lonam1x piuHaHL ~aHHX Ko.11. 
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52. PisHaHHH iKMYTKa KOJI . . . . . . . . . . . . . . . . . . 147 

.i:te K 1 i K 2-6 niei t1aCTHR11 auyJILOBaHBX piBHaHL ;a;annx 1:rn:ia, 

a l-~oniJILHHfi lfHHHHn. 

V. IlapaooJia. 

53. Bepmimee pieHaHHR 11apa6om1 ......... . 
1) rrapa6ona cnpHMoeaHa e 6iK AOAaTaix x-ie: 

y2 = 2px . . . . . . (77) 

2) napa6oJia crrpRMOBaHa B 6iK BiA' 6MHHX 

x -z.e: 

y 2 = - 2px . . . . . . (79) 

3) ~TeiK, KOJIII napa6oJia aa CBOIO BlCI> M&6 
e1c1> Y-ie: 

x 2 = ± 2 p y . . . . . . ( 80) 

5 7. PieHaHHH napa6onn, ll(O MaIOT:& oci piBHO

-Oimai ;l(O HHOi f)yA:& oci liOOPAHH&T~ a eepmoR y AO-
• •g • 

BlJll>Hlu. T011I.J;l ................................... . 

(y-b) 2 = ± 2p (x-a) ...... (82) 

(x-a) 2 = ± 2p (y- b) ...... (82a) 

167-168 
174 

175 

55. ,,EneeaI.J;mae'' pinH&HHR rrapa6omt. . . . • . • • 176--177 

x 2 -2ax + 2py = 0 ...... (83) 
a6o: ( x - a) 2 = a 2 - 2 py . . . . . . ( 84) 

56. BiATHHKoee piBHaHHR napa60JI11 . • . . . . • • . • 182 

( 
y )2 . x b + -;- = 1 . . . . . . ( 85) 

57. A.rrre6p111rne pieHaHHR napa6on11, ~o Mae 
BICI> piBH06iiKHY AO OAHi6i 3 oceii KOOPAHHaT. . . . . . 183-187 

1) eich piBHo6imaa AO ooi X-is: 

By
2 + Dx + Ey + F = 0 l 

2) Bic:& piBHo6imHa AO oci ~F-ie: ...... (86) 
Ax2 + Dx +Ey +F= 0 
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58. Y nopHAKoeaai aJire6puqai pieaaHHfl rrapa6oJin: 

1) y 2 + Mx + Ny+ P = 0 } 
2) x2 + Mx +Ny+ p = 0 ...... (86a) 

59. PieaaHHH Komaoro rrorrepeqamm rrapa6om1 198 

y. n ...... (87) 

Ae n-pJIAua nepexpeCTR rrorrepetIHHna a rrapa6cnoio. 

KoJIH Qeil nonepellHMK 3Apymea1fi:t a meperoM 
pieao6imHHX THTHB' TO: 

p 
(88) Y = - ..... . 

m 

Ae m - KYTOBHii aMiHHHK QHX THTHB. 

60. IloJie eii~piaKa napa6oJIH, yTeopeHoro THTHBOIO 
-upHMOBOIO AO oci napa6om1 . . . . . . . . . . . . . . . . . . . . . . 201-203 

4 
S = 3 ab, ...... (89) 

a nieei~iaKa, o6MemeHoro eiccio rrapa60J111: 

2 
S 1 = 3 a. b . . . • . . (90) 

(Ae a i b - aaa lfHllKH KiHI.~R TRTHBH) 

61. IloJie BiApiaKy, YTBOpeaoro THTHBOIO HenpH-
·MOBOIO AO oci napa6oJIH • • . . . . • . • . . . . . • . • . • • . • . . • • 207 

QOJIH 

S 
_ (Y2 - Y1) 3 

( 93) 
- 12p •••••• 

62. PieHaHHH AOTHtfHOi ii 6iryHKoeoi: ~o napa-
............................................. 

1) Ilapa6oJia e11aua11eHa eepIIIKOBHM pie

H&HHHM: 

209-· 213 
i 220 
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2) Ilapa6oJia BH8HatJeHa OCHOBHHM piBHaHHHM: 

(y-b) (y1 -b) = p[(x-a) + (x1 -a)] ..... (95a) 

3) Ilapa6oJia BH8HatJeHa aJire6pHtIHHM piBHaHHHM: 

D E 
Byy1 + T (x +x1) + 2 (y +y1) +F = 0 

a6o: ... (95b) 

1-fo:m araAaHi pinHaHHR e pinHaHHR ~OTHtI.-IOi, TO X1 i Yt 
- c 3Ha'IHIHUf TQllKH AOTHHY' a HOml ~e e piBHaHHR 6iryHHO

eoi", TO X1 i Y1 - e 3HatIHHHH 6iryHa. 

63. PiBHaHHH npHMOBoi AO rrapa6oJIH 

1) Ron11 napa6ona BHaHa11a6T1>CH BepmKOBHM 

piBHaHHHM: 

Y --yl =- lb_ (X-X1) · .••.. (96) 
p 

a6o: y-y1 +. x-x1 = 0 
Y1 P 

2) RoJIH napa6oJia BH3HatI&6TLCH ocHOBHHM 

prnHaHHHM: 

y -yl --+ 
Y1-b 

X-X1 -- = 0 ...... (96a) 
p 

3) RoJIH rrapa6oJia e11aua11a6TLCH anre6p1111-

HHM plBH&HH.RM: 

y-yl X-X1 -
2By1 +E D 

(96b) . . . . .. 
a6o: 

y-yl X-X1 
-

2y1 +N M 

215 



64. ,I(oBiRHHH BiJ];THHl\iB J];OTHllHOi, ni]:{J];OTHllHOi' 

npHMOBoi ii rri;a;npHMoeoi JJ;O napa6oJIH, BHaHatfeHoi 
. 2-2 plBHaHHHM y - px ............................. . 

Bi;a;11HHKlf: 

1) J];OTIPIHOi: t = V 4x1".!. + y
1

;!. 

2) npHMOBOi: n = v p'~ + Y1~ 
.3) rri~J];OTH'llHOl s, = 2xl 

...... (97-99) 

4) II~IIpHMOBOl: Sn= p 

VI. EJiinca ii r11nep60Jia. 

65. PieHaHHH eJiincH if rnnepoonu 

1) ~eH"rposi: b2x 2 ± a2y2 = a2b2 l 
x2 y2 J ...... (104) 

2) K3HOHH'l1Hi:· - ± - = J 
a2 b2 

J(e , , +'' BiAnoeiAac e.i1inci, a , ,-'' runepoo;1i. 

66. JliHiHHHH QeHTpoei;a;cryn ( eKQeHTpHCHCTeT) . 

-eJIIIlCH 

e = V a 2 - 62 • • • • • • ( 106) 

67. qllCJIOBHH (acTpOHOMllllHHii) QeHTPOBi;a;cTyrr, 

381 

216 

226 

228 

:a6o eKOQeHTpHCHTeT eJiiIICH . . . . . . . . . . . . . . . . . . . . . . . . 229 

r11nep60JIH 

e 
e = -

a V a2-b2 = . . . . . . ( 107) a2 

. . ................................... . 
e = V a 2 + b 2 • • • • • • ( 108) 

69. qHCJIOBHii QeHTpoei~cTyn (eRQeHTPHCHTeT) 

231 

rHrrep6oJIH . . . . . . . . • . . . . . . . . . • • • . • . . . . . . . . . . . . . . . 231 

e = _:_ = v a2 + b2 . . . . . . ( 109) 
a a2 

70. PieHaHHH pieHooc&oeoi, a6o pieao6itrnoi 

rHne-p6oJIH . . . . . . . . . . . . . . . . . . . . . . . . . • . . . . . . . . . . . . 232 

x2-y2 = a2 .•.•.. (110) 
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71. Bap1'iCTh HanpHMHnx JiytJiB (JiyqiB-Be:nTopiB) 

eJIInCM . . . . . . . . . . . . . . . . . . . . . . . . ................. . 234 

ex 

a 
ex 

r2 =a -a 
a6o: ·r1 = a + EX 

r 2 =a - EX 

....... (111) 

72. BapTiCTb HanpHMHHX JiyqiB r11nep60JIH. . . . 234-

a6o: 

ex 

ex 
r 2 =---a 

a 
r 1 =EX+ a 

r2 = ex - a 

. . . . . . . ( 112) 

73. ll;eHTpOBe Bi,rmaJieHHH (QeHTpOBHii Jiyq):mwi'. 
6yAh TOlJKH eJIIIlCH a6o r11nep60JIH . . . . . . . . . . . . . . . . 235. 

(113) 

(114) 

74. 3MiHHHR (napaMeTep) e.nincn a6o rnnep6o;iH 237 

b2 
2p = 2 - ...... (115) 

a 

75. Bepurnooo piBHaHHH :np1rnoi ]q)yroro cTyIIiHH 238-239 

y2 = 2px + qx2 •••••• (118) 

AC: 1) npn q < 0-6yAe pIBHBHHH eJiincH 

2) npH q > 0-6yAe plBH&HHH rHnep6oJIH 

I 3) npH q=0-6yAe prnHaHHH napa60JIH. 



383 

76. PieHaHHH W'fpenTpHTH (uanpHMHol) np1rnoi 
~pyroro cTyniHH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241-242 

a 
X= 

a2 
a6o: x = 

e 

...... (118a) 

77. 3aranLHe piBHaHHH eJiincu a6o rttnepGOJIH 
(mo MaIOTb roJIOBHi oci pieH06h1rni AO oci X-ie) 247-248 

a6o: 

b2 (x-m) 2 ± a2 (y-- n)2 = a2 b2 l 
(x-m)2 (y-n)2 ... (119) 

± -1 
a2 b2 

. , ,,- mnep6oJii . 

78. Anre6pH1nm pieHaHHH eJiincn ii r11nep60JIH 249 

Ax2 + By2 + Dx + Ey + F = 0 ...... (119a) 

]:le A ~ B, npu tIOMY ;.\JIJI e:1incn A i B o;i;Horo 3tta«y, a 

~JIJI rnnep60.1111 A i B piarnoro anaHy. 

79. 3uaqmnm ~eHTpa ii eapTiCTh nieoceii e .. 'lincH 
ii rHnep6oJIH, BHBHatieHHX aJire6p1illHHM piBHaHHHM. . 250 

1) 3H8.1IHHRH ~eHTpa: 

m=-!}_·n=-!__l 
2..4' 2B 

2) BapTOCTH niBoceii: 

- 1 VBD2 + AE2 -4ABF ..... (llBb) 
a - /2 AB2 

b = 1/ VBD2 + AE2 --4ABF 
2 AB2 

,ne B aaJie:mHOCTH Bi~ BapTOCTH BHpa3HHlrn: 

L1 = BD2 + AE2-4ABF > 0 < 

,:(ani eJiinca a6o rnm.p60.~1a 6y,nyu: 

1) L1 > 0- pea.7ILHintn 

2) L1 = 0- o6epTaTIIMYTLCR B TOllHY 

i 3) L1 < 0- YRBHHMll. 
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80. PisHaHHH J:{OTlltIHoi Ta 6iryuKoBoi AO e.n:irrcn 
a6o rH11ep6om1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 259 

3) xx yy ...... (121) 
1) b2 xx1 ± a2 

yy1 = a
2 

b
2 l 

_1±-1=1 
a2 b2 

3) b2 (x-m) (x1 -m) + l 

± a2(y-n) (Y1-n) = a2b2 I 
4 

(x-m) (x1 -m) 
). -~ 

2 -a 

± (y-n) (y1-n) = 1 
b2 

...... ( 122) 

p 
5) yy 1 = p ( X + X1) ± - XX1 . . . . . ( 123) 

a 

ne eepXHHl aHaH uaJie>KHTb e.riinci, a HHHn11n - runepooni. 
II pH qoMy BapTOCTH x 1 i y1 6: AJIR noTwrno·i - a Ha qHHHaMH 

Toq1rn JJ;OTHHY' a ):lJUI 6irymwsoi - 3Ha1rnHHaMH 6iryHa. 

81. PiBHaHHH AOTittlHOi a6o 6irye1mnoi AO 
KpHBOi 2-ro ccyrriHH, BIIaHS.lleHoi piBHaHHHM: 261 

Ax2 + By1 + .Dx + Ey + F = 0 

D 
Axx1 + Byy1 + 2 (x +x1)+ 

E 
+ 2" (y + y1) +F = 0 

a6o: 

2Axx1 +2Byy1 + D (x + x1) + 
+ E (y + y1) + 2F = 0 

I 
l f . . . . . . ( 123a) 

l 
Ilpu llQ~IY BapTOCTll X1 j Y1 e: ):lJUI ):lOT:l'1HOl - 3HaqmrnaMl1 
Toq1rn noTm-\y, a AJJR Oiry1rnouoi - auaqmma~m 6iryna. 
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82. PiBHaHH.fI npHMOBOi (HopMa..lli) enirrc11, a6o 
rnnep6oJIH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265 

y-yl 

a6o: 

y 

Y1 
(125) 

J:\C Bepxniit aaai' IIc.JifiRaTL eninci, a 11amrmf1 - r1mep60Jii, 

83. Benn"IHHll J];OTH1IHOCTII eJiinc11 fi rHrrep60J:m 275 

,IJ:oBiRHlia Bi]:(THHKY: 

f) AOTHllHOi: 

2) Di)l;J];OTHllHO i: S,,= ± 
a2-x12 

X1 
(126) 

3) DpHMOBOi: n - !__ v b' x 2 + a'y z 
a2 1 1 

b2 x 
4) niAIIP HMOBO i: s = 1 

n a2 

~e noµ;ei:tm1n ana1-\ ± Dii.\IlOBiJJ,a&: ,, +" ]J;Jill 

;a;:m rHnep6om1. 
enincu, a 

'' ,J-

84. PiBHaHHH nonepetim1Ka eJiincH it rHnep6oJIH, 

-BApymeuoro a meperoM THTHB ix, BHaus11eHHx KYTO-
BHM 8MiHHHKOM m. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278 

y = =F 
b2 

--x . ..... (127) 
a2m 

;o;e ,, '' - ei;o;noBiAaG eninci, a ,,+·' - rnnC'p6oni. 

85. YMosa BBaGMHoi aJJ;pymeHOCTH )];Box rro-

uepe 11HHKiB e.rrinc11 a6o rHnep6oJIH • • . . . . . . . . . . . . . . . . 280 

b2 
m. m1 = =f - .... (128) 

as 

Ae m i m1 - 6 nyToRi aMinmnm nonepetn1H1:du. 

RJPC auaJiiT1111aoi reoue-rpii. lBaueeKo 25 
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86. IloJie eJiincH . . . . . . . . . . . . . . . . . . . . . . . . . . . . 295 

S = n ab . . . . . . ( 130) 

87. PiBHaHHR a011MnTOT (~oTopRaJibHHx) runep-
6oJIH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 295 

b 
y = ± -x 

a .... (131) 

a6o: ay =t= bx= 0 

88. AcnMnTOTH'IHe piBHaHHH rHnep6oJIH 

xy == k 2 •• •••• (132) 
a.2£2 

;.\Ck= -
4. 

89. AcHMilTOTlP:JHe pisHaHHH piaHo6i'lJHOi runep-

298 

6on:u . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 302 
a2 

xy = "2 ..... (135) 

90. lJnCJIOBHii eHCQeHTpHCHCTeT (QeHTpoBi~cTyn) 
piBH06i1IHOi runep60JIH ........ ·. . . . . . . . . . . . . . . . . . . . 303 

e = VT ..... (135-a) 

91. Bnaua11eu1u1 po)Q' Kpueoi 11epea C011l1BBBKB 

ii pisuauua: Ax2 + By2 + Dx + Ey + F = 0........ 317 
IIpaBHJio: HOJIH ano6yroH AB, wGo Bi~-

A 
HomeHIDI B , cotJHHHHHiB npu HBa):lpaTax 

BMiHHHX 6y~e: 

1) AB> 0 - h9J>HBa e en inc a; 
A 

2) B = 1 - RpHBa Ho no; 

3) AB < 0 - RpHBa r H n e p 6 o JI a 

4) ! =-1- R-pHBa - piBH06i11Ha runep6ona 

5) AB=O - KpHBa - napa6ona, npH 110My: 
A 

6) B = 0 - BicL napa6oJIH piBH06h1rna ~o oci X-iB 

A 
7) B = oo -- BicL napa6om1 pinuo6imHa ~o oci Y-iB 



92. BupaaHHR (WfCHpiMiHaHT) piBHaHH.R 2-ro 
cTyniHH 8 ;rtBOMa 8MiHHHMH: 

Ax2 + By 2 + Cxy + Dx + Ey + F = 0 

L1 = C2 -4AB :;.o 
> 

IlpH 1IOMY, ROJIH: 
L1 < 0 - KpnBa s eJimca · · · · (136) 
L1 > 0 - RpIIBa a rHnep6ona 
L1 = 0 - RpHBa 6 napa6oJia 

VII. KocoKyTHi Koop~uuaT11. 

387 

320 

93. Bi;r(~a.rreHHH TO'mH Bi]( rrollaTRY 1mop](nHaT 329 

r = V x 2 + y 2 + 2xy csw . . . . . . ( 137) 

94. ,I(oBmIJHa BiATlIHKY' qepea 3HaqHIIKH Rim:~iB 329 

95. PiBHaHHH npocToi. . . . . . . . . . . . . . . . . . . . . . . . 330 

1) y=mx+n l 
sn rt •••••• ( 140) 

;zte m= ----
sn(w-oc} 

x y 
2) - +-= 1 .... (142) 

a b 

3) x cs <p + y C8 ((I) - <p) = (J • • • • • • ( 143) 

96. IlepeTBOpeHHH aJire6pHllHOro piBHSHHJI = npo-
CTO i B npHMOBY cJ»opey . . . . . . . . . . . . . . . . . . . . . . . . . . 332 

1) HopeyBaJihHHA 'IHHHBR-: 

snw 
l = · ...... ( 144). 

± VA 2 + B 2 -A2Bcsw 
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2) saopH rrepexo~y: 

Asnw 
C8<p = 

± V A2 + B2 - 2ABcsw 
Bsnw 

cs{w- <p) = ---======== 
± V A2 + B2 - 2ABcsw 

- Csnw 
~= ~-:=:==============-

± V A 2 + B 2 -2ABcsw 

3) Ilp.RMOBa «f>opMa aJire6pHqHoro pieHaHHH 

npocToi: 

(Ax+ By+ C)snw 
7

) --=======- = 0 . .... ( 14 
± V A2 + B2 - 2ABcsw 

97. RyT cna;i:ty npocToi Ha Bic& X-is 

ty C1. = 
msnw 

1 . . . . . . (149) 
+mcsw 

334 

98. KyT Mim npocTHMH . . . . . . . . • . • . . . . . . . . . . . 335 

1) piimaHHH npoCTHX B KaHOHHq}{iH «f>opMi: 

2) piBHaHHH npOOTHX B aJire6pnqHiif «f>opMi: 

99. YMoaa pisHo6imHOCTH npocTux 336 

m1 = m2 • • • • • • ( 151) 

A 1B 2 -A2B1 = 0 .... .. (154) 

100. °YMOBa npHMOBOCTH npoCTHX • • . . . • • . • • • . 336 

1 + m1m2 + (m1 + m2)cs co= 0 . . . . . • (152) 

A1 cs w-B1 ---- ...... (156). 
A1-B1 C8 (0 
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101. PiBBaHH.fl npocToi, ~o nepexoAJiTh qepea 

~aey TotJHy np.RMOBO AO npocToi:A 1x + By1 + C1 = 0 336 

{A 1csco-B1) (x-x1) + 

X= 

y= 

+ (A 1 -B1csco) (y-y1) = 0 ..... (157). 

102. IlOJie TpHRYTHBlm • . • . . . • • . • . . • . . . • . • • . . 338 

sn co 
SABO = 

2 
[ ( X1Y2 - X2Y1) + ( X'llJa - XaY2) + 

+ ( XaY1 - X1YsJl · • . . . . ( 158) 

103. Bao pH nepeTBopeHHH 1wopAHHaT . . • . . . . . 338 

1) nepexiA BiA ROCOKYTHix AO ROCOKJTHix 

JWOPWfHaT, ~o Ma10Th crriJlhHIIH a rreplIIHMH 
TIO'laTOR: 

x1 11n(w-a) +y1 sn(w-PJ 
snw 

. . . . . . ( 159) 

2) nepexiA BiA npHMORYTHiX lJ.O KOCORYTHiX 

lWOpAUHaT: 

x = X1 cs C( + Y1 C8 p } . . . . . . (160) 
y = x1 sn~ + y1 snp 

3) nepexiA BiA ROCOKYTHiX AO IIpHMOKYTHix 

HOOPAHHaT: 

X= 

y= 

x1 Bn (co- a)-y1 cs (w-a} 

Bn CO 

x1 sna+ y1 cs~ 

sn w 

. . . . . . (161) 

104. PiaHaH!.J.fl KOJia ........................ 

z2 + y2 + 2xy cs w = r2 ...... (162) 

340 

(:i-a)2+(y-b)2 + 2(x-a) (y-b) csco = r 2 ••• (163) 
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vm. BiryHoBi ROOp~HBaTH. 

105. PiBHaHHH npocToi, ~o nepexo):(HTh qepea 

6iryir............................................ 343 

9 =a 

;~e 9 - osua11ae ipaay oiryaoBHX Hoopp;HaaT a a - i<yT 

Cna]:(y npOCTOi Ha 6iryHoBy BiCL. 
i06. 3araJibHe piBHamIH npoCTOi B 6iryuoBHX 

llOOpWfHaTaX . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 344 

~ 
(! = ( . . . . . . ( 166) 

CB 9-<p) 

;{J lJ - ii;oamuna npsrny cny~eHoro a 6iryaa na npocTy, a 
<p - nyr Cna]:(y ~oro npnMa Ha 6iryHoBy BiCL. 

107. BiMaJieHHH Mim ~BOMa TO"IIiaMH . . . . . . . . 344 

d = V e1 
2 +. e2 

2 
- e1e2 cs ( 61 - 62) • . . . • . f 167) 

108. [(eHTpOBe piBHaHHH KOJia. . . . . . . . . . . . . . . . 344 

e = a ...... (168-a) 

109. 3araJibHe piBHaHHH HOJia................ 345 

110. PiirnaHHH HpHBOi 2-ro cTyrriHH . . . . . . . . . . 345 

p e = ...... ( 169) 
1 + ecsa 

'Ae, npu e < 1-G eJiinca; npu e > 1 - rnnep6oJia A npu 
e = 1 - 11apa60Jia. 

XI. OKpeMi remueTpHIJHi ocepeW'H. 

111. PiBH&HHH ~HHJIOi~H . . . . . . . . . . . . . . . . . . . . 348 

1) x = a(a-sna) }· ..... (l70) 
y =a (1- csa) 

2) :.r:= a arc cos ( 1 - : } + V 2ay _ y2 .• (171) 
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112. PieHaHHH BepciapH AHbeai - <I>epMaTa. . . . 350 

- l/2a-y x - ± 2a y . . . . . . ( 172), 

a6o: x2y = 4a 2 (2a-y) ...... (173) 

113. PieHa.HHH Koaxoi~Ji HHKOMe~a . . . . . . . . . . 351 

1) B npHMOKYTHix liOOPAHHaTax: 

2) B 6iryHOBllX HOOp;izyIHaTax: 

e = a sec 9 ± d . . . . . . ( 175) 

114. PieHaHHH l..J;Hcoi~H .IJ:io:nJIH . . . . . . . . . . . . . . 353 

1) x3 = y 2 (2r - x) . . . . . . ( 176) 

2) y = ± x 11 x . . . . . . ( 177) 
2r-x 

3) e=2rsn9tg9 ...... (178) 

115. PiBHSHHH JleMHicKaTH BepeyJii . . . . . . . . . . 355 

1) (x 2 +y2) 2 +2c2(y 2 -x2)=0 .. ... (179) 

2) (x2 +y2)2= a2(a.:2-y2) .... , .. (180) 

3) !22 = a2 cs 29 ...... (181) 

116. PieHaHHH KpHBOi Kaoci.Hi . . . . . . . . . . . • . • 358 

(x2 + y2;2 + 2c2(y2-x2) = 84_c4 •...•. (192) 

.117. PiBuaaeH Crripani ApxuMeAa ........... . 

·-1) e = a9 .•.... (183) 

2) z2 +ya= a2 arctg'!. !!__ ...... ( 185) 
x 
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118. Pieua1rnn Cmnm1m IlacnaJ1n. . . . . . . . . . . . 362 

1) g = ± b - a c.so . . . . . . ( 187) 

119. PiBHaHHH Rap~ioiAII ................. . '"·u: .. 4 ., . ,_, 

1) e = a ( 1 - cs o) . . . . . . ( 189) 

2) (x2 + y2 + ax)2 = a2 (x2 + y2) •••••• (190) 

120. PiaaaHHR irnaApaToeoi'. Poae'l'II. . . . . . . . . . . . 3G4 

1) e=a.sn2o ...... (191) 

2) (x2 +y2) 3 = 4a2 x 2 y2 •••••• (192) 



ABETKOBHH 
II 0 KA iK q HK 3M IC TY K H Hr H. 

C'1C6po11,en11:s: AJte6. - aJtee6pu11nuu; 6./lcm. - B.llacrnuBicmb; · 

pen-.q, - pienamts; n p K - npR.M.Oh!JlnHi ~oop8unamu; HCH -
JCocol'iymni 1wopounamu; BH - 6fay1wBi lioop8tmamu. 

A 

AJire6pn11nc piBHaHH.H: npocToi: B IlPK - 39; npocToi B KCH~ 

332; npoCTOi· B npHMOBiii (HopMaJibHii1) cpopMi - 52; npHMY 
;u.o npoCTOi - 42; piBH06imHoi AO npocToi - 42; KOJU1 -

107; napa60Ju1 - 183; eJiincn ii :runep60Ju1 - 249; rrepe
Tnopemm ix y aaraJibHY cf>opMy - 251; aaraJibI-te piBHaEIHH 
l~pyroro cTyniiu1 BiA ;a;Box sMimmx (iioro reoMeTp.n llHa 
HI-ITepupeTa~iH) - 314; Bupaamn~ (AlICHpiMiimT) piBIIaHH.fl 
~pyro:ro cTyrriHH - 318. 

Au&Ji:iaa piBHanuH: 1mHoH11quoro npoCToi: - 31, 32;, {1,Jir6. npo
c'roi - 40, 41; ocHOBHoro 1m;ia - 101; Bepnmosoro rrapa-
60.n:II - 169; 1mHOH~lfi1oro: a) eJiirrcn - 227, 6) rnrrep6om-r 
- 230; EeplllROBoro HplIBl1 x Apyroro c·ryniHH - 239. 

AB&-iiaa CTiacKOBHX nepepiain - 305. 

Ano~ouisi: TeopeMH - 290. 

ApXlUleAOBa cnipwu1 - 361. 

AcHMnTOTH (AoTopKaJihHi) n1nep60.mr - 257; piaHaHH.fl ix 
295; :npecJieHIUI ix - 296; piBH&HIUI rJirrep60Jil1, Bi;a;HeCeHoi 
AO aCHMilTOT, .n:K·o ROOpAJHiaTHl1X oceii - 296; HOJie piBH0-
6imHHim, a6yAoBaHoro .Ha acHMIITOTax r»nep6omr - 298; 
BiATHHKlf cillHOi it AOTU'tJiroi rJinep6omf, aaMKHeHi rroMim 
aC}IMIITOTa~n1 - 300; eCMMilTOT.H piB1106itJHOi rHnep6om1-302. 
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E 

BiryuKosa: AO KoJia - 132; p;o rrapa6oJIH - 220; AO eJiirrcH ii m

Iiep6oJin - 268. 

Biryuosa: BicL - 96; KoopAJfllaTJf - 96, 343. 

ByAfBSHH.H: cTenemmi oci - 147; rrapa60Ju1 - 170; AOTlttIH.HX 

AO napa6oJin - 219; e.rrirrc11 - 243; rnnep6o.mr - 244; 
;JJ;OTHlJHHX Ta np.HMOBJIX AO eJliIICM ii rHnep6oJUI - 266, 268; 
nonepetIHHRa eJiincM Ta rnnep6oJur, 8ApymeHoro a A3.HHM -

285; oceii CMMeTpil eJiirrcn f1 runep6o.rrn - 286. 

B 

BeKTOP·JIY11: eJiirrcH -. 233; ru11ep60.a.u - 234. 

Bepciepa AHLeai-<DepMaTa - 349. 

Bepuncose pisuauun: KoJia 104; rrapaGo:m - 167, 174; eJiincH -

238; rnrrep6o..rm - 238; 3ar~tJihHe aepumoee pioHaHH.H KpIIBJiIX 

~yroro cTyninn - 239. 

BiMaJieuu.n: TO'IOR ua npocTiii - 5; Mim ABOMa TO'IKaMc-1 Ha 

IIJIO~i - 10; TO'tJRH Bi;J; npocToi - 64; TO'l{Klf BiA KOJia -

136; BOrH11~eee y napa6om1 - 168; u;eHTpoBe enirrcn :H ru

nep6oJIH - 235; TO'IOK n KCK - 329; TOtJKII BiA npocToi 

B RCR - 333; Mim ABOMa TotJmtMH B BR - 344. 

BiApiam:: napa6om1 - 201; e.rrincn - 295. 

BiATHHKOBe pisuauus: rrpocToi - 45; 1-m.,ria - 166; rrapa6om-t 

- 181; ochoBe eJiincn fr ru rrep60 .. 1:i1 - 226. 

BiATBHKOBe BJ.IBHat.rnHHH rroJiomeHHH npocToi m;o-Ao KOOPAHHaTHHX 

oceit - 44. 

Busua11ni oci: ix piBHaHHH - 23, 24; piBHo6imHe rrepeHeceHHH 

(nepecyeaHH.H) ix - 93; o6epTaHHH Kpyr no1.1aTKY ix - 94; 
AOBiJihHe rrepeHeceHHH (nepecysaHHH) ix - 95; 6iry1rnBi B.H

aHatJHi oci - 96, 343; 1mcoKyTHi a1rn11atIHi oci - 327; rrepe

TBopeHHH KOCORYTHiX :hoopw·rnaT - 338, 339, 340. 

BupaaHBK (AlfcKpiMiimHT) pinaauun Apyroro cTyninJI - 318. 

BJiaCTllBOCTH: cTeneHHoi oci - 146; AOTJiqHoi AO napa60Ju1 - 213; 
AOTM'IHOi AO eJiincH - 262; AOTrrcrnoi AO rurrep6oJin - 263; 
THTJIB CIIOBHeHHH eJiincu, a6o mnep6omr - 285. 
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r 
reoneTpH1IHi ocepeA£B: ~HKJIOiAa - 347; CIIHIUfK.JlOIAa - 348; 

nrnorunmoiAa - 349; aepcispa Aliheai-<l>cpMaTa - 349; 
KOHXOIAa ffirnoMeAa - 350; ~HCOiAa ,[(ionJIH - 352; JieM

HiCKaTa BepHyni - 355; Kp11Ba KacciHi - 358; cnipaJIH 

ApnrMeAa - 361; CJIHMaK nacKaJIH - 362; Rap,:doiAa 

363; poaeTa "IOTHpiJUICTa (1rnaApaT0Ba) - 364. 

rBnepfiOJia: Pi81tllltHJt: ~eHTpoBe - 223; KaHOHlftlHe - 226; aHa

Jiisa w1x piBHaHh - 230; Bepnrnose - 238; 3araJihHe - 247; 
anre6paque - 249; nepeTBopeHHH OCTaHHhoro piBHaHHH B 

aaraJibHe - 251; piaHaHHR B . BK - 346. · 

llepeni ~pueo'i: Mem1rnormrn.~e - 231; ~eHTpoBiAcTyrr (enc

~eHTpHCHTeT) - 231; o61D1CJI0HHH: J1yciiB-BCRTopiB - 234; 
~eHTpoBoro Bim:~aJieHHH (Jiyl1a) - 235; 3MIBHHKa (rrapaMeTPa) 

- 236; Aape'.KTpIITa ( HarrpHMH2.) ii :mnne TpaKTyBaHHH RpJI

BO I, mm reoMCTpIPIHoro ocepeARY - 239. 

Kpec.n,ewtR eunep6o.n,u - 232; 6yA)1"BaHHH Toqon rHrrep6oJIH 

- 244. 

PiB1t06i11,ua 21rnep60.da - 232, ::W2. 

I'unep6o . .'ta it npocma -·- 252; AOTwrna ii AOTop1m.rrhHa 

(aCB?rII1TOTa) - 257' 266; BJIRCTlIBOCTlI AOTli'lHOi - 263; 
HaIIpHMHe l\OJIO ii aepKaJibHa TO"IKa - 264; npHMOB& (aop

MaJIH) - 265; 6yJzyB&HHH AOTHt£HOi Ta npHMOBOi - 266, 268; 
o6'llfcJieHHH AOBi-KMH BiAT1rn1de ~OTHlfHoi, niAAOT11qHoi, rrpH 

MOBOi Ta IIiAnp.HMOBOi - 272. 

llonepe1tHu~u - 275; agpymeHi norrepetIHHKH - 279; YHBHi 

nonepet£HHRM - 281, 282; THTUB11 CIIOBHeHlifI - 284; none

petIHHRlI piBH06h1rni AO T.fITI1B CIIOBHCHHfl - 284; 6y~yBaHHH 
norrepellluma, 3ApymeHoro a AaHJ~M - 285; BJiaCTUBiCTb THTHB 

.crros1ieHnH, ~o 06iliMa10·rh npHMIIH KYT - 285; 6yAyBa.HlUI 

oce11: C,HMeTpii - 286; SB.HSO.K MiiK 3HaqmrnaMH 1-d1u~iB SApy

meHlfX nonepeqmude - 287; noJie TpnKyrHnKa, a6yAoBa.Horo Ha 

BAJ>ymeHI-rx ninrronepeqw·rnax - 289; 3BH30K Mim: aApyme

IUIMH norrepeq1umart1n ii ocaMn CHMeTpii: (1-rna TeopeMa Arro

JIOHiH) - 290. 
3opy':HCeni aunep60J1,u - 248, 282, 298; noJie piBHo6im-

1DiRa, o6seAeHoro Ha aApymeHJIX r1mep60Jiax (2-ra TeopeMa 

AIIOJIOHiH) - 291. 
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Acu.Mnmonui (8omop1~a.;zb1ti) aunep60J1,u - 257; piBHaHHH 

ix - 295; RpecaeHHH IX - 296; piBHaHHH r1mcp6omr, BiA -
HeCeHoi AO aCUMIITOT, HKO 1mopAJ{HaTIU1X ocefi - 296; no:ie 
piBH06immrna, a6yAOBaHoro Ha aC}IMIITOTax - 298; Bi]J;TlIHIOI 
ciqnoi T& AOTlPIHOI, aaMI\HeHi :Mim Rp:UBOIO Ta aCHMIITOTar.m 

- 300; Tpl!RYTHHRII, a6y]J;oBaHi Ha aCJIMIITO'rax - 301. 

l'Rno1-'mmoi~a - 349. 

~HpCKTpBTa: napa6oJilr - 168; e.rrincu ii r1mep60.,1n - 239. 

~UCKpiMiHanT - AHB. Bupaamrn. 

~oeamua: BiATliHRY n11ocToi - 10; rrpHMy, crry~eHoro Ha npocTy 
- 64, 332, 333. ,I(oBirulHa Bi]J;TliHJdB AOTlftlHOi, IIiAAOTnqHoI, 
rrp.RMOBOI Ta IIiAIIPHMOBOi: AO KO.Ila -134; AO rrapa,60.rru -215; 
AO CJliIICU tt l'lfIIep6o.rrH - 272. 

~OTB11Ha: AO HOJia - 120; 126, 164; AO ABOX KO.IT - 149; AO napa-
60JUI -209, 213; RpeCJieHHH ii- 216, 219; AO eJiiIICJI ti rnnep-
6oJIU - 257 ,266; ]J;OTJiqfJa AO KOa\HOi RpHBOI 2-ro CTynhrn-260. 

B./l,acmueocmu 8omu'lt1to ~: AO eJiincu - 262; AO rHnep6oJIH 

- 264; 6yAyBaHHH IX AO eJiincn ii r.mmp6oJUI - 266, 268; 
ofiqucJieHHH AOBiRHH AOTlPIHJIX: AO ROJia - ~34; ~o rrapaGo.rrH 
- 215; AO eJiiIICli i1: rnrrep60JU1 - 272; BiATHHHH AOTJiqHoi 
rHnep60JilI Mim ii ?.,C,H MIITOT8M1'I - 301. 

AoTopKaJILIIa - AMB. acnMnToTa. 

E 

EKc~eHTpHCHTeT ( ~eHTpoBiAcTy11) :· eJii11c11 - 228; rnnep6o.rru - 221 ; 
piBII06i1IHOl rnnep60,JUI - 302. 

E~eBa~ih111it: pyx TIJia - 177; piBHaHIIH napa6oJin - 176. 

E.uinca: 

PieHan1tR: ~eHTpoBe - 223; RRHOHHqHe ~ 226; aHaJiiaa 

IJ)1x piBH&Hh - 227; Bepm.KoBe - 238; aaraJibHe - 247; 
aJire6pJP:IHe - 249; nepeTsopeHHH aJire6p111II1oro B aaraJibHe 
- 251; piBHaHHH eJiincH B BR -. 346. 

llepeni Kpuoo"i: Meil\HBOrHH~e - 228; neHTpoBiACTYil (eKC
nenTpHCHTCT) - 229; o6tmcJieHHH: JiytiiB-BeRTOpiB - 233; 
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:QeHTpoBoro BiAJ~~aJieHHH (Jiy11a) - 235; 3Minmnm (rrapaPrteTpa) 

-236; ;a;rtpeKTpnTa (HanpHMHa) ii 1rnme TpaRTyeaHH.fl KpHeoi, 
HK reo.MeTpnqnoro ocepe;a;Ky - 239. 

H pec.1te1t1tR eAincu - 230; 6y,uynaHHH ToqoK eJiincn -243; 

E.1tinca ii npocma - 252; ~oT:nqna ;a;o eJiirrcn - 257, 266; 
B.rracT1mocT11 ~i61 ;a;oTH'tffiOI - 262; HarrpHMHe KOJIO ii aep

J\aJihHa 'l'OtJlm - 262; rrpHMOBa (nopMa.rrn) - 265; 6y;a;yeaHHH 

AOTlPIHOl Ta npHMOBOi - 266, 268; o6quc.rreHHH ;rl;OBiIDIH 

niATHHKin AOTJPmoi, ni;a;;r~OTHqJIOi, npHMOBOl Ta ni~rrpHMOBOi 

- 272. 

ll onepe11,11,u,.u - 275; a;a;pymeHi norrepe11HHRH - 279; 
B.rraCTirniCTh l\OCUH, o6Be~euoro Ha eJiirrci, rrpHMORYTHUKa- 283; 
THTJrnn ci:ionueHHH - 284; rronepeqmnur pieHo6imni ;a;o 

TITTIIB CI10BlieHHH - 284; 6y;a;yBainUI norrepe11HMKa, a;a;pyme

noro 3 ;a;aHH.M - 285; BJiaC'fHBiCTh T.HTHB CITOBH0HHJI, ~o 

o6iifMalOTh rrpHMHH Ryr - 285; 6y;a;yeaHHH oceit CHMeTpii 

- 286; 3B.Hao:n Mim aHaqm.rKaMII KiHI . .\iB a;a;pymem1x none

pe11HnKiB - 287; rroJie Tp1nryrHHRa, a6y;a;oeaHoro Ha am>y

meuux nierrorrepetJwnmx - 289; anHaoK Mim a;a;pymeHBMH 

nonepetJHHiml\UI ii OCJIMH CHMCTpii (1-ma TeopeMa AnoJIOHiH) 

- 290. 

lloAe e.,riincu - 292. 

Emn~HKJioi~a - 348. 

lKMyT( me): npocTnx - 72, 79; 1wLrr - 14 7. 

3 

3Apyzeui: riniep6o&lUI - 248, 282, 298; nonepetIHHIUI 199, 
279 (;a;Jrn. napa6oJia, eJiinca, rHnep6ona). 

3epKaJILB8 T0111'8 BOrBHiqa: eJiiIICH - 262; rnrrep6oru1 - 264. 

3MiHHHK: RYTOBHit - 12,27, 331; rrapa6om1 - 168; e;iincH H r11-

nep6omr - 236. 

K 
Kauonntine piBHaHIIH: npocToI - ~!O; e .. riincu II rimepGo.,11n - 226. 

Kap;ri;ioi;i;a - 363. 
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KacciniGBa KpnBa - 358. 

:KB~paTOBa poaeTa - 364. 

Kucoi~a (°'ncoiµ;a) ,IJ.io1t.1s - 352. 

KoJio: 
Pie1w1uu1.: ocHOBHe - 99; ~e1ITpoBe - 104; o6BOAOBe, a6o 

Bepnrn:oBe - 105; a.rrre6pHtJHe - 107; ynopHAROBaHe aJir6p. 

- 111; BiAT»HHOBe - 166; piBHaHHH HOJia B RCK - 340; 
piBHaHH.H Ro~ria B Bl{ - 344, 345; piBHaHHH ROJia, ~o nepe

XOAMTh qepes Tpn T01IHH - 113. 

Ho.1to z'l npocma - 115; nonepetiHI1H - 118; AOTHtrna -

120, 126, 164; np.HMOBa - 125; 6iryH1mna - 132; RYT ci11Hoi 

3 HOJIOM - 134. 

Cmeneub mottKu m_o-]{o HOJia - 136; BaasMHe noJiomeHHH 

1wJI - 142; cTeneHH8J, a6o parorKaJibHa Bich - 143; cTeneHHa 

TOtIKa (paA1rnaJiblDIIi neHTp) - 145. 
)/{.Mym (o~) 1w.lt - 147; :nyr ABOX :no.rr - 148; cniJILHa 

AOTU:tma ]:\BOX HO.JI - 149; 

061/.UCAeltll.fl 8oe:»<:Ull ;r:\OTlflIHOI, ni.rU~OTlf1IHOi, np.HMOBOI Ta 

nip;np.HMOBOI ~o KO.TI a - 135. 

Ko.10 uanpmme: e.rrincn - 262; n1nep60Jm - 264; ilpBBMeTBe 

- 253, 254. 

Kouxoi~a (Mymnn) HKKOMe;u;a - 350; 

Koop~uuaTHi oci AHB. BHaHa1IHi oci. 

KpecJieunn: rrapa6mm: - 170; AOTltlffioi Ta npHMosoi p;o napa6mnr 

- 216; e.nincn - 230; rnnep6oJIH - 232; AOTU1IHOI AO eJiiIICH 

it rnnep6o~rn - 266; acJrMnToT rJinep6oJIM - 296. 

Kpuna 2-ro eTyniHH B ER - 345, 346. 

KyT: cnaAy BiATHHHY, a6o npocToi: - 10; Mim npocTHMR 

17, 64 (aap;. l..J. 62); ci1IHOi a HOJIOM - 134; ABOX ROJI -

147; eJieBa~iHHMii - 177; crraJcy npocToi B KCR -"'333; 
LL 

HYT Mim npocTin.m B l\CK - 334. 

KyTOBBit 3MiIIBBK npocToi - 12, 27, 331. 

JI 
JieMBicKaTa l>epuy~i - 335. 

Jly11: BeHTop eJiincu it rnnep6o:m -. 233, 234; J..\eHTpOBH:it nyq eJiincu 

it mnep6omi - 235. 
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M 
Me.acHBornu~e: eJiincH 228; rnnep6oJIH - 231. 

MeT: Bip;TJJHRY Ha oci - 9; TotJ1n1 Ha npocTy - 70, 71; ROCH fl 

MeT TO'llKll it Bi]J.THHKa Ha BiCh - 327' 328. 

llymm1 (KonxoiAa) HBKOMe~a - 350. 
lHnoroKyTBmc: no.rre - 18. 

H 
HanpHMHa (uicL) p;ue. JJ;npenTpuTa. 

HanpHMne Koao p;nn. iw.:10 nanpnMHe. 

HanpHMHiCTL BiATBHKa - 10. 

HopMaJILBi: no .. 10HmHHH npocToi: nw-~o 1mop)U1HaTuux oceii - 44; 
piBHaHHH npoCTOl - 46; HOpMa .. TJhHa <PopMa aJir6p. piBHaHH.fl 

rrpocToi - 51. 

Hop:iuan:si: AO :noJia - 125; p;o napn.ooJIH - 215; p;o eJiincu ii ru
nep60 .. 11u - 265. 

HopMyBaJILIIDii 1111un11R aJirop. prnHaHHH B KCK - 332. 

0 

06BOAODe piBna.unn AHB. Bepnrnone pieHaHHH. 

OeepeAJii TJlBKYTBBim: nepexpe~eHHH i:x B op;Hiii TO'lll(I - 82; 

Oci Koop;a.HHaT p;ne. eusHaqHi oci. 

OcuoBa npsMy, cny~euoro ua npoeTy (MOO' TOlJRH Ha npo

cTy) - 70. 

OeHOBBi piBuauun: npocToi: - 30; 1<0.rra - 99; 11apa6om1 - 167; 
eJiincu ii rnnep6oJIH - 226. 

OcuoBui aa.Aa11i ua npocTy - 33. 

n 
Ilapafim1a: 

PiB1wn11...q: BepII.JHOBe - 167, 174; aaraJihHe - 175; eJie

Ba1ditHe - 176; BiATHHROBe - 181; aJire6p1r1JHe - 183; 
eorm-111\eee B BR - 3&5, 366. 

Kpec.11,enn .. q, napa6oJm - 170. 

fl o.r1e BiopiaKa napa6o.i.u - 201. 
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llapa.60..ria zl npvcma.-1Dl; nonepeqmun1 napaoo:m-197, 
AOTnqHa - 209, 21~~; IIpHMOBa - 215; AOBiKJfHa Bi]J;TJIHniB 
AOTJ.P-moi, niAAOTlltIHOI, rrpHMOBOi Te. niµ;rrp.HMOBOi - 215; 
HpeCJICHHfl AOTlftlliOi Ta rrpHMOBOi - 216; 6yAyBaHH.H AOTJJll

HHX - 219; 6iryHIWBa - 221. 

IlapaMeTep ;:\HB. 3MiHHJin. 
IlepeTBOpemm: pismtHI>: rrpocToI - 48- 56; 1m.-ra. -_ 109, 112; 

up,pa6omr - 189; e .. TiincH ii runepornur - 251. 

I-\oopl);m-mTHHX oceti: IlPI{ - 93 - 95; BK - 97; HCI-\ -
338-340. 

llepexpccTrr: ABOX npocTnx - 56; rrpocToi a oc.HMU 1mop;i1rnaT - 59; 
npoCTOi 3 rrpH!\-10Jl, cnym;eHIIM Ha Hei - 70; AEOX :no .. -i -14 7; 
nap2.,6o:m a npoCToJO - 191; eJiincn fr nmep6o.nn a 
npoCTOlO - 252. 

IliMOTHlflla ii ni~npnMoBa: AO Ro.-ia - 144; AO rrapa6oan - 2'15; 
AO eJiirrcn ii rnnep6om-r - 272. 

IlOAiJI Bi;IJ:TlDIK3 Ha lJ3CTHHH - 12, 13, 14. 

IloJie: TJ>HHYTIUIIm ii MHOrOKYTHHlm B IlPR - 18, 21; Teil\ -

B RCK - 336; BiJq>iaRa napa6oJur - 201; TJ)HR)"THHRa, 
a6yAoBaHoro Ha 3Apymemrx niarronepe'tmJnrn,,x e:iincJ1 :fi rn
nep6o.rrn - 289; piBHo6iarnliRa, o6BCAeHoro ua 3APYiKCHHX 
rn11ep6mmx - 291; noJle enincn - 292; piBHo6immnm, aoy
~oBauoro na acnMnTOTax runep6oJur - 298; TCin - Tpn:nyT-
1mHa - 301. 

IlOJIOZCHiIH: TOlU\lJ Ha npocTiH - 5; T01IHJI Ha II .. Tio~i - 6; Bi~
THHHY na II.ITOII\i-8; npocToi, ID;O-AO ImOp,IlHH. oceii-43, 59; 
npocToi, ~O-AO RoJia-115; rrpocToi, m;o-Ao: rrapa6oan -191, 
eJiincn H rnrrep6om1 - 253. 

Ilom1pa AHB. 6iryHKOBa. 

Ilom1pui KOOp~HaTH AIIB. 6iryHoBi Hoop;r~HHaTH. 

Iloncpe11euK: Ho.rra - 118; napv.6onn - 197; e..;-drrcn ii nmep-
6oJU-I - 275; SApymeHi y e.7linci ii mnep6oJii - 279; yHeHi 
y rnnep6o.TCi - 281, 282; nonepe'llJUll{lf ii T.HTUBn CIIOBHCHHH 
- 284; 6yAysaHHH nonepeqwma e~rcincn ii r11nep60JJ:n, a~py
meHoro a AaHJIM - 285; aaHaon l\·Iim aHa'llHn:nal\Uf 1dm.dB 
B1ijlymeHnx nonepeqf{.H:h'.ie - 287; noRe TpJIRyrn1nm, n6yAo
BaHoro 1m a,r:q>ymeHHX ninrrorrepeqmmax - 289; 3BH301-l Min:\ 

3Apy>KeHJ!MH none.pCtIHlma~ur fl OCHMJI CIIMeTpii - 290. 
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: IlpRBMeTne B030' ]J;HB. l~OJIO np1rnMeTHC. 

IlpocTa: yMoBa rrpHMOBOCTJI - 18, 58, 59; B KCI\ - 335, 336; 
yMoBa pisH06hnnocT11 - 18, 57; B 1-\CK - 335, 336; pieHo-

6iarna AO oceii noopAI·maT - 24; -, I.QO nepexow1Th qepe3 

rro'laToH 1mop~1maT - 26, 27, 28; EK - 343; -, Il(O nepexo

J\l!Th qepea noqaToH oceii i AaHy TOtiny - 29; -, Il(O ~oaiJihHO 

Jiem~Th Ha ntrm~i - 30, 31; -, l.l\O nepexo~nTh qepea aaraAaHy 

TO'lRY - 33, 42, 79; -, II\O rrepexo~nTh 11epe3 ~Bi aara~ctHi 

Toq1m - 34; -, uw rrepeXOAHTh qepea aara~atty Totrny: 

1) pieno6imHo Ao· Aanol rrpoCToi - 36, 42; - 2) npHMoBo 

J{O 'risi m npocToi - 37, 42. 

Pie1tan1ui: Hattomttrne - 30; npocToi, I.QO nepexo~HTh 

'11epe3 AaHy TOlfnY - 33, 42, 79; npocToi, Bll3HH,t.IeHoi ABOMa 

T011I\aMH - 34; a.:ire6paque - 39; B 1-\Cl\ - 330, 332; e BK 
- 343; Bi~TIIHIWBC - 45; npHMOBe (HopMa.!lbHe) - 46; nepe

TBopeHHH O]J;Hi6i qlOpMH piBHaHHH npoc·roi B 1rnrni - 48 - 56; 
HYT cnaJzy npocToi - 10; B KCI\ - 333. 

)/(.Mym( oK) npocnrnx - 72; yMona nepeXOAiKCHHH npocToi 

11epea nepexpec·rH ABOX ~aHI·IX - 73. 
llpocma. Lt JLO.,:to - 115; npocTa ii napa6oJia - 191; npocTa 

ii eJiirrca, a6o rnrrep6oJia - 252. 

Ilpmmea (HopMaJIH): ~o 1-m~'la - 125; AO rrapa6om1 - 215, 216; 
AO e .. r:rirrca, a6o nmep6o."1a - 265; 6y;i;yeaHHH ii: AO rra pa6o.rru 

- 217; AO eJiiIICII ii rnnep6om1 - 266; ~OBIB'.UHa Bi,r\THHKa ii: 

y HOJia - 135; y napa6oan - 215; y e.Tiincu i1: rnnep6oru-1 

- 272. 

IlpJIMOBi )U'iB. HOpMaJihHi. 

p 

P3A11saa1>1Ia (cTenenHa) nicL - 143. 

P~aJILDHH 1~eBTJl (cTenenHa. TO''IKa) - 145 . 

.PiBHft.BHH: 

II pocnw "i: 1-mopAHHaTHHX oceii - 23; piBao6iarnoi AO D;HX 

oceii: - 24; npocToi, ~o uepexoAHTh tiepea rrotiaTo:n HoopAH

HaTnnx occii - 26, 27; '1\aHOffi'l11He npocToi - 30; npocToi, 

~o rrepexo,u;nTh: 1) B3ara:ii ttepe3 ,[\aHy TOllnY - 33, 42; 
2) qepea AaHy TOtIKy, piuHo6imuo AO A&Hoi npocToi'. -. 36, 42; 
3) Tem, - npHMOEO AO AaHoi" npoc1'0I - 37, 42; 4) qepea 

Hype auaniTHqnoi reoMeTpii. Ieauemw 26. 
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;:I,Bi TOlil:\ll - 34; npoCTOl B r:Cfl - :330; ~t.:tre6pu tIHC IIpOCTOi 
B nPK-:39, 40; Tem- B KCK -:332; BiATMHI\OBe npOCTOi-45·; 
npHMOBC, a6o HOpMU·JlhlIC npoCTOl - 46; nepeTBopeHH.R O}l;Hi6i 
q.opMH piBHaHH.R npocToi B HHIIIi - 48- 56; np.RMOBa, a6o 
HOpMa.:-IhHa cpop:Ma aJire6pl·PIHOrO piBHaHHH npocToi - 51; 
piBiram-m npoc·rol B BR - 343. 

JR'.tiymJ;,a npocnrnx - 73 - 79. CuMeTpaJihHOI KyTa - 77 .. 

Ho.la: OCIIOBHe -99; I~eHTpone -104; BepnrnoBe-104; 105; 
a.:ire6pnt.me - 107, 111; BiATIIHKOBe -166; - B RCR-340; 
- B BR - 344, 345. 

fl apa6o.n,u: BepmnOBe - 167, 17 4; aaraJibHe - 175; eJie
Bau_HiHe - 176; ni;a;T1rn1mEe - 181; a.;1re6puq1rn - 183. 

E.ainczi it 2unep60 .. iu: uenTpoBe - 223; 1-mttoHnqHe - 226; 
BeplllnOBe - 238; aaraJ'1hHe - 247; aJire6pnqHe - 249; 
nepC'i'BopeHIIH OAlUIX cpopM pimmIIh B lIHIIIi - 251; rnrrep
OOJIH, BiAHeceHoi ;a;o aCJIMIITOT, .HHO 1wop;a;. ocett - 296. 

3ll2a.!tb1le a.n,ee6pu11,11,e pi81lll1l1lJl, 1ipU80"i 8pyeoeo cmynins: 
aJir6p. piBHaHHH ;a;pyroro CTyrriHfl Bi;a; }l;BOX 3MIBHHX Ta ioro 
reoMeTplPIHa lliTeprrpeTau;in - 314; Bnpaaru1K (}l;HcKpiMiHaHT) 
piBHaHH.R ;a;pyroro CTyniH.R - 318; piBHB.HHH KpHBOi ;a;pyroro 
cTyniH.R s BK - 345. 

j(omuttl-lUX it llCU.lttnmom: }l;OTHlJHi: ;a;o KOJia - 120, 126; 
~o napa6oJIH - 209, 213; ;a;o eJiincH ii rHnep6oJIH - 257; 
;a;o KOH\HOI KpBBOi ;a;pyroro CTyniHH - 260; aCJIMIITOT rnrrep-
6oJIH - 295. 

IlpR.M08UX: ;a;o KOJia -125; ;a;o napa60JIH-215; ;a;o eJiiIICH 
:It rnnep6oJIH - 265. 

PiuuofiiamicTL npoernx: B TIPK - 18,1_57; s RC!'~ - 335, 336. 

Piuuo6iami AO xoop~uarnnx oeeii - 24,r 25. 

Piuuo6iame nepeueeeunSI KOOPA· oeeit - 93, 338. 

PiBBOWJILHa (eBMeTpaJILHa) KYTY - 77, 78, 80. 

PoaeTa 110TBpDJIHCTa (KBaApaToBa) - 364. 

c 
Cepe~a BiATHHKY - 13. 

Ci1Dla KOJia (KYT Mim BHMH) - 134. 
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CnteTp&lLHa: nYTY - 77' 78; TpnnyTHIII\a: nepexpe~eHHH CH
:uerpa<lbHHX :nyTiB iioro - 80; nepexpe~eHHH CIIMeTpaJibHIIX 
601dB - 83. 

CrlHMa.K IlacRa.'IJI - 362. 

Cnipwu1 ApxnMe~a - 316. 
CTene11ua (paAUKa ... 111>na) Bici, - 143. 

Oreneuua TO"'IK3 (p~BK8.JILHHii ~eHTp) - 145. 
OreneHL TOqKB - 134. 

OrimKoBi nepepian: aepnrnoBi ix piaHaHHH - 239; prnHaHHH 
)l.OTll11HOl ~o HJIX - 260; AOBiA cpopM CTimHOBHX rrepepiaia: 
aHa .. TiiTn111mf1 - 305; reoMeTpMllHHfI - 3 U. 

T 

Taureuc EyTa cna~y BiPiTHHKa Ha BicL - 10. 

ToqKa: 11 noaomeHH.H: 1) na npocTitt - 5; 2) Ha nJio~i - 6; nepe

xpecTH npocTnx - 56; nepexpecTH npocTol 3 1mopAI-IHaTIUIMt1 
OC.flMH - 59; nepexpeCT.fl npoCTOl 3 npHMOM, HS. Hei cn~e
HHM - 70; Bi~;w ... rieHHH To1um BiA npocToi-64, 68; TPH npocTo
noJiomeHi Toq:nu - 35; cTeneHHa Toq1m - 145; aepRaJihHa 

To11:na Bormnl\a: e.:iincn - 262; rnnep6om1 - 264; BiAAaJieHHH 
;u,Box Toqo:n: B IlPR - 10; B RCR - 329. 

TpBByTBBB: 

BJtacmueocmu zioeo: BHCOT - 81; ocepeAHix - 82; 
Cl1MCTpaJihHJIX iioro Ry'riB - 80; CMMeTpaJibHHX 601-dB - 83. 

ll o.ae: TpHRY'fHHHa qepea 3Ha11HHRI1 Beprn:niB. y IlPR - 18, 

B RCR - 336; Tpn:nyTruma, a6yAoBaHoro Ha 3Apymennx 
niBno11epeqHJ1:nax e;iirrcn Ta nrnep6o.rrn - 289; Tpn:nyTHHKa, 

a6yAoBaHoro Ha acnMnTosrax rnrrep6oJIH - 301. 
TaTBBB c110B11ennn n e;rinci Ta n ru11ep6m:d - 284 nonepeqiuunr 

piBHo6iarni. ;u,o THTJIB CilOBHeHHH - 284; THTHBH, ~o o6itt

Mal0Th npHMu:ii HYT - 285. 

y 

YMoBa: pie1-106imHOCTH npoCTJfX: y IlPR - 18, 57; y RCR 
335, 336; npHMOBOCTH npocTHX: y IlPI{ - 18, 58; y RCR-· 
335, 336; Toro, ~o TPH T~11ru1 JiemaTh Ha o;u,Hifl npocTiit -
21, 35; Toro, ~o Tpll npocTi nepexo~HTh qepea ;u,aHy T011KY 
- 79; Toro, ~o ~n.ne aJire6pn111-rn pie11airnH ;u,pyroro cTyniHH 
BiA;JIBOX 3:t.fiHHIIX BII3Haqa6 neBHY HplIBY 2-ro nopH~ny -317. 
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YnopaAKouaua f}lopMa aJire6pu1111oro pionaHHH: HoJia - 111; rrapa ... 

6om1 - 188. 
Y srnni nonepe1111HKH runepoOJm - 281, 282. 

cDoKyc ( eoruuiqe ): rrapa6oJIJI - 168; <f>oHycoee Bip;p;aJieHH.H 168; 
eJiirrcn i1: rnrrep6oJin - 228. 

IJ:euTp uarH TpHKYTHHKa - 16. 
IJ:euTpoue BiMa.JICHHH (o;-11ii JIY11) eJiirrcn it rHrrep6om1 - 235. 

IJ:euTpoue piouamrn: RoJia - 104; eJiirrcJI ii rnrrep6o.rrn - 223. 

n;euTpOBiACTYII ]J;IIB. eRCJ..\eHTpHCHTeT. 

D;HKJIOiAa - 347. 

IJ:HcoiAa ~iOKJUI - 352. 



,Qe=SIKi 3 TepMiHiB, 1.QO 8)1(H88J1HCSI y l(HH3i. 

Mu ue cTaBnMo co6i aaBAaHmI ai6paTu TYT ~i1111R TepMiuonoruquHtt 
MaTepiRJI' a no~a6MO .TJHille Ti OHpeMi BHCJIOBH n euaeaqeHHR, 11\0 B>HHBaJIHCR 
y 1rnuai ne Tan, RH y uurnux aeTopie. 

Afie~eca' aoo Bi~THHKOBB -· 

ApryMeHT, aoo ueaa.i1emenK -

ACHMDTOTa, a6o AOTOpK8~LH8 -

Bea11eamuii (6ea:ueacuo apocTa1011uii, 

o. CDBABIO'lllH, O. Be.1HKHii i o. 
Mll."'IHii) 

:GfryHKOB8, &00 llO~HpU. -

Eiryeoei, afio nmu1pui nici: 
a) fiirye, 800 DO;iJIOC 

6) fiiryuoea eicL 
B) 6iryeoeuit poCXHJI' aoo KYT' 

t)aaa' 83B1'1YT 

A 
Abszisse (niM), a6c~ucca (MOCK.), uset

ka (qecLK.), odci~ta (DOJILCltK.) i 
abscissa (naT.). 

Argument (HiM.). 

Asimptote (u.) ,acuMnToTa (M.), asymp
tota (n., i1.). 

B 
Unbegrenzt, unendlich (e.l, 6ea1m

uetfHhIR, 6. uoapocTalOll\HR, y6L1earo
Il.\Hli (M), nieskoflczony (n.), nc
konefny (11.). 

Polare (u.), nonnpa (M.), bieguno
va (n.), polara (dotykova) (tt.). 

Polarwinklig (u.), nonnpHLIR Koop
AHHaTHLIR ocu (M.), wspolrz~dne 

biegunowe (n.), soufadnice polar
ne (q). 

r) uanpm1Huit JJ)''I, afio Jiy11-eeKTop. 

Ba.1e~, G OHpeMHtt BHilaAOH ~unin
AlJa, 11\0 MaG uanpRMHOIO HpBBOIO 
HOJIO. 

B11aua11el oci; cacTeMa ( aoo Y"-"IBA) 

B83H811HBX, 800 KOOPAHHSTHBX 

oeeii: 
a) eicL hccie, afio nepma eic•; 

B 

Koordinate, rechtwinklig, schie!win
klig (u.), CHCTeMa KOOPAHHQTHLl:X 
ocett,npRMOJIHHCRHaR,DpRMOYrOJIL~ 

HaR, KOCoyroJILHan CHCTeMLI (M.)' 
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6) eicL irpesie, a6o ~pyra eicL; 
B) llO'IBTOK CHCTe!UH BHJHa'IHHX, 

a6o KOOp,t\HHaTHHX oceii; no

'18TOR ROOp,t\IIH&T; 

r) auo.11unsH {1rnop,rvrnaTn) To11-
1rn; 

;a;) Bi,t\THUKOB8 { a6c~uca) T04KH; 
e) pH,t\BB (op;a;HHaTa) TOlJI-rn; 

iK) DpOCTOJiiHiii:Hi, DpH1'IOKYTHi, 

&OCORYTHi nOop;:i;1maTHi oci. 

Bi~THHKOBB ;\HD. aoc~uea. 

Bl~TBBRoee pleno.uun spueoi (npo
cToi) -

811paa&RK {ra~'l. snpiarn1m) -

Bse~eenii y ••• 

BRCT8p'IWILHHii: 

uklad wsp6lrz~dnych, wspolrz~dne 
prostok~tne i T. ;i;.; wsp6lrz~dne 

punktu (n.), soustav soufadnic; 
rovnob~kove, pravouhle, kosouhle 
soufadnice (q.) 

PiaaaHHR npocToi'. qepea si;a;THHIUI 
Ha OCRX 1rnop;a;1rnaT. 

D iskriminan te. ,il;Hci<pHMHHauT. 

Eingeschrieben (H.), enncaHHblfi (M.), 
vpisany (n.), vepsany (q.). 

Hinreichend (H.), p;ocTaTOlJHblit (M.); 
a) BHCTaptiaJILHa yMoea, a6o dostateczny (rr., q,). 

oaHaKa; Hanp.; ~e s KOHetJ
HOIO it BHCTapqaJILHOIO YMO
BOIO Toro, ll\06 ... 

raoep60JIB (HapOJJ;H. porym1) -

r 
Hyperbel (H.), 

hyperbola (n.), 

rpaHB~JI - rpaHHqa (M.). 
Hanp.: a i b s rpaHHqRMH eap

TOCTeit aPrliHHOi x; x 8MiHI06TbCR 
B HHTepBaJii Mi>K rpaHHqRMH 
a i b. 

rnnep6ona 
hyperbola 

(M.), 
{ll .) . 

,I(spesTpaTa, aoo eanpHllHB - Direktrix (u.), ;a;upeKTpecca (M.), 
kierownica (a.), fidici pfimka {ll.). 

,I(oTB'UIHa- Tangente (H.), KacaTeJILHaR (M.), sty-
czna (n.), te~na (q). 

IlfAAoTB'llla- Subtangente (HiM). 

AoTopsaJIL&a (AHB. acHMnToTa). 

)J;yra (= qacTHHa o6eo,!l;y Kpneo'i) Bogen (H.), ;a;yra (M.~. 

Eainca {Hapo;a;H. 
I'OKpyr). 

E 
AOBroKoJI, ;i;oa- Ellipse (a.), 9JIJIHnc11c {M.), eli

psa (n., lf.) 



Esc~eBTpRCKTeT, aoo QeBTponiJJ;-
c-ryn (QeDTpone y;i;osa.eum1) -

3;i;pymemdi, eaacl\luo s~p~·zeuHii-

3Jiy'lee (a.1y1mo-ya:eee), a6o &OM· 
n~eRcne 'IHCHO -

a) a~pyme11i a;iyqei lllH~:ia; 

6) peWILHB 118CTHI18' yanua '18-
CTHBa a:ipmoro 1rnC';rn. 

3ny;iLonaile pinna11Hn -

3eymoeaTH pieuanua -

3~dHHHK, llUO napo.~teTl'p (3:\f i HHll-

1\0BHil, aoo napaMeTpllllHllti) -

K1taaTu lieT, aoo rueTyeaTH (MeTy
naHHH) -

Kmum1escue 'IHC.10 (AllB. an~~lJne 

tIHCJIO). 

Ro11e'lu1di: 
Hanp. KOHellHa YMOBa Toro, mo ... 

Konye (cTimKoM aeeThCR liOHyc, 
mo Ma6 aa HanpRMHHR liOHTYP 
nOJIO) -

RyT (rocTpnn, npRMnfi, Tynuti) 
1. KyTR B KO.li: 

a) ~enTpoeuit (neprnon y ue'i · 
Tpi); 

6) OOBOAOBHI (eepm. Ha ooeoni); 
s) spyroeal (eepIIIOI\ :iem1JTh 

B IlOJii Hpyra); 
r) noaaspyroeuli (nepllIOI\ ;ie- · 

iKHTh noaa HpyroM): 
p;) eee~eHHI y KO~O &yT; 

e) oon~AeHH.i:l ea smd syT; 
m) plneooizeopaMe11ul syTH 

(ll.{o MalOTh pa?tteua pi~Ho-

6imai); 
a) npa.'1oeopa!1euni syT11 (ll.{o 

MalOTb B3a6~1HO npRMOBi pa
MeHa). 
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Exzentrizitat ("11.), e1'CL\eHTpncu-

3 

TeT (M.), mimosr6d (n.L vysti\·d
nost (lJ.). 

Konjugiert (n.), conpHmeneLifi (M.), 
sprz~zony (n.), zdruzeny (tf .) . 

Imaginar (u.), MHnMoe, HoMnJieKcuoe 
tmc:io (M.), urojona liczba (n.), 
imagina.rni neb komplexni ~i

slo ( lJ.). 

Ue r. pinHamrn, 11\0 Mar. n o~uiti ceom 
lJacTimi uyaR. 

IlepeuecTn nci lJ.TJeun uoro B OAHY 
llaCTllHY. 

Parameter (u.), napaMeTp (M.), pa
rametr (n., lJ.). 

K 
Projizieren (u.), npoe1m1po&aTb (H.) 

Notwendig (H.), ueo6xo;i;mm>1it (M.), 
ur~ity (q.). 

Kegel (u.), HoHyc (M.), stozek (n.), 
kuzel (tf.). 

\Vinkel (u.); yron (M.), k~t (n.), 
uhel (q.). 
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ItyT cnnAY, aGo cna;\ npocToi -

RyToe11il :nliumn~ -

l\.paTniCTL DOCTyny -

Jlyi. (nanp. ~YH Ayru, :iyH HpHBoi) 
Jly'I-

Jly11un1:-

Qe, HYT 111.0 TBopuTL npocTa s nicc10 
X-iB. 

\Vinkelkoeffizient (H.), yrnonott Koe
qnu\HeHT (M .) , wsp61czynnik kie
runkowy (n.), sm~rnice pfimky. 

BiAHomeHHR HacTynuoro 11ncHa reo
MeTp. nocTyny AO noncpeitHLoro 
(MOCK: 3113!\feHaTe;IL nporpeCCHll). 

JI 
Krummung (u.), Hp1rnmma (M.). 
Radius (H.), pa;i;uyc (M.\, promiefl (n.),. 
polom~r ('1.). 

BiATHHOH npocToi, 111.0 JIYl!HTL l(eH
Tpn ;(BOX HOJI. 

M 
11eam - Grenze (n.), npe;(e .. 11 (!tt.), limila (11.). 

(l\leiHOJO ::meTLCfl DCJIH'IHHa, 
]l.O Jll<Ol npH ):J;aHHX yMonax 
npocTyG 3MiHHa i Rl<Ol ui
HOJIH He. AOCRrae, XO'I pimm1-
I\H Mim HH.MH CTaC. MCHIIlOJO nip; 
Homuol, uanepeA aaraAaHoi, 
HH 6amauo Manoi, nemttmHu). 

Mez11eorea~e -

HanpaMua Kpuea (sonTyp) -

HaupsMnaii j)Y'I -

Ha11p11Mea (AHB. )J.HpCHTpuTa). 

Heaa.1ezBRK (AHB. apryMeHT). 

OoeeAeuaii ea -

Ooeo11;oee piBeaeoa (n 01<peM0My eu
naAHY - eepmKoee p.) -

06Mezeaii-

Bi;ru~aJieBHH MhK norHH~aMn (<f>oKy
caMn) HpHBOi. 

H 
Lei tlinie (H.), ynpaBJIRJOll\aR KpH

BaH (M.) .. 

Radius vector. 

0 
Umschrieben (H.), onHCaBHLifi (1\1.),. 

opisany (n). opsany (r). 

PiBHaHHR Hplmoi, ~o nepexoAHTI> 
oGeop;oM tie pea no~mToH KoopAHHaT. 

Endlich (u.), KOHetrnLiit (M.), skoil
czony (n.), kone~ny ('1.). 



Otb1ezeu&ii -

0pARB8Ta,a6opBAB8-

OeepeAHa-

Oeepeaos reo1'1eTJ>B'IHBii (geometri
scher) 
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Bcgrenzt (u.), orpaHHtJeHHLiA (M). 

Ordinate (11.), opAHHaTa (M.), rz~d

na (n.), poi'adnice ('I.). 

Mediane (11.), Me]:\aaea (M.), dcisrod
kowa (n.), spojnice ('I.). 

CnoJiyqeuen TOtJOK, w.o eci AO o.u.uo·i 
ni,u.miraroTb RIWMYCh nenHoMy aa
Hony. 

II 

IlapaooJJa (eapo,u.e. Hpnnocna;i;Ha) Parabel (11.), napa6oJia (M.), parn
bola (11.). 

llepepfa (Hanp. cTiarnomdt) -

IlepeTUH-

<I>irypa, mo o,u.epmyGTLCR ei,u. nept:TH
ny q. Tina n.nomero. 

Ilpol_\CC lIHHY nepeTHHaHHR. 

Ilepexpe~yeamca (nepexpe~euen, Schneiden (e.), nepeceKaThcn (M.), 
TO'IKa nepexpe~eeea, 1160 nepe- se protinati (1.1.). 
xpeCTB). 

llepeTuBaTH, ce6-To nepepiaynaTn 
Ha ABi qacTnHi (uanp. pinuo,u.iJILHa 
HYTY TpnKyTmma nepeT11ua e npo.:. 
THJie>KHHA 6iK Ha llaCTHHi npo
nopl_\iitHi ... ) . 

lloaaBHMipneii -

I1011epe11uas -

IlpOCTODOJJOmeul TO'IEB -

IlpJOIOBB, 800 HOpM&.'1B -

IIip_npaMoea -

Transzenden t (u.), Tpaucqe11;(eHT· 
HLifi (M .) . 

Durchmesser (u.), .u.uaMeTp (M.), srcd· 
nica (n.), prumer (ll.). 

l(e Totrnn, mo aemaTL na o.u.uiH 11po
cTin:. 

Normale (uJ, uopMaJIL (M.), norma
la ('I.). 

Subnormale. 

p 

PeaJJLHa eapTiCTL (llHCJIO) -

PleuaBBa seyaLoeaue (AHB. auynh
oeaue p.). 

PieHoAlJILBa, aoo CHMeTpWILHa (Ky
TY' Bi;J;THHKY) -

PieuoniJILHHI, pleuooocaarnuii -

Reell (a.), nemecTBeHHblii {M).' re
alny {'I.). 

Halbbierende (u.), 6uceHTpucca (M.), 
symetralna (n.), osy uhlu {lf.). 

<l>urypu, a6o Tina, mo MaIOTL pieui 
aGo nonR, auo o6cRrH. 
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Pir = HYT > n; npHMHii pir = 3 / 2n. 
P.s~na ;a;us. op~HHaTa. 

Cepe~u111-: -

CairnTpa.nua - ;a;ua. pieuo;i;iJibHa. 

Cna~aTH - aMemnyaaTnCR. 

Cua~ nporToi ARB. KYT cna~y. 

Cxo&icTL-

c 
IlpocTa, lllO CilOJIYllY6 cepe.J:(HHll ()o .. 

niB MHOl'OKYTHHna. 

Ahnlich (u .. ) , nono6uocT& (&1.), podo
bienstwo (n.). 

y 

YAOB3tenus neeTpoee- AHB. eHc~eHTpucuTeT. 

YBBee 'IRC."IO - p.;uu. aJiyqHe 11ucno. 



3MIOT. 
IIEPE,il;H6 CJIOBO. 

B CTyII. 

§ 1. B11Mip Bi)J;)J;aJieHh Ha npocTiif 

§ 2. IloJiomeHHH TOlIKH Ha IlJIO~i 
a) 3Hattmnm TO'-U\11 - 6; l\llle!\IOHH'IHa CXt!:\ld. --- ';. 

§ 3. IloJiomeHHH B~THHKY Ha IlJIOIId ••••••.•••..•...•. 
a) MeT Bi]J;THHKY Ha liOOp]:llIHaTili oci - 8; 6) ~OBiKllHa BiJ:(
THHKa-10; u) HanpHMHiCTb BiATIIHna: l\j'T cnany Doro -11; 
r) no:i;L11 ni]J;THHKY na nponop~itirli ttacTmrn - '1 ~ - l '1. 

Bnpam1 AO§ 1-3 (aaAatra qq. 1-20) 
3Haqmurn: ueHTpa BarH TpHKYTHlU~a ............. . 

§ 4. KYT Mim npocTHMH .•.......•.................. 
a) TaHreHc KyTa Mim npocTH~m - 1 '7; 6) yMoHa pinHooim
HOCTn npocTHX - 18; r) yMoea npRMonocTn np'l~'!'nx - '18. 

5 
6 

8 

15 
16 

17 

§ 5. IloJie TPHK)TTHHKa fi MHoronyrH11na . . . . . . . • . . . . . • 18 
a) IlOJie TpllHYTHima - 18 -19; 6) no.le MHOfOl\YTHHna -
20 - 21. 

Bnpasu AO § 4-5 (aaAalIH qq. 21-29) . . . . . . . . . . . . 21 

P03~IJI I 

IlpocTa Jiiuia:. 
§ 6. PiBHaHHH KOOPAHHaTHHX ocett . . . . . . . . . . . . . . . . . . 23 
§ 7. PiBHaHHR npocTnx piBHo6imHu:x AO 1mopJurnaTHHX 

ocett . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 24 
BnpaBH AO § 6-7 (aaAaqu 11t1. 30-33) . . . . . . . . . . . . 26 

§ 8. PiBHaHHH npocToi'., ~o nepexOAHTb qepea noqaToK 
KoopAHHaTHHX oce:H: .................... ·. . . . . . . . 26 
BnpaBH AO § 8 ~ aaAatJ.n 34--41) . . . . . . . . . . . . . . . . . . 28 

§ 9. 3ara.JihHe piBHaHHH npocTOi'. . . . . . . . . . . . . . . . . . • . . . . 30 
a) KaHOHHttHa cf>op:ua piBHaHHfl - 30 - 31; ()) aHa:ti~a naHO
HHllHOrO piBHaHHR npocTO"i - 31 - 32. 
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§ 10. OcHOBHi aaAatJi Ha npocTy . . . . . . . . . . . . . . . . . . . . . • 33 
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